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Colonel Henry Rutgers
(1745—1830, Dutch parents)

* Rutger is a Germanic name, related to Rodger
* means something like “famous with the spear”
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Tuesday, October 23, 12



Why pay attention!

...string scattering amplitudes in a flat background...

“hasn’t everything been calculated already?”

Tuesday, October 23, 12



Why pay attention!

...string scattering amplitudes in a flat background...

“hasn’t everything been calculated already?”

* derive vertex operators
* calculate correlation functions
T * integrate over moduli

Tuesday, October 23, 12



Why pay attention!

...string scattering amplitudes in a flat background...

“hasn’t everything been calculated already?”

* derive vertex operators
* calculate correlation functions
* integrate over moduli

Tuesday, October 23, 12



Why pay attention!

...string scattering amplitudes in a flat background...

“hasn’t everything been calculated already?”

* derive vertex operators
* calculate correlation functions
* integrate over moduli

— very complicated above four points!
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Two motivations for general study of amplitudes

Theoretical

Experimental
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Two motivations for general study of amplitudes

Theoretical

e scattering amplitudes are everywhere
® uncovering new symmetries

Experimental

* scattering amplitudes are everywhere
* first step in “‘theory to experiment”

massive progress in four dimensional field theory
* especially with maximal supersymmetry
* many authors
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Goal: simple answers

* symmetry vs simplicity = most (manifestly) symmetric
answers are the simplest

* golden standard of simple scattering amplitudes:
4D MHYV amplitudes in tree level Yang-Mills

[Parke-Taylor, 87]: A, (MHV) = 12) <§§>J>4 (1)

* engine of many if not all recent 4D developments

* similar insight into perturbative string theory?
* (string theory should be simpler than field theory)

D=4 vs D>4!
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Right language: spinor helicity

* Poincare quantum numbers for multiple plane waves —

covariance
K k) =k |k) Ky, K[uzvp]
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Right language: spinor helicity

* Poincare quantum numbers for multiple plane waves —

covariance
K |k) =k |k)

* on-shell states: little group

K, K
- 2 —
> SO(D-2)  K*=0

)

pn=vp]

™ sOD-1) K240

* massless, 4D: Abelian little group — helicity
* helicity violation quantified: | Z hil <n—4

1

(all trees, susy loops)

* bound saturated — simple amplitudes (MHYV)

e.g. in Yang-Mills
[Parke-Taylor, 87]:

A, (MHV) =

~ (12)(23)... (n1)

(i, )
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Spinor helicity in higher D

* technical complication: non-Abelian little groups
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Spinor helicity in higher D

* technical complication: non-Abelian little groups

* previous formulations in higher D:

* spinor helicity in D=6 [Cheung-O’Connell, 09]
* spinor helicity in D=4 [RB, 09]

* see also D=10, [Caron-Huot-O’Connell, 10],
D=6 [Dennen-Huang-Siegel, 09]
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* technical complication: non-Abelian little groups

(m* = 0)

* previous formulations in higher D: 3 4 ¢ ot amplitudes

» spinor helicity in D=6 [Cheung-O’Connell, 09]

* spinor helicity in D=4 [RB, 09]

* see also D=10, [Caron-Huot-O’Connell, 10],

D=6 [Dennen-Huang-Siegel, 09] 3,4,5 pt supersymmetric
N~ amplitudes

no MHV amplitude simplicity known

but:
* maximal susy “lives” in D=10/D=1|
* superstring / M-theory
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Spinor helicity in higher D

* technical complication: non-Abelian little groups

(m* = 0)

* previous formulations in higher D: 3 4 ¢ ot amplitudes

» spinor helicity in D=6 [Cheung-O’Connell, 09]

* spinor helicity in D=4 [RB, 09]

* see also D=10, [Caron-Huot-O’Connell, 10],

D=6 [Dennen-Huang-Siegel, 09] 3,4,5 pt supersymmetric
N~ amplitudes

no MHV amplitude simplicity known

but:
 maximal susy “lives” in D=10/D=11 — D>A4?
* superstring / M-theory D>6!
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Spinor helicity in general higher D [RB, O'Connell, 12]
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Spinor helicity in general higher D [RB, O'Connell, 12]

chiral representation of Gamma matrix algebra

TH — 0 omBA b = 3‘A
N 5%/14 O - )\A/
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Spinor helicity in general higher D [RB, O'Connell, 12]

chiral representation of Gamma matrix algebra

e _ 0 g BA’ ) = B‘A Weyl spinors

1,2,....D
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Spinor helicity in general higher D [RB, O'Connell, 12]

chiral representation of Gamma matrix algebra

I — 0 omBA b = Ao
-\ Opia 0 O\ A

3 charge conjugation matrix: CT*C ™+ = — (T*

Weyl spinors
»1,2,....D
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Spinor helicity in general higher D [RB, O'Connell, 12]

chiral representation of Gamma matrix algebra

! A
T _ ( _B ohBA ) b = ( A R Weyl spinors

3 charge conjugation matrix: CTHC ™' = — (F“)T
() 0
C = ( gA OB A ) . D

A/
C:( S s ) D = 4k +2
(17 4

|

N
%
N

0
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Spinor helicity in general higher D [RB, O'Connell, 12]

chiral representation of Gamma matrix algebra

! A
T _ ( _B ohBA ) b = ( A R Weyl spinors

3 charge conjugation matrix: CTHC ™' = — (F“)T
() 0
C = ( gA OB A ) . D

C = y Q5 | D =4k+2  “move primes”
QF 4 0

4k + 4 “raise and lower”’
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Spinor helicity in general higher D [RB, O'Connell, 12]

chiral representation of Gamma matrix algebra

! A
T _ ( _B ohBA ) b = ( A R Weyl spinors

3 charge conjugation matrix: CTHC ™! = — (T*)"

C = < QgA QBO,A, ) , D = 4k+4  “raise and lower”

C = 0 Qs D =4k+2  “move primes”
05 4 0 ’

— spinor products: A = [\ A ha = ()
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Spinor helicity in general higher D [RB, O'Connell, 12]

chiral representation of Gamma matrix algebra

! A
T _ ( _B ohBA ) b = ( A R Weyl spinors

3 charge conjugation matrix: CTHC ™! = — (T*)"

