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SYSTEMS, AND BRS STATES

LECTUREY: THE SPECTRUM- GENERATING
STOKES MATRIX: LIPS TWSTS, = POPS




1. ll\f'nwbucﬂ'zo:\l% OW—:R\I:ELO]

THIS MINICOURSE /§ ABOUT THE BRPS

SPECTRUM 0F STRING & FLELD THESRIES
WITH N=2,D=4 3SvusY,

THE BPS REPS oF N=2 ARE “omal”

OR “RIGID" AND THEREFORE MORE
AMENABLE To sTWdY. IN A SENSE
THEY ARE PIECEWISE CONJITA NT”

AS A FUNCTION OF PHYSICAL
PARAMETE RS IN THE THEORY.

THUS, [NFORMATION OCBTAINE D

AT WEAK COUPLING CAN BE USED 10
OBTAIN INFoO AT STRONE COUPLING.



SoME REASONS FOR STUBDYING BPS STATEYD

41 ExAcT REsuLTS (N FIELD THESRYT
AND STRING THEORT.

2. MicroscofiC ORIGN OF BLACK
HOLE ENTROPY

3 OSV CONTECTURE

4
L4 MATHEMATCS oF DONALDION THMAS
INVARIANTS * AND STRBILITY (N
DER\WVED CATEGORIES,

5 RELATIONS To AUTOMORPHIC FORMS
f‘ ANALYTIC NUMBEZ THEORY

6. NEW [INFINITE DIMENSIONAL
M GEBRAC STRUCTURES ASS6CIATED
TO CY. ManNiIFoDs (“ALCEBRAS 6F

?PS STATES "



THE PHYSICAL PRAAMETERS:
0 CoVPLINGS IN THE DV  LAGRANGIAN

® CHoICE 0F QuaNTUM VACUUM

/
MASSLESS ScALAR FLELDS HAVE VEVS
CHARACTERIS ING THE MODULL oF VACUA

T THE PATH INTEGRAL o N R
THESE ARE BSOS fOR THE FIELDS

AT R—> 0.
T TuaNS ouvT THAT BPS STATES

ARE NoT CoMPLETELY (NDPT. OF PARAMETELS,

RECENTLY THERE RHAS REEN SaMg

PROGRESS IN UNDERSTANDING
PRECISELY HowWw THE SPECTRUM

‘DEPENDS oN BouNDARY GANDITIONS

THESE ARE CALLED WALL-CROSS/ING
—ORMULAE (WeF )




‘BRIEF SUMMARY OF THE MINICOURSE

LECTURE 1:

e BASIC TDEFINITIONS OF BPS /NDEX
e REVIEW J3kINDS 6« BPS /INDICES:

PRIMTIVE, SEMI-PRIMITIVE, MULTIPLICATIVE (kesuer)

o LIGHTNING REVIEW OGF SEIBERG— WITTEN THEORY

e CoMpAactIEicATIoN ON A CIRCLE !

SEMIELAT METRIC APPROXIMATION.

[ ECTURE 2:
. T-#YVERKMLEZ METRICS

o [EADNG QUANTUM CaRRECTION
oM A  |—LOOP (oMPUTATION.

e QUANTUM EFFECTS of MUTUALLY
NoNLOcAL PARTICLES

® KSWQF & CoNTINUKTY OF METRIC

\




LECTU(E'Q :

e REVIEW oF MS-RBRANE COMFPACTIFIED
ON A RIEMANN SURFACE: RESULTING

d=4 N=2 GavcE THEGRIES.

e MAPPING TO H(TCHIN SYSTEMS

o DESCRIPTIGN oF BPS STATES
IN THE HITCHIN FRAMEWsRK.

[ ECTURE 4 :

|
e HITCHN SYSTEMS & FLAT CoNNECTIONS

e FOCK - GONCHARSY CoORDINATES
o WKB - TRIANGULGTONS

* A NEW ConNSTRUCTION OF THE
TWI STOR CooRDINATES

¢ HOW TD COoMPUTE THE RPS
S PECTRUM
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2. KONTSEVICH +S0BEMAN, STREILITY

STRUCTURES, -.-- ]  O%Il. 2435

W\
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WALL-CRISING, - O X iv . 0807,4723

\\
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HiTcHiN SYSTEMS)% Wka /; © APEAR



2. GENERAL ASPECTS of W=2,D<l
WALL - CROSSING

ConsmdeER A THERY onN TRH
WITH AN =2 SUPERPO/NCARE’ SYMMETRY

LET # BE THE ONE-PARTICLE
H/LRERT SPACE.

