SOLUTIONS TP-A

(@ H=U+PV; Use U=TS-pV+uN gives H=TS+uN=TS+G (u is mu)
(b) dH=dQ+T(dS)+u(dN)=T(dS) + V(dP)+u(dN)
oH .
Thus (—J =heat capacity at constant P.
T ),

For (@] use G=H-TS and (ﬁj :V:(a(H _TS) :(aHj —T(éj .
oP ). oP ), P ). \ep) \op)

G also has a Maxwell relation from

(o) 2val ) oo 3] = (- 5)
oP ). ot J, oP); U aT ),

Thus (ﬁj =V -TVB=V -T (ﬂj
oP ). T ),

(c) For P(V-bN)=NKT

NKT  NKT
V,—bN V, —bN

(B_Hj =bN which gives AH =DbN(P, — P,) = bN(
T

oP )



SOLUTION TP-B

Spin 1 particles are bosons and you can put any number in a level. The spin degeneracy is
g,=3.

There are 11 configurations such that 6 particles have total energy U=6¢ .

Let N; equal number of particles in level with energy je .

The number of ways of putting bosons in levels (any number in a level) for a choice of
{Ng,N,,...,N;}=N is QK(N) for each configuration K . This is given by:

- - !

0 () = [T 2 M)
i (g, —DIN;!
Configuration K Distribution of Q. (N)
N ={NgN,,..,N,}  Energyas

1. (5,0,0,0,0,0,1) 6=6 63
2. (4,1,0,0,0,1,0) 6=5+1 135
3. (4,0,1,0,1,0,0) 6=4+2 135
4. (3,2,0,0,1,0,0) 6=4+1+1 180
5. (4,0,0,2,0,0,0) 6=3+3 90
6. (3,1,1,1,0,0,0) 6=3+2+1 270
7. (2,3,0,1,0,0,0) 6=3+1+1+1 180
8. (3,0,3,0,0,0,0) 6=2+2+2 100
9. (2,2,2,0,0,0,0) 6=2+2+1+1 216
10. (1,4,1,0,0,0,0) 6=2+1+1+1+1 135
11. (0,6,0,0,0,0,0) 6=1+1+1+1+1+1 28

11 ! ~
Mean number < N; >= > N0, (N)/ > Q, (N)
K=1 K=1

< N >=(2.83,1.60,0.830,0.410,0.205,0.088,0.041)



Solution TP-C1

(a) The density of states of a photon gas is
D(e)de = aVe?de,
where o is a constant.

Hence the partition function

Fo— _/D(E) In(1 — e)de, (1)
b= S @)
- —%/EQID(l—efﬁ)de, (3)

Integrating by parts we have

1 e € U
= Vae? ———de = —.
b 3V/O e 1" T 3y

(b) For thermal radiation, we have
UT,V)=uT)V.

Using the following formula of thermodynamics

oUN _p(or) _
av), “\or), "

L du , i.e. u=~T*, where 7 is a constant.

—Tdu _u
we get u= 5% - 3



Solution TP-C2

a) The canonical partition function is:

Zean = [H / dz; / de] exp — [ P; +Nupot v)

h3N

/ksT. (1)

(Note that we left out a constant factor of which one needs to make Z,,,, dimension-
less).

Treat molecules as billiard balls and place them one by one into the container of
volume V, so that the 1st molecule can occupy volume V = L3, the 2nd molecule: V — v,

the 3rd molecule: V — 2v,, and so on:

3N . N—-1 N—-1 N
N —-1)N N

H/ dr,| = T[(1- m_ - g&_(l__&) ,

1 Jo et 2 %4 2V

m=1

l

VN

where we used N > 1 and v, < V.
Hence

1 N \" Nty (v) > P N
7 = — - — _ PO/ d —
- N! (V 2 UC) eXp( kpT ) |:/oo Y exp( 2kaT)] @

1 N \V Nyt () 3N
= N (V— C) exp (_kJB—T (2mkpTm) 2 .

Using Stirling’s approximation we obtain:

F(0.T) = ks T 108 Zuan = kT [fo — logl(v — /DT + 0], (4)

where v = V/N is the volume per particle, and f, = —1 — 3/2log(2wm) is the part of the
free energy that is independent of v and T'.
Now, (0f/0v) |r = —p gives

ov
the van der Waals equation of state.