C = < QgA QBO,A, ) , D = 4k+4  “raise and lower”

C = 0 Qs D =4k+2  “move primes”
05 4 0 ’

— spinor products: A = [\ A b g = ()
symmetries: from { [YA], (MY, (AY), (¥A) } 2 independent
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On-shell vectors and spinors

Tuesday, October 23, 12



On-shell vectors and spinors

solve massles chiral Dirac equation

kaoP BAN N o =0 kot A =0 k2 =0
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SO(D-2) little group
Weyl spinors
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, Weyl spinors
solve massles chiral Dirac equation/

kot BANL X =0 ket A =0 k2=0

* can see little group as separate or as subgroup of SO(D)
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On-shell vectors and-spinors—, SO(D-2) little group

, Weyl spinors
solve massles chiral Dirac equation/

kot BANL X =0 ket A =0 k2=0
* can see little group as separate or as subgroup of SO(D)

/ /
kot P = ABep NP
H a n CL/CL o %
— proof of: eyl ¢

[)\a)\b]:O 2k - v
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On-shell vectors and-spinor SO(D-2) little group

, Weyl spinors
solve massles chiral Dirac equation/

kot BANL X =0 ket A =0 k2=0
* can see little group as separate or as subgroup of SO(D)

/ /
kot P = ABep NP
H a n a/a g %
— proof of: e "y Y o

[)\a)\b]:O 2k - v

* complete dictionairy between vectors and spinors
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SO(D-2) little group

On-shell vectors and-spinor
v Weyl spinors

solve massles chiral Dirac equation/
BA’ ¥ - P 2

ko7 Xar g =0 ko J A0 =0 k=0

* can see little group as separate or as subgroup of SO(D)

/ /
kot P = ABep NP
H a n a/a g %
— proof of: e "y Y o

[)\a)\b]:O 2k - v

* complete dictionairy between vectors and spinors

* little group basis choice through a set of fixed spinors:
A AA’ A
A o k fffv )\A’,a’ X k’A’Afa/ :

(leads to complete basis, numerical convenience)
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(Q.Q) =+ (k42 =2t ar)
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r b ) | A _ A
\Tas —— ¢ = 52 “ AT e
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Superpoincare — on-shell superspaces

covariant representation of on-shell supersymmetry algebra
2

(Q.Q) = L (kAA’ _ )\A,a)\f)

2q - kq
using fermionic variables,
r b ) | A __ )\A,a .
9 Nay < = 52 Q L
\ 577[9 s = A’ A 6
—
Q © 5

» on-shell superspace: {k,,n,} variables on each leg

* other reps by fermionic fourier transform 5
* massive Dirac sols = BPS states k= k" q

* extension to massive case (red)
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Superpoincare — on-shell superspaces

covariant representation of on-shell supersymmetry algebra
2

(Q,Q) = K+——q (kbAA/ = A ¢t = 5235’4/’&/)

2q - k
using fermionic variables,
r b ) | A __ )\A,a .
9 Nay < = 52 Q L
\ 577b s = A’ A 5
—
QY =5

» on-shell superspace: {k,,n,} variables on each leg

* other reps by fermionic fourier transform 5
* massive Dirac sols = BPS states k= k" q

* extension to massive case (red)
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Superpoincare — on-shell superspaces

covariant representation of on-shell supersymmetry algebra
2

(Q,Q) = K+——q (kbAA/ = A ¢t = &’35’4/’&/)

2q - k
using fermionic variables,
r b ) | A __ )\A,a .
Mgy — ¢ = 0" « L
\ 577b s , = A’ A 5
( a’ 0 a’ @7 = )‘a W
QL ,6Lb,>:5b/ | a
» on-shell superspace: {k,,n,} variables on each leg
* other reps by fermionic fourier transform 5
: : N m
* massive Dirac sols = BPS states k =k A > kq
q .

* extension to massive case (red)
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Superpoincare — on-shell superspaces

covariant representation of on-shell supersymmetry algebra

2 / ;7
bt (s )

2q - k

using fermionic variables,

r 5 O QA _ )\A,a77 | m gA/La/

<77a,5—>:(52 ! A

(\ gb /\ QA/ _ )\A’ ) | M gA,)@, 0

LY, W > = 0y ’ 0Na  (EN) 0L%
» on-shell superspace: {k,,n,} variables on each leg
* other reps by fermionic fourier transform 5

: : N m
* massive Dirac sols = BPS states k =k A > kq
q .

* extension to massive case (red)
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Superpoincare — on-shell superspaces

covariant representation of on-shell supersymmetry algebra

2

{Q.Q} =K+ (kbAA/ = AAapA M = €§€A"a/>
2q - k
using fermionic variables, - /
( 5 ) A — )\A,a . ;{/La
<77a75_ >:52 Q 77 [5)\]5
: gb /\ QA, _ )\A’ i ) gA’,a’ 5
a’ - a’ a 5 ) —
1L 6Lb/ = 5[)/ 1] <€)\> Y

\\ /

/
* on-shell superspace: {ku, Ny L }varlables on each leg

* other reps by fermionic fourier transform 5
* massive Dirac sols — BPS states k= k"

2q - k
* extension to massive case (red)
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Superfields for rep: 0A = \Aay

identify massless field content:

d(n) = o+ ¢ Na + ...+ go(n) P
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Superfields for rep:

identify massless field

Tuesday, October 23, 12

QA _ )\A,ana QA’ _ )\A’

V little group spinor rep
o _|_ 50 (77) “P__9”

(1) = ¢o + PNy




Superfields for rep: 04 — aay QA — A

identify massless field content: little group spinor rep

B(n) = do + 6" nE ...+ Bo(n) P

dim D "D -2 16 states: span

4 2 1 ‘ max sYM multiplet
6 1 2 s

/ 256 states: span

+ max sugra multiplet
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Superfields for rep: 04 — aay QA — A

identify massless field V little group spinor rep
o(1n) = ¢o + ¢“na + ¢o(n) 7%

dim D "D -2 | 6 states: span

4 2 1 max sYM multiplet
6 4 2

8 8 4 256 states: span
10 16 / max sugra multiplet

* general: 9¢ transforms in some representation of little group
* fundamental multiplet: ¢gis a scalar
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Superfields for rep: 04 — aay QA — A

identify massless field V little group spinor rep
o(1n) = ¢o + ¢“na + ¢o(n) 7%

dim D "D -2 | 6 states: span

4 2 1 max sYM multiplet
6 4 2

8 8 4 256 states: span
10 16 / max sugra multiplet

* general: 9¢ transforms in some representation of little group
* fundamental multiplet: ¢gis a scalar