AS A REPRESENT ATION oF THE
W= 2 SUPERPOINCARE’ ALGESRA A) 50

DEPENDS oN THE RBOONDARY VALUES
Ct+ FIELDS AT o0,

THESE R0UNDARY CONDITIONS ARE VALUED
N THE MoDUL| SPACE 6F VACUA: B

FoR ue®® , wWrrme H,.

)



FoR ALL we & THERE IS AN

UNBRoOKEN ABELIAN GAUGE SYMMETRY

OF RANK ¥, So ¥ IS GRADED

BY THE A LATICE [T OF FLAVR,
ELEcmlC_,zf MAGNET IC CHARGES.

TUE  LATTICE 6F .’ELEC.S‘{ MAG. CHARGES
HAS RANK A&

W= %,

U
¥Ye I

ON EACH SUuBSPACE ¥y THE
CENTRAL CHARGE OPERATOR

—Zec A (S A S<ALAR,

TENOTE THE VALWE ZY(W
GR Z(%;w).



RECALL THE W=2, D=y SUY ALGER.

A= A A,

Ab = (S?MQ,S) %Rq)ea w2) @& IR
Mew P =
_AI = ES'PI'MH' @QL—K R

Qa(:r_ , 'C—ixl

'ngA)Elp'e‘}; DQ(P/“O{% SAg
{QKA,Q@,@ ’%= X Gd(sEAs

[
CoNVENTONS: BAGGER § WESS

(—Q&A = (Q“A )+



[EMMA: ( THE BocoMoLNYI BouND )

ON A SugsPAcE ~}€z DWIHERE

A\
Z'-‘-i; THE ENERGY 1S BOUNDED &Y
E=>\=|

PRooF: D=y Afz2 1S A REDUCTION
oF D=6 /N=( ALGEBRA.
Spin(12) x Spin(D <5 Spin(),5)
2y, D 25 & 4

'/2_

—
N

D=6 ALGERA H&HS S0(2) K-SYHHERY
©)
Qe (4,2)F

-+ S}(MT)\QCJ'\C :«dmm
©)
QQPAB = R s ng chirl
/

{dC:A 85}- -7 (CT—'M> fP SAB

BTNE " (T)T
ARATOII (ol i



USING A PARTICULAR. REPRESENTATION
PR ™M WE  HAVE:

(4
A Q,,
6 )
5 oY
© | = _
Q A ok
ot .
yA S

WITH THIS MENTIFICATION WE RECOVER
THE d=H, W=2 ALGCEBRA W ITH:

A\

Z = —-«z(ﬁ,—i@)



Bu‘l" "Eﬁr- ()m")"w)/ ’quyu'co.ﬁ_ l'fY‘QPJ
(H9)= E= F-12)"20

= E':F+(2%> 2] @&

|
DeEEN : H, 'S THE SUBSPACE R

F. WHERE E=|Z2).

—_

Rewmad : ETUJ-;V Pe«?v-'ms P=0 and H9=0
MO o = Yo, TWE |05 OPERATIRS
ARE TREPRESENTED AS =ZERO

CW=1 (s PRESERVED ) an%Z

DETERMINES WHCH WL| SURLLCERA.




"BOUNDITATES

e SOME BPS PARTICLES CAN BE VIEWED A3
BOUNDSYATES oF GOTHHERS

o Cecoth, FeuJ(’ﬂ] \ «"'}"'9"'3“}”3 Vet -
“7p NEW SUSY INDEX kepﬂ/‘IZ_O‘—HOZ

Py Se: loﬂ‘:-) 1 U.);H'ch 5 ”E,Q:edn'c_ maj nehce o\Uo..Qn't)l )
Momogels ondensubion, - ey 140708

