QM - A SOLUTION

a) The possible measured values for Jy for a particle in an j = 1 state are J; = +h, 0, —h.
Since the particle is in an Jy eigenstate with eigenvalue mh = +h, the probability of
measuring Jz = +h is 100% with the probabilities of measuring J, = 0 or J; = —h
equal to zero.

(J2)=j(j+ DR* =20 = (J%) +(LY) + (L) = 27"
(J2) = m?h* = h? and by symmetry (J%) = (JZ)

= ==

(J2) = B*Poop(Jx = +h) + 0Piop(Jx = 0) + h*Pup(Jx = —h)

By symmetry  Pop(Jx = +h) = Fop(Jx = —h)

1
= Prob(JX = +h) = Prob(JX = —h) = Z

Since Prob(JX = +h) + Prob(JX = 0) + Prob(JX = —h) =1

1
Prob(JX - O) - 5



QM - B SOLUTION

If the girl constrains the marbles to have position very close to the desired, they will have
asubstantial spread in their horizontal momenta, according to the uncertainty principle:

h
20X,
where Ax, is the uncertainty ininitial position. This means that as the marblesfall, the
uncertainty in their position is going to grow:

Ap, =

Ap, h

AX = AX, +t =AX, +t .
2MAX,

If, on the other hand, she constraints the horizontal momentum of the particles, theinitial
Axy 1s going to be large. This means that there is some optimal value of Axg that
minimized the final Ax

The girl needs to minimize Ax after the time t =+/2H /g which ishow long it takes for
the marblesto fall. At the optimal Ax the derivative d(4x)/d(4x) should be zero:

da) _,_ h ., h 2H
dAx,)  2M(Bx)® T 2M(Ax)*\ g

Axoz L 2_H
VZM g

Substituting this back to the formulafor Ax we get

1/2 1/4
AX > AXO + ﬁ h = h ﬁ |:| (ﬂj (ﬂ] .
g 2MAX, V 2M \ g M g

For the given mass and height we get Ax > 4x10™*° m, smaller than size of nucleus.




QM —-C1 SOLUTION

(& Wehave

1 1

. A . i _ A 8m\2 8m\2 \,_
Y(6,¢) = Asinfcos¢ = sin6 (e +e7?) = E<_ (?)2 Yh+ (?)Z Y 1>
Simplify by using Dirac notation: Y(6,¢) — |Y), Yt — |v1h)

1
Thenwehave: |¥) = =4 (5)° (1) - |v71))
Now, since: (Y|Y)=1, (¥{f'|v{') =1, and(v'|y;1) =0

Wehave: 1= (Y|Y)= AZ%(((YfI =D A = 1))

2
= A2 (RIS = )

_A247t A= 3
73 ©J4n
1

so: 1) =~ (%) (E) 4y =) = == = 1)

(b) Since: L,|v™) = hm|Y") and L*|Y") = hI(l + DIY™)

Wehave: L,[Y) = — = (IY)) + RIYT 1)) = — £ (%) +]%7)

S0: (Ly) = (YIL,IY) = 2 (R = (7 (1Y) + 1Y72) = S (YD) — () =
21-1)=0

Similarly:  12[Y) = = (12[v) + 12[Y; 1) = —j—;(zml) + 277 = 2R2|Y)

So:  (L?) =(Y|L?|Y) = 2h*(Y|Y) = 2h?



QM - C2 SOLUTIONS

(&) To get the eigenvalues, one needs to solve> H|E|p>:
b 2)-e)
E, =E
A -1\y y
(EO -E  E j(xj o
E,A -E,—E\y)
E=+E,V1+ ¥

(b) In the unperturbed case, the eigenvectorf arend |D>, corresponding to
eigenvalues of By and £ respectively. To get to the second order, we write

2 232 2
E, = Ey+ (U, ) £ 2O o BOA =E{1+A—j
Eo_(_Eo) 2E, 2

2 292 2
ey =, (o)D) - 0 BT g1, 7]

0 0 0

Expanding the exact answer from 1) in powera ofle getE = iEO(1+EZ—A—84 + ]

which coincides with the perturbation theory ansugto)>.