* other states antisymmetrized tensor products of ¢gwith
chiral spinor of SO(D-2)
* can calculate their Dynkin labels
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Massless on-shell superspace in D=10

D=10: 256 states in the fundamental multiplet

d(n) = ¢o + ™Mo + ... + do(n)°

field content as SO(8) representations:
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Massless on-shell superspace in D=10
D=10: 256 states in the fundamental multiplet

d(n) = ¢o + ™Mo + ... + do(n)°

field content as SO(8) representations:

bosonic fermionic
0 1
LY | §3
2 28, 1IB
3 00, :
4 35, + 35; supergravity
H 264
0 28 5
7 8 4
8 1 4
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Massless on-shell superspace in D=10
D=10: 256 states in the fundamental multiplet

d(n) = ¢o + ™Mo + ... + do(n)°

field content as SO(8) representations:

bosonic fermionic
0 1
LY | §3
2 28, 1IB
3 00, :
4 35, + 35; supergravity
H 264
0 28 5
7 8 4
8 1 4

N

U(l) R-charge assignments
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Massive on-shell superspace in D=10

D=10: 65.536 states in the fundamental multiplet
¢(777 L) = ¢o+ ¢ Na + ¢a’ba/ Tt i ((n)SLS)

can calculate it’'s SO(9) Dynkin labels:
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Massive on-shell superspace in D=10

D=10: 65.536 states in the fundamental multiplet

d(1,1) = o + ¢ a + art® + ...+ & ((1)

can calculate it’'s SO(9) Dynkin labels:

0 (0,0,0,0),

1 (0,0,0,1)16

2 (0,1,0,0)36 + (0,0,1,0)s4

3 (1,0,0,1)108 + (0,1,0, 1)430

4 (2,0,0,0)44 + (O 0,0 2)126 -+ (1, 1,0 0)231 + (0 2,0 0)495 -+ (1

5) (1,(%(),1)128-+-(O,]1() 1)432-+-(2 0, 0, 1)576-+-(O 0,0

6 (0,1,0,0)36 + (0,0,1,0)s4 + (1,1, 0, 0)231 +(1,0,1,0
%_(27]w()70)910'+'(27(L:170)2457'+'(Oy]q()72)2772

7 (O, 0,0, 1)16 -+ (1, 0,0, 1)128 + (O, 1,0, 1)432 + (2 0, 0, 1)576
4—(0,(L:1,1)768-+-(3 0, 0, 1)1920-+-(1,]ﬂ() 1)2560'+'(1 0,1 1)5040

3 (0.0,0,0); + (1,0,0,0) + (0.0, 1, 0)ss + (2,0,0,0)4q + (0,0, 0
_|_(17 07 17 0)594 =+ (07 27 07 0)495 - (17 07 07 2)924 =+ (37 O O)156 +
—I—(2, 0, 1, 0)2457 + (2, 0, 0, 2)3900 + (O, 0, 2, 0)1980 + (4 0, 0, 0)450

Tuesday, October 23, 12
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O 0 2)924
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Massive on-shell superspace in D=10

D=10:

65.536 states in the fundamental multiplet

¢(777 L) — ¢O T ¢a77a T ¢a’La, + ... & ((U)SLS)

can calculate it’'s SO(9) Dynkin labels:

Sy OU i W N~ O

Tuesday, October 23, 12

(0,0,0,0),

(0,0,0,1)16 _ embed in bigger group!?
(0, 1,0, 0)36 -+ (0, 0,1, 0)84 /

(1,0,0,1)108 + (0,1,0, 1)430

(2,0,0,0)44 + (O 0,0 2)126 -+ (1,1,0 0)231 + (0 2,0 0)495 + (1 0,0 2)924
(1,0,0,1)128 + (0,1,0,1)432 + (2,0,0,1)57¢ + (0,0,0,3)g72 + (1,1,0, 1)2560
(0,1,0,0)36 + (0,0, 1, 0)84 + (1,1,0, 0)231 +(1,0,1, 0)594 + (1, 0,0, 2)924
+(27 ]-7 07 O)910 =+ (27 Oa 17 0)2457 =+ (Oa 17 07 2)2772

(O, O, O, 1)16 + (1, O, O, 1)128 —+ (O, 1, O 1)432 —+ (2 O O 1)576

—|—(O, 0, 1, 1)768 -+ (3 0, 0, 1)1920 —+ (1, 1,0, 1)2560 -+ (1 0,1 1)5040

(07 07 07 0)1 + (17 07 9 ) + (07 07 17 0)84 =+ (27 07 Oa 0)44 (07 07 O, 2)126
+(1,0,1,0)594 + (0,2,0,0)495 + (1,0,0,2)924 + (3,0,0,0)156 + (0,1, 1,0)1650
+(2,0,1,0)2457 + (2,0,0,2)3900 + (0,0,2,0)1980 + (4 0,0, 0)450



Massive on-shell superspace in D=10

D=10: 65.536 states in the fundamental multiplet
¢(777 L) = ¢o+ ¢ Na + ¢a’La/ Tt & ((U)SLS)

can calculate it’s SO(16) Dynkin labels:
(070707070707070)1

16 _ embed in bigger group?
120 /

A
A

S o o000 oo
SO0 O0 OO~ O
SO0 O0O R~ OO
SO0 OOO

-

A
AN )
-
-
A )

A
A
A
-
N
N
A

-
-
-
o
-
A
A

Y J
Y J
A J

-
-
-

A
A
Y
-
-
-
AN )

o
-
-
o
A
A
]

0~ DU W RO
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Massive on-shell superspace in D=10