6 /N ALL EXAMPLES [ KNoW

Z,(W) 'S LINEAR IN ¥ =¥+,

(DoES 17T FoLLow FROM GCEWNERAL ?R/A/czﬂef?)
e S0, BY THE TRIANCLE INEQUALITY

Ew) = | 2] — (ZWl+|Zqw ) < o



WE ARE DISCUrHING PECAY W HERE
WE DoNT TRY To DISSoc&TE THE
‘BOONDSTATE RY PUTTING ENERGY /N

—> DPECAY oNLY HAPPENS ALNG

UALLS OF MARGINAL STARILITY
W HERE THE BINDING ENERGY 1S ZERO:

arg Z ) = arg Z¢ W)

MS (\énx %u} ZZQ*)/Z (V\)eq }

o Real Codirmension Ore

@ EV\A-S Sn bbDnJﬂ\j Or- On o. ¥%evo
"13(37),2'

AMS(Y, %)



SO A BOUNDSTATE OF PARTICLES WITH CHARCES
Y, 7\41 MIGHT DECAY

e

m /MSQ/\,YL>
——>—
u, | U~

WE WANT TO SAY How MANY STATES DEAY

Alim %:,?i+ — o[l'm%:?:_ = ?

—>  WALL—CROSSING FoRMU LA




MORE AROVT SHORT MHMUOLTPLETS

W hen E=lZ[ A LINEA
CoMBIKNATION OF SUPLACHARGES

(@ 3 | <o

MOST BE REPRESENTED BY 3€KD .

REMAINNG GENERATORS FORM A CLIFFIRD ALGERA,
THE CLIFFORD VACUUM MIGHT HAVE SP/N.

TOR MORE DETAILS: BAGGERTWESS, <h. 1 |

AS A SPIN(E) REPR, TAKES THE ToRM:
Yoo ﬁe@m © Iy

%r‘LHn = 2(0)+(3)
N%:: . IRREPOF
RREP oF SusY: Ko, = (3)= sPw(3)

(5:0 d H—H(S H real scolors. = HM moddl)f
Sl 0 VM 2 vl Scl > WM modt



e HM+VyM PARTICLES cAN BECHME
MASSLESS /N PAIRS

e THIS CAN EVEN HAPPEN As A FUNcTIoN
O H™M  ™ModDOLY

Cl—lAR\rE\( %‘ MoORE,, hep-H. /9510 192 jsec. 3.1 >

DEECINE THE PS INDEX

QC\(/ %):: —%_F- (Z-JB>Z (_DZJ.S

B?S
Y, u

I

)

—_ 23,
\P’\’BPS ("')
‘%x' W

EXERCISE : SHOW THAT

THM: O =+ VM= Q=-2
SO THE (NDEX COUNTS
H )/fer'mug:/‘;(Qe‘f:S —_— Ve.c*brmuf'ﬁcQo:l'S

)



e THE BPS INDEX S PIECEWISE
(ONSTANT , BUT CAN CHANGE
ACROSS WALLS oOF MARGINAC STRBILITY

o [T [S SOMET/MES USEFUL TO
CoNs IDER RE (=/N€ED [NVARLIANTS

27, R
Q(Y/ W, X,y) = TSE@BPJ ("H) (¢x )
Hu
R: U() Re CuUMGE oF PRESERVED N=(
x DIALNESWU-MoRE, 67066, 3113
x  DIMOFTE —GUKOV, pq0Y. 1420

u

Exen:fsg: Coa(({,',\j Lju,s—-'— + qu JP{V\ |
S20%; u; y) = Tr (-4)*%3

Comru“‘e_ e orddor of Tle Zero
ot y:l.




SYMPLECTIC & PoissoN STRUCTIE. ON [

DIRAC QUANTIZATION => LATTICE OF
ELECTRIC + HAGNETIC CHARGES IS SWHPLECIC

- 2> TTxT —> Z

BILINEAR (AS A Z-MSDULE), ANTISVYMMETRC,

NONDEGENEKATE,
"DRAC— S CHWIN 5 ER—2WAN Z1GER ’

EXAMPLE: v=| "= Z0 XL

J

<Cum)(e,m)y = em,-em

A PABRTCLE W ITH CHARGES (em)el”
s A Bron.

THE ELECTROMAGNETIC FIELD (N THE
PRESENCE OF TWO DYoNS HAS SPIN

3— = LLQQ\YWZ_—G,_MJ ?-TZ.



REMARK :

1T SOMETIMES HAPPENS THAT
THERE ARE LAV, SYMMETRIES IN
ADDITION To GAUGE SYMMETRIES. THEN

<-y > (S DEGENERATE ON A
SUBLATTILE

.