(0f/0T) |, = —s gives

(p+ %) 0= 0ef2) = b, 5)

1 3kp

s = T(upot(v) _f)_'_TJ (6)
or

f= —k:BT T's + Upot(V), (7)
which shows that u = u,u(v) + %/{;BT as expected.



Solution TP-D1
(a) The partition function takes the form

1
ZN - 7(Zl(tr))N(Zl(mag))Na (]-)

N!
where Zy;, is the translational contribution for a single molecule and Z(;4y)
is the magnetic contribution for a single molecule. The sincle particle transla-
tional partition function can be written Z 4,y = V/A3, where Ay = h/\/2rmkgT
is the thermal wavelength.
Let us now compute the partition function due to the magnetic degrees

of freedom. Each atom will have magnetic energy FE(s) = —suB, where
—S > s < S. The magnetic partition function for a single atom is
Z1(mag) = »_ €**F = sinh((S +1/2)BuB)/sinh(1/26uB).  (2)

The partition function for the gas is

Iy = ;@;)N[smh((s +1/2)8uB)/sinh(1/2(uB))Y.  (3)

(b) The internal energy is given by

dln ZN) = §Nk;BT — NOg[sinh((S + 1/2)6uB)/ sinh(1/2(6pB))].

V=33 2
(4)

The heat capacity is

ou 3 . .
CV,N = (ﬁ)V’N’B = 5Nk‘B—T2NaTaT[SIHh<(S+1/2)5,U,B)/Slnh(l/z(ﬁ,U,B))])
()
(c¢) The magnetization is given by M = —(0®/0B)r ny where ® is the free
energy for this problem, ® = —KpT In(Zy) and

M= (g )



Solution TP-D2

The entropy for a fixed number of molecules of both types (Nx, Ny) (Nx + Ny = N)
is given by:

Q(Nx,Ny;U,V) o N! - NSM<I') 8
Q(Nx + Ny, 0,0, V) Nx!Ny! eXp( kg ) ’ ®)
where x = Nx/N. Here Q(Nx + Ny, 0;U, V) is the entropy if all particles are of type X
(same as for the monoatomic ideal gas), and sy(x) is the mixing entropy for a specific
(Nx, Ny). Note that all position and momentum dependent contributions to the total
number of states cancel out in Eq. (8).
We obtain the total mixing entropy by summing over all values of (Ny, Ny):

Nstot N! N

B
Nx,Ny|Nx+Ny=N

or s = kplog2. Here we used the binomial expansion:

N!
(a+0b)N = Z NoINo aNxpNy (10)
x'Ny!

Nx,Ny|Nx+Ny=N

Using Stirling’s formula we obtain:

N! NN N Ny \ Y

(11)
with x = Nx /N,y = Ny /N,z +y = 1. Therefore, the mixing entropy per particle is:
su(z) = —kplrlogz + (1 —z)log(l — )], (12)

can be written as:

exp (st‘”m) N/ de exp (NSM( >). (13)

Note that this expression is not exact: si¥ = kplog2 does not hold under this approxi-
mation anymore.

b)

and st

s (x)
ox
gives 10g Zyar = 10g(1 — Zinaz), OF Tinae = 1/2. Then

= —kp [logx —log(l —x)] =0 (14)

tot

Sy~ Sm(Tmax) = kplog 2. (15)



This is the same as our exact result from part (a) - the errors introduced by the Stirling’s
approximation and by the max term approximation to the integral cancel out! In general,
the errors scale as log N/N as thus vanish in the thermodynamic limit [we will verify this
explicitly in the next section].
c)
D?spr(x)
0x?
Then under the saddle-point approximation
1 1
N/ dr exp (M) ~ Nexp (M) / dz exp (—2N (2 — Zmaz)*)17)
0 ICB k:B 0

NSM(xmaa:)
kg

1 1
|tmae = —KB { + } = —dkp. (16)

Tmaz 1 — Timax

~ Nexp { +1/2 log(ﬂ/2N)} .

Note that we extended the upper limit of the Gaussian integral to +oo (this is possible
because N > 1). The Gaussian correction is indeed of order log N/N.