D=10: 65.536 states in the fundamental multiplet
¢(777 L) = ¢o+ ¢ Na + ¢a’La/ Tt & ((U)SLS)

can calculate it’s SO(16) Dynkin labels:
(070707070707070)1
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various other groups in paper (SO(32),SO(10), etc.)
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Superamplitudes

» promote each leg of an amplitude A(k;) — A({ ki, })
* component amplitudes by fermionic integration
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Superamplitudes

» promote each leg of an amplitude A(k;) — A({ ki, })
* component amplitudes by fermionic integration

* simple formulation of the on-shell susy Ward identities
@ — Z@z

exact,
universal

04— QA =0
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Superamplitudes Q4 = 4, QAN =\Y

» promote each leg of an amplitude A(k;) — A({ ki, })
* component amplitudes by fermionic integration

* simple formulation of the on-shell susy Ward identities
@ — Z@z

exact,
universal

04— QA =0
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Superamplitudes

* promote each leg of an amplitude

QA _ )\A,ana

A(ki) — A(ki; mig)

* component amplitudes by fermionic integration

* simple formulation of the on-shell susy Ward identities

Q=) @
ova t

04— QA0

exact,
universal

solving half: 07 (Q) ~ €a,.. ap (QAl . QAD) \
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Superamplitudes Q4 = 4, QAN =\Y

» promote each leg of an amplitude A(k;) — A({ ki, })
* component amplitudes by fermionic integration

* simple formulation of the on-shell susy Ward identities
@ — Z@z

solving half: 07 (Q) ~ €a,...ap (QAl . QAD) \
so thatt A = 5D(Q)A with @A —0

exact,
universal

04— QA0

special to this
representation

Tuesday, October 23, 12



Superamplitudes Q4 = 4, QAN =\Y

» promote each leg of an amplitude A(k;) — A({ ki, })
* component amplitudes by fermionic integration

* simple formulation of the on-shell susy Ward identities

@ = Z @ } B exact,

_ Z_ QA=04=0 universal

solving half: 07 (Q) ~ €a,...ap (QAl . QAD) \
so thatt A = 5D(Q)A with @A —0

special to this
* 3 massless particle exception: representation

5%@(@) ~ €A A (QAl N -QA3D€A3D+1€;41DD>

4
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Superamplitudes A=06P(Q)A QA =0

Tuesday, October 23, 12



Superamplitudes A=06P(Q)A QA =0

* 3 minimal, maximal fermionic weight for amplitudes

D
D < weight < (#massless); + (#massive)D — D
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Superamplitudes A=06P(Q)A QA =0

* 3 minimal, maximal fermionic weight for amplitudes

D
D < weight < (#massless); + (#massive)D — D

) X

fermionic delta function conjugate delta function
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Superamplitudes A=06P(Q)A QA =0

* 3 minimal, maximal fermionic weight for amplitudes

D
D < weight < (#massless); + (#massive)D — D

) X

fermionic delta function conjugate delta function

* delta function only:

{ four massless legs
simplest solutions

one massive, two massless
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Superamplitudes A=06P(Q)A QA =0

* 3 minimal, maximal fermionic weight for amplitudes

D
D < weight < (#massless); + (#massive)D — D

X X

fermionic delta function conjugate delta function

* delta function only:

{ four massless legs
simplest solutions

one massive, two massless
* immediate four point tree amplitudes /w massless matter:

5(Q) 516(QQ)

St stu

AD:8,YM ™ ADle,Grav. ™
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Superamplitudes A=06P(Q)A QA =0

* 3 minimal, maximal fermionic weight for amplitudes

D
D < weight < (#massless); + (#massive)D — D

X X

fermionic delta function conjugate delta function

* delta function only:

{ four massless legs
simplest solutions

one massive, two massless

* immediate four point tree amplitudes /w massless matter:
1

Q) 519(Q)

St stu

AD:8,YM ™ ADle,Grav. ™

* also three points, five points, on-shell recursion in paper
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More simple superamplitudes!?
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More simple superamplitudes!?

minimal, maximal fermionic weight for amplitudes

D
D < weight < (#massless)g + (#massive)D — D
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More simple superamplitudes!?

minimal, maximal fermionic weight for amplitudes

D
D < weight < (#massless)g + (#massive)D — D

more delta-function-only amplitudes?
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More simple superamplitudes!?

minimal, maximal fermionic weight for amplitudes

D
D < weight < (#massless)g + (#massive)D — D

charge |
more delta-function-only amplitudes? A_ yAa
Q" = Ta

* fermionic weight of amplitudes
is related to U(1)r charge
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More simple superamplitudes!?

minimal, maximal fermionic weight for amplitudes

D
D < weight < (#massless)g + (#massive)D — D

charge |
more delta-function-only amplitudes? A_ yAa
Q" = Ta

* fermionic weight of amplitudes
is related to U(1)r charge

* massless super fields have natural U(1)r charge (“selfdual™)
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More simple superamplitudes!?

minimal, maximal fermionic weight for amplitudes

D
D < weight < (#massless)g + (#massive)D — D

charge |
more delta-function-only amplitudes? A_ yAa
Q" = Ta

* fermionic weight of amplitudes
is related to U(1)r charge

* massless super fields have natural U(1)r charge (“selfdual™)

* U(l)r in D=8 — rotations in 9-10 plane conserved
— superamplitudes here have weight 2n
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More simple superamplitudes!?

minimal, maximal fermionic weight for amplitudes

D
D < weight < (#massless)g + (#massive)D — D

charge |
more delta-function-only amplitudes? A_ yAa
Q" = Ta

* fermionic weight of amplitudes
is related to U(1)r charge

* massless super fields have natural U(1)r charge (“selfdual™)

* U(l)r in D=8 — rotations in 9-10 plane conserved
— superamplitudes here have weight 2n

« U(I)r in D=10 — part of SL(2,R)/U(]) of IB not conserved
— simple superamplitudes?
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Massless on-shell superspace in D=10, type IIB

D=10:256 states in the fundamental multiplet

d(n) = do + ™0 + ... + ¢o(n)®

field content:

bosonic fermionic
0 1
4 | 8,
2 28,
3 096+
1 35 + 35
H 264
6 28 5
7 8 s
8 1,
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Massless on-shell superspace in D=10, type IIB