(c) First, let us determine the eigenvectors ofsystem. They are given by equation
(E, - E)x+ E Ay =0.

Substituting results fdg from (b) we get two vectors:

1
= —1 2 :( —1 2) 1
) (1 8/1 1/1 1 8/1 |U>+2/1|D>
2
A
3 2 1 1
=[1-=x =-=) (1——/12jD
i {i-pr| % =S ae-yro)

It is easy to show that |U> and |D> can be reptesdeas



0)=(1- 28 Juy- 2
D)=Ly +[1- 2o

If a system was initially in a statgyp, after a time t its wavefunction will be
_iBxy
|(//k(t)> = |¢’k(0)> xe N,

Therefore if the system was initially in state |U>,

0)=(1- 27 e ' - Lu)e -

By _iEJ
=((1—1/12j|u>+1/]| D>je_'ht +(—1A2|u>-h| D>]e !
8 2 8 2

The probability to find the system in the state [BxD(t)>%

1, it BN
E/]BE h [J1-e

P(t) =




QM - D1 SOLUTION

a) We need to add three angular momenta with sp = 1/2, s¢ = 1 and [ to get a total

angular momentum s, = 1/2. Use the rule when adding angular momenta, j; and js
that |j1 — jo| < 7 < j1 + j2. First add sp and sc.

|s1 — 89| < s <81+ — 1/2<5<3/2

Possibilities are: s =1/2, 3/2
Now add s and [ to get sx

1/2—-1]<1/2<1/241 — 1=0,1
3/2—1|<1/2<3/2+1 — 1=1,2

Answer is [ =0, 1, 2

Since [ = 0, we only need to consider the addition of sgp and sc. From the given
Clebsch-Gordon coefficients, we see that

13/2,1/2) = (1,1;1/2,—1/2(3/2,1/2) [1,1;1/2, —1/2)
+(1,0;1/2,1/2(3/2,1/2)|1,0;1/2,1/2)

= /1/3|1,1;1/2,—-1/2) + \/2/3|1,0;1/2,1/2)

Now the state that we're interested in is |1/2,1/2). This state is orthogonal to
13/2,1/2) so

So if the initial state is | 1/2,1/2), the probability for the final state to be in the state

| 1,0;1/2,1/2) with the spin of particle B in the +z-direction is 1/3.

Note that we have used:

(1,1:1/2,-1/2(3/2,1/2) = /1/3 (1,0:1/2,1/2]3/2,1/2) = /2/3



QM —-D2 SOLUTION

To first order, the amplitude for transition totstn’> is given by
ot
_l , s —
4y @ = 5 [ (0] e (BB g
to

Wheret, is the onset of the perturbatibln The perturbation is the electric fiele:e€, e~t?/7

with corresponding potential energyH, = —ex€, e~"/*"

1/2
Now, for the harmonic oscillator, theoperator may be written ag,,, = (%) (a+a*)

In terms of the raising and lowering operators:
alny =n?In—-1) ; a*|n) = (n+1/2)Y%|n + 1)

For the matrix element, with the initial state) = |2) we have:

1/2
(w|m]2) = —e

) € e~/ (n|(a +ah)|2)
The only non-zero terms will bél|a|2) = v2(1]|1) =2 and (3|a*|2) = V3(3|3) = V3.

2mw

So, there are transitions to two states:

_i t h 1/2 2/ 2
- —o [ — —t“/1% ,—iwet
a(t) = Rl e (me) V2€, e e dt
1
—i (t h \2 .
a;(t) = — | -—e (me) V3E, et/ glwot gt

From the given integral, we have

—t2/72 +i 2,2
f et /T eilwot dt = Tme T @o /4
—00

2022 2022
2e“E°mt e_TZwoZ/Z 3e“E°nt e_TZwoZ/Z

So: Py = |ay(0)|* = and P,3 = |az()|* =

2mhw 2mhw

No other transitions occur to first order.

(b) The value of that maximizes this probability is given gyLP:) = 0.
In both casesP (1) ~ t2e T @o’/2

aP(T)

at
2

w

—72 2 _+2 2 . ~
So: ~ [2te7T @0 /2 — 13, 2e"T @0"/2] = 0 which occurs whe@ — t2w,2 =0 =