D=10:256 states in the fundamental multiplet

d(n) = do + ™0 + ... + ¢o(n)®

field content:
holomorphic scalar: a + ie™?

bosonic _Afermionic

0 1,4

1 84
2 28,

3 096+
1 35 + 35

5 264
§ 28 5

7 8 s
8 1,
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Massless on-shell superspace in D=10, type IIB

D=10:256 states in the fundamental multiplet

d(n) = do + ™0 + ... + ¢o(n)®

field content:
holomorphic scalar: a + ie™?

bosonic _ érmionic
0 1,4
1 84
; 22 3 56
graviton 4 35, + 35/, : 5g1
\\ 6 j 28_2 YJY_ 1
20 ; g

Qo

14
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Massless on-shell superspace in D=10, type IIB

D=10:256 states in the fundamental multiplet

d(n) = do + ™0 + ... + ¢o(n)®

field content:
holomorphic scalar: a + ie™?

bosonic _ érmionic
0 1,4
1 84
; 252 3 56
\\ 6 / 28_2 @_1
20 . s .
8 1,

conjugate scalar j
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Massless on-shell superspace in D=10, type IIB

D=10:256 states in the fundamental multiplet

d(n) = do + ™0 + ... + ¢o(n)®

field content:
holomorphic scalar: a + ie™?

bosonic _ érmionic
0 1,4
1 33 ¥
. 25; 3 56 '\
raviton =1 '
& 4 35, + 35 . - dilatino
\\ 6 j 28_2 ——1
28 , s .
&8 14

conjugate scalar j
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Structure of IIB superamplitudes 4 — A,0%(Q)

* superamplitudes with only massless fields have:

16 < weight < 8n — 16 (weight = even)
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Structure of IIB superamplitudes 4 — A,0%(Q)

* superamplitudes with only massless fields have:
16 < weight < 8n — 16 (weight = even)

* graviton-only components at weight 4n conserves U(l)r
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Structure of IIB superamplitudes 4 — A,0%(Q)

* superamplitudes with only massless fields have:
16 < weight < 8n — 16 (weight = even)

* graviton-only components at weight 4n conserves U(l)r

* delta function only amp violates U(1)r by 4n-16 units
— Maximal R-symmetry Violation (MRV)

» existence exact, R-charges must satisfy: | Z qi| < 4n —16
i
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Structure of IIB superamplitudes 4 — A,0%(Q)

* superamplitudes with only massless fields have:
16 < weight < 8n — 16 (weight = even)

* graviton-only components at weight 4n conserves U(l)r

* delta function only amp violates U(1)r by 4n-16 units
— Maximal R-symmetry Violation (MRV)

» existence exact, R-charges must satisfy: | Z qi| < 4n —16
i

* general MRV amplitudes properties:
* follow from one component amplitude
* completely Bose symmetric
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Structure of IIB superamplitudes 4 — A,0%(Q)

* superamplitudes with only massless fields have:
16 < weight < 8n — 16 (weight = even)

* graviton-only components at weight 4n conserves U(l)r

* delta function only amp violates U(1)r by 4n-16 units
— Maximal R-symmetry Violation (MRV)

» existence exact, R-charges must satisfy: | Z qi| < 4n —16
i

* general MRV amplitudes properties:
* follow from one component amplitude
* completely Bose symmetric
* only massive particle poles (n>4)
* = no poles in field theory limit
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MRV amplitudes in field theory limit 4, = A4,,6'°(Q)

exceptional case at four points

L p—10_ 3(K)5(Q) (/s +1)T(a/t+ DT (a'u+1)

stu F(l—(QS))F(l—(a—Q/t))F(l—(Q;u))
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MRV amplitudes in field theory limit 4, = A4,,6'°(Q)

exceptional case at four points
AD=10 _ SLO(K)§L6(Q) ['(o/s+1)T (o't +1)T (au+ 1)
PG ),

from general properties at string tree level:

AMQ{V (g()z )n—2 (O/SC() —|—O/461 —|—O/5CQ 4+ O (&/6))
> 4

Ci: symmetric polynomia in external momenta of dimension 2i

subject to momentum conservation
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MRV amplitudes in field theory limit 4, = A4,,6'°(Q)

exceptional case at four points

oot _ SC(K)8Y(Q) | T(a's+ DT (@t +1)T (a'u+1)
1 —
t a’s o't o’ u
STLU _F(l—(Z))F(l—(Q))F(l—(2))_

from general properties at string tree level:

AMQ{V (g()z )n—2 (O/SC() —|—O/461 —|—O/5CQ 4+ O (&/6))
> 4

Ci: symmetric polynomia in external momenta of dimension 2i
subject to momentum conservation

examples: ¢y — constant

C1 — (Z IZCZ)Q —
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MRV amplitudes in field theory limit 4, = A4,,6'°(Q)

exceptional case at four points

oot _ SC(K)8Y(Q) | T(a's+ DT (@t +1)T (a'u+1)
1 —
t a’s o't o’ u
STLU _F(l—(Z))F(l—(Q))F(l—(2))_

from general properties at string tree level:

AMQ{V (g()z )n—2 (O/SC() —|—O/461 —|—O/5CQ 4+ O (&/6))
> 4

Ci: symmetric polynomia in external momenta of dimension 2i
subject to momentum conservation

examples: ¢y — constant

c1 — (Z ki) =0 general story?
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Intermezzo: fun with counting

Problem: how many symmetric polynomials up to momentum
conservation are there for an n-point amplitude at order alpha’
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Intermezzo: fun with counting

Problem: how many symmetric polynomials up to momentum
conservation are there for an n-point amplitude at order alpha’

# o|l1(2(3|4|5|6|7] 8| 9 | 10] 1l
plaltlolit]{rli]2l1l2]21]2]2
a 51|01 |[1]|2]2|5|4| 8 | 9 | I3 ] I5
't'6|0|246|3|936 58 | 97 | 149
S |7 1]o|1]2]4[8]20[36] 83 | I69 | 344 | 680
< | 8|1]o|1]2]5]10[28]59] 152|364 | 885 [2093
9 l1]o]|1|2]5]/10[31|72]205 557 |1565|432]
e |[1o]1|of1]|2]5](11]33|81|246 | 722 (2222|6875
S |11 |of1]|2|5](11|33|84]|263]|812(2262(8913
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Intermezzo: fun with counting

Problem: how many symmetric polynomials up to momentum
conservation are there for an n-point amplitude at order alpha’

# o|l1(2(3|4|5|6|7] 8| 9 | 10] 1l
P | 4 olt{t{rli]2l1l2]21]2]2
a 51|01 |[1]|2]2|5|4| 8 | 9 | I3 ] I5
't'6|0|246|3|936 58 | 97 | 149
S |7 1]o|1]2]4[8]20[36] 83 | I69 | 344 | 680
< | 8|1]o|1]2]5]10[28]59] 152|364 | 885 [2093
9 l1]o]|1|2]5]/10[31|72]205 557 |1565|432]
e |[1o]1|of1]|2]5](11]33|81|246 | 722 (2222|6875
S |11 |of1]|2|5](11|33|84]|263]|812(2262(8913

by computing the generating function (“Molien series”™)
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Intermezzo: fun with counting

related problem: what is a minimal basis for the ring of
symmetric polynomials on the previous slide!?
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Intermezzo: fun with counting

related problem: what is a minimal basis for the ring of
symmetric polynomials on the previous slide!?

answer:

O|1[|2|3(4|5|6|7 |89 ([I10[II[I2[13[14]]I5
4(1{0(1|110(0]O0O|0|0]O0O|]O0O]O0O]O0|0]|0]0O0
s{bjortrptrytbyprp2¢1¢1{1ry0;70}(0j0;0)0
6 | 1101 [{2{3|4(7 7 I12{I1|l6]{4|1l|0|O0]|O0
711101 (2|3|6|14(22{48|85(163|247|469|497(692| 0
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Intermezzo: fun with counting

related problem: what is a minimal basis for the ring of
symmetric polynomials on the previous slide!?

answer:

O|1[|2|3(4|5|6|7 |89 ([I10[II[I2[13[14]]I5
4 o(r{rfofo;{o0;0;{0|0j0j0j10]10]107]0
s{bjortrptrytbyprp2¢1¢1{1ry0;70}(0j0;0)0
6 | 1101 [{2{3|4(7 7 I12{I1|l6]{4|1l|0|O0]|O0
711101 (2|3|6|14(22{48|85(163|247|469|497(692| 0

intruiging relation to possible terms in type |IB low energy
effective action (local amplitudes < effective action!)
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Intermezzo: fun with counting

related problem: what is a minimal basis for the ring of
symmetric polynomials on the previous slide!?

answer:

O|1[|2|3(4|5|6|7 |89 ([I10[II[I2[13[14]]I5
4 o(r{rfofo;{o0;0;{0|0j0j0j10]10]107]0
s{bjortrptrytbyprp2¢1¢1{1ry0;70}(0j0;0)0
6 | 1101 [{2{3|4(7 7 I12{I1|l6]{4|1l|0|O0]|O0
711101 (2|3|6|14(22{48|85(163|247|469|497(692| 0

intruiging relation to possible terms in type |IB low energy
effective action (local amplitudes < effective action!)

string theory selects one combination out of these polynomials

Tuesday, October 23, 12




MRV amplitudes in field theory limit 4 = 4,5'5(Q)

from general properties at string tree level:

AMR\/ (ga/Q)n 2(0/300_'_& Cl—l—Oé 02_|_O( 6))

five point example from dilaton-graviton* amplitude:
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MRV amplitudes in field theory limit 4 = 4,5'5(Q)

from general properties at string tree level:

AMRV (ga/Q)n 2(&/300+&401—|—C¥ CQ—l—O( 6))

five point example from dilaton-graviton* amplitude:

A ~(ga™)" | =6¢(3)a" — S ((3)a” ((st))

_|_2C( )2 /6 ([8?2]5) 372
1

+-—C(3)¢(5) o (71[312]5 + 25[312534] ) + O( )

C(7) &7 (13[s75]5 + 6[s72554])5)

30
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MRV amplitudes in field theory limit 4 = 4,5'5(Q)

from general properties at string tree level:

AMRV (g()é/Q)n Z(Q/BCQ—I—CV461—|—CV CQ‘I‘O( 6))

five point example from dilaton-graviton* amplitude:

A ~(ga™)" | =6¢(3)a" — S ((3)a” ((st))

_I_QC( )2 /6 ([8?2]5) 372

+arC3)C(5) o (7Ll )s + 25[stsils) + O (a)

* using results from: [Kawai-Lewellen-Tye, 86], [Stieberger-
Taylor, 06], [Huber-Maitre, 07] + equivalence theorem

¢(7) o'’ (13[51112]5 + 6[5%2334]5)
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MRV amplitudes in field theory limit 4 = 4,5'5(Q)

from general properties at string tree level:

AMRV (g()é/Q)n Z(Q/BCO—I—CV461—|—CV CQ‘I‘O( 6))

five point example from dilaton-graviton* amplitude:

A ~(ga™)" | =6¢(3)a" — S ((3)a” ((st))

_|_2C( )2 /6 ([8?2]5) 372

+arC3)C(5) o (7Ll )s + 25[stsils) + O (a)

* using results from: [Kawai-Lewellen-Tye, 86], [Stieberger-
Taylor, 06], [Huber-Maitre, 07] + equivalence theorem

* recently extended to order |5, all orders “known”

¢(7) o'’ (13[51112]5 + 6[5%2334]5)
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MRV amplitudes in field theory limit 4 = 4,5'5(Q)

from general properties at string tree level:

AMRV (ga/Q)n Z(Q/SCQ—I—CV461—|—CV CQ‘I‘O( 6))

five point example from dilaton-graviton4 amplitude:

7)o (13[51112]54‘6[5%23?,4]5)

32
(71[3?2]5 + 25[3?2534]5) + O (alg)

* using results from: [Kawai-Lewellen-Tye, 86], [Stieberger-
Taylor, 06], [Huber-Maitre, 07] + equivalence theorem

* recently extended to order |5, all orders “known”
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Intermezzo: multiple zeta values

C(s) =) — (3= )
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Intermezzo: multiple zeta values

()= > — (=3

no . n;Si
n=1 O<n1§n2...§n|8| HZ ¢

welight = Z Si

i
* multiple zetas form ring over rationals
* many relations (“shuffle”,“stuffle”, etc, etc)

* basis conjectured, explicit realization up to weight 22
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Intermezzo: multiple zeta values

()= — (= 3 L

ns .M, Si
n=1 O<n1§n2...§n|8| HZ ‘

welight = Z Si

i
* multiple zetas form ring over rationals
* many relations (“shuffle”,“stuffle”, etc, etc)

* basis conjectured, explicit realization up to weight 22

experimental facts:
* all coefficients in superstring have “uniform trancendentality”
weight = order in alpha’

°y 9

* “closed string has no pi's” (roughly)
— explicit check to weight |5 for MRY, problem is 3F2...
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Intermezzo: multiple zeta values

()= — (= 3 L

ns .M, Si
n=1 O<n1§n2...§n|8| HZ ‘

welight = Z Si

i
* multiple zetas form ring over rationals
* many relations (“shuffle”,“stuffle”, etc, etc)

* basis conjectured, explicit realization up to weight 22

experimental facts:
* all coefficients in superstring have “uniform trancendentality”
weight = order in alpha’

°y 9

* “closed string has no pi's” (roughly)
— explicit check to weight |5 for MRY, problem is 3F2...

* see [Stieberger, 09], [Schlotterer-Stieberger, 12] for more

Tuesday, October 23, 12



MRV amplitudes in field theory limit 4 = 4,5'5(Q)

from general properties at string tree level:
AMR\/ (ga/Q)n 2(0/300_'_& Cl—l—Oé 02_|_O( 6))

determining higher multiplicity?
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MRV amplitudes in field theory limit 4 = 4,5'5(Q)

from general properties at string tree level:
AMR\/ (ga/Q)n 2(0/300_'_& Cl—l—Oé 02_|_O( 6))

determining higher multiplicity? — kinematic limits
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MRV amplitudes in field theory limit 4 = 4,5'5(Q)

from general properties at string tree level:
AMRV (ga/Q)n 2(&/300+&401—|—C¥ CQ—l—O( 6))

determining higher multiplicity? — soft limits
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MRV amplitudes in field theory limit 4 = 4,5'5(Q)

from general properties at string tree level:
AMRV (ga/Q)n 2(&/300+&401—|—C¥ CQ—l—O( 6))
determining higher multiplicity? — soft limits

e supersymmetric soft limit: ki, n; — 0
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MRV amplitudes in field theory limit 4 = 4,5'5(Q)

from general properties at string tree level:

AMRV (ga/Q)n 2(&/300+&401—|—C¥ CQ—l—O( 6))

determining higher multiplicity? — soft limits
e supersymmetric soft limit: ki, n; — 0

* axion decouples in this limit, dilaton related to couplings
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MRV amplitudes in field theory limit 4 = 4,5'5(Q)

from general properties at string tree level:

AMRV (g()é/Q)n Z(Q/BCQ—I—CV461—|—CV CQ‘I‘O( 6))

determining higher multiplicity? — soft limits
e supersymmetric soft limit: ki, n; — 0

* axion decouples in this limit, dilaton related to couplings

~ 0 0 ‘
. _ 2 [
klllglo Ani1({k1,0}, X) = 29, <a S 20 59,9) A, (X)

“Soft dilaton theorem” [Ademollo et.al., 75], [Shapiro, 75]
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MRV amplitudes in field theory limit 4 = 4,5'5(Q)

from general properties at string tree level:

AMRV (ga/Q)n 2(&/360+&461—|—CV CQ‘I‘O( 6))

determining higher multiplicity? — soft limits
e supersymmetric soft limit: ki, n; — 0

* axion decouples in this limit, dilaton related to couplings

0 0 ‘
. _ 2 [
klllglo Ani1({k1,0}, X) = 29, <a S 20 593) A, (X)

“Soft dilaton theorem” [Ademollo et.al., 75], [Shapiro, 75]

* differential operator annihilates gravitational coupling
— relates ¢; for various multiplicities, up to degeneracy
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Return to intermezzo: fun with counting

Problem: how many symmetric polynomials up to momentum
conservation are there for an n-point amplitude at order alpha’

‘ O |1 |2 ‘ 3(4|5|6|7| 8 9 10 |l
4 111010y 2 2 2 2 2
S|1hjofty1r{212|5|4| 8 9 13 15
6 |10l |2)14(6]|13]I19]| 36 58 | 97 | 149
7 11101 12)14|8|20(|36| 83 | 169 | 344 | 680
811|101 [2]|5)10128|59| 152 | 364 | 885 | 2093
091101112 [5)10]131]|72] 205 | 557 | 1565 |432]
IO 1L (O 1 | 2|5 |11]|33]|8]]| 246 | 722 |2222| 6875
1Ty 1O 1| 2[5|11]33|84] 263 | 812 (2262|8913

conjecture: dimension stabilizes at n = 2:
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MRV amplitudes in field theory limit 4 = 4,5'5(Q)

from general properties at string tree level:
AMRV (ga/Q)n 2(&/300+&401—|—C¥ CQ—l—O( 6))
using soft dilatons to fix constants:

5n—4

A =23)"1a%((3) + ——a”((5) ([s1aln)

. /%¢(3)% ([s3a]n) + O (7)
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MRV amplitudes in field theory limit 4 = 4,5'5(Q)

from general properties at string tree level:
AMRV (ga/Q)n 2(&/300+&401—|—& CQ—l—O( 6))

using soft dilatons to fix constants: from four

/ / points
_ . @

AMRY — 9(3)n40/3¢(3) + 2 ¢ (5) ([s2)n)
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MRV amplitudes in field theory limit 4 = 4,5'5(Q)

from general properties at string tree level:

AMRV (ga/Q)n 2(&/360+&461—|—CV CQ‘I‘O( 6))

using soft dilatons to fix constants: from four

/ / points
: —4 l

AMRY — 9(3)n40/3¢(3) + 2 a5¢(5) ([s2a)n)
from five , (6)"* g

points, //3/.

up to oné
constant!
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MRV amplitudes in field theory limit 4 = 4,5'5(Q)

from general properties at string tree level:

AMRV (ga/Q)n 2(&/360+&461—|—CV CQ‘I‘O( 6))

using soft dilatons to fix constants: from four
// points
3 : n—4 "
AVRY — o(3)m40/3¢(3) + 2 a5 (5) (%))
from five (O

points, 5 //3/' f

up to oné |
constant! how many points
for which order?
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MRV amplitudes in field theory limit 4 = 4,5'5(Q)

from general properties at string tree level:

AMRV (g()é/Q)n Z(Q/BCO—I—CV461—|—CV CQ‘I‘O( 6))

using soft dilatons to fix constants: from four

//points
AR = 9(3)"4a¢(3) + 2o —a*((5) (%))

from five (6)" T
points, 3 v

up to oné™— / f |
constant! how many points
for which order?

include more stringy
symmetries!
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MRV amplitudes in field theory limit 4 = 4,5'5(Q)

from general properties at string tree level:

AMRV (ga/Q)n 2(&/360+&461—|—CV CQ‘I‘O( 6))

using soft dilatons to fix constants:

| __ from four
//points
N X n—4 '.
AN = 9(3)" ¢ (3) | 52 0 ¢(5) ([aln)
from five , (6)"* g

points, 5 //3/' f

up to oné |
constant! how many points
for which order?

include more stringy
symmetries!
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MRV amplitudes in field theory limit 4 = 4,5'5(Q)

from general properties at string tree level:

AMRV (ga/Q)n 2(&/360+&461—|—CV CQ‘I‘O( 6))

using soft dilatons to fix constants:

| __ from four
//points
N X n—4 '.
AN = 9(3)" ¢ (3) | 52 0 ¢(5) ([aln)
from five , (6)"* g

points, 5 //3/' f

up to oné |
constant! how many points
for which order?

include more stringy i 59 6)7
symmetries? o (21 -6):
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MRV amplitudes in field theory limit 4 = 4,5'5(Q)

more stringy symmetry in |IB: SL(2,Z)
[Green-Gutperle, 97], [Green et.al,, 97-12]

» results for effective action, R*, D*R*, D°R*, \'® couplings
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MRV amplitudes in field theory limit 4 = 4,5'5(Q)

more stringy symmetry in |IB: SL(2,Z)
[Green-Gutperle, 97], [Green et.al,, 97-12]

» results for effective action, R*, D*R*, D°R*, \'® couplings
» coefficients as functions of background fields 7, = a; + e P
c.8- fg(Tb, Tp) = Z (I + me)%_B(l + m%b)—ﬁ
(1,m)#(0,0)

* non-holomorphic Eisenstein series,
known to O (o)
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MRV amplitudes in field theory limit 4 = 4,5'5(Q)

more stringy symmetry in |IB: SL(2,Z)
[Green-Gutperle, 97], [Green et.al,, 97-12]

» results for effective action, R*, D*R*, D°R*, \'® couplings

» coefficients as functions of background fields 7, = a; + e

e.g. fg (Tb, 7_'5) — Z (l -+ me)Zk_B(l -+ mﬂ,)_ﬁ
(1,m)#(0,0)
* non-holomorphic Eisenstein series, 1B = § — 0
2’

known to O (& )

* “beta” < alpha’ order,k” < U(I|)r non-conservation
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MRV amplitudes in field theory limit 4 = 4,5'5(Q)

more stringy symmetry in |IB: SL(2,Z)
[Green-Gutperle, 97], [Green et.al,, 97-12]

» results for effective action, R*, D*R*, D°R*, \'® couplings

» coefficients as functions of background fields 7, = a; + e

e.g. fg (Tb, 7_'5) — Z (l -+ me)2k_B(l -+ mfb)_ﬁ
(1,m)#(0,0)
* non-holomorphic Eisenstein series, 1B = § — 0
2’

known to O (o)
* “beta” < alpha’ order,k” < U(I|)r non-conservation

* weak string coupling expansion:

lim f3 (75, Tp) o< ((3) 4+ (1-loop) + instanton

Tp—>100
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MRV amplitudes in field theory limit 4 = 4,5'5(Q)

more stringy symmetry in |IB: SL(2,Z)
[Green-Gutperle, 97], [Green et.al,, 97-12]

m=ay+ie® [ m) = Y (+mn) AU+ ma) P
(1.m) 2(0.,0)
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MRV amplitudes in field theory limit 4 = 4,5'5(Q)

more stringy symmetry in |IB: SL(2,Z)
[Green-Gutperle, 97], [Green et.al,, 97-12]

m=ay+ie® [ m) = Y (+mn) AU+ ma) P
(1.m) 2(0.,0)

“exact’” amplitude conjecture:

A%R\/ « 516(Q)(a/29)n—2 (O/ng—zl n 0/5](7%1—4 ([312] ) n (’)( ))
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MRV amplitudes in field theory limit 4 = 4,5'5(Q)

more stringy symmetry in |IB: SL(2,Z)
[Green-Gutperle, 97], [Green et.al,, 97-12]

m=ay+ie® [ m) = Y (+mn) AU+ ma) P
(1.m) 2(0.,0)

“exact’” amplitude conjecture:

A%RV « 516(@)(&/29)71—2 (O/ng—zl n O‘/ng_4 ([312] ) n (’)( ))

* analytic part of amplitude: the “no logs”-part
* guess for next order exists

* much work: relation to effective action, better normalization...
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Summary, outlook

shown examples of applications of ‘analytic S-matrix’ insight:

scattering amplitudes are functions
* of the quantum numbers
* with physical singularities
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shown examples of applications of ‘analytic S-matrix’ insight:

scattering amplitudes are functions
* of the quantum numbers
* with physical singularities

remarkable simplicity found
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Summary, outlook

shown examples of applications of ‘analytic S-matrix’ insight:

scattering amplitudes are functions
* of the quantum numbers
* with physical singularities

remarkable simplicity found

more examples of applications / more explicit amplitudes!?
* how deep does MHYV -- MRV analogy go!?
* worldsheet picture? (pure spinor?)

* [IA? D=11? open strings!? — constrained superspaces
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Your Question
Here!