= RMDICAL OF <=+, >
Hovor

= {% | <%¥> =0, V¥l |

THEN WE HAVE:

SYMPLECTIC



CT IS O6FTEN VIEFOL TO

THINK OoF FELAVBR SYMM S AS WEAKLY
GAVGED. TF T° IS SYHPECTIC

AND T, T AN ISOTROPIC SUBLATTICE

[ WL HAVE A DEGENERATE ToRI

TS (S oor. T¥ ARBGVE,

CoNveRseLY, GIVEN T AS AB6VE
AND A SPLITTING == I el

N~ av 34\3(

T’ = I @P*
floy V@iji

Wice BE §SYMPlecTic.




3 PRIMTIVE f SEM|I-PRIMITIVE WCF

‘DENEP% MOORE GAVE FORMULAE TOR

ASL ¥FoR DEcAYS Y=Y, +Y2

WHERE AT LEAST ONE oF 5., ¥
ARE PRIMITIVE

THE DERIVATION 1S BASED oN DENEFS
MULTICENTERED SoLUTIONS oF W=2 SUGRA,
CT‘HERE 1S ALSO A MICROSCOP\C ARGUMENT

RASED ON THE QUIVER QUANTVM

MECHANICS ASSOC(ATED LIITH LIGHT
MOPES WHHCH APPEAL NEAR WMS )

DENEF'S MULT[-CENTERED SoLUTIONS
LHAVE PARAMETERS X; éﬂZg) THE
CENTELS. NEAR X; THE S6LUTION
ASY MPTOTES 70 A SINGLE— CENTERED

BPS SPHERICALLY SYMMETRIC BH. oF
CHAGE -



PRIMITIVE WALL- CROSSING FORMULA :

M wAS sydpeeTic ForM <ty 0D

L ET T := <YI)XZ>

— MS (r'ur',_)

e [
\/ S

T
\ T, InE 2 <o

Y Yo PRMTVE U, GENERIC =




DERIVATION oF PRIMIT\WE WcF:

CoONS 1D ER BOUNDSTATE OF TWO
PRIMITIVE ClARCES:
¥ - ¥
| R 5
® >0

USING E XPLIC\T SolLUTIONS TO

SUGRA TDENEF DERIVED A FEY
FOAMULA TOR THE ROUNDSTAITE
RADIGS OF TWO CCoNSTITUENT o

RLACIK HOLES:

| Zy )+ Fy (W) |

'Rnf B(\~3(;L\ = I—2<X, >

Ton (20 2l )

e Note: <Y, %5Tm@E,) >0

@ NOTE THAT BY CHANGING W
WE CAN MAKE Im (Z,z:f_z)/ -0

w
WHILE Izl"'zzlu #0




MS(YWYL).: Lue ( %é TRJ

— ° U, CHANGE Bc's

// s ~ ,-..."uz' @ r=e =
R, — oo

NO U+, RBounD ~
//5'77;//‘ Exrszs/ ) N

/“F /////

FOR ATIRACTOR EXPERTS:
TF Z(¥,w) =0 THEN U, IS

IN THE BLUE REGION,

W

S/NGULAR

d / ~ %——7 MTTRACT O/
Z(x) o) // T:LOW

///// ®///



M ACROSCOPIC ARGUMENT FOR WCF .

oy gy el

Koy = z5%% Tm(Z4Z2) s
« U,
Uy
ﬁ"(' MS(XH Y‘L)
Wmms

Y, .
0% - o =
ELECTROMAGNETIC FIELD OF TWo DYONJ

HAS SP/N :

LocaLiTy = FoR ¥ I, PRIMITIVE :

STATES LOST ERoM H€ Cb’;-éoo) ARE

(I?-B & j}'{@s ?tMJ) & R@z) {ZMJ)



THE SEM|-PRIMIVE WCF

- Nore THAT MY, xz).:m//v,zr,,lvz@
NN, e Z,, . THUS, AcRoSS
THE SAME WALL MANY k/NDS
OF BOONDSTATES CAN DECAY.

o JET US Focus ON BOUNDSTATES
(WJITH ONE COMSTITUENT OF CHARGE
Y. AND N CoNSTITVENTS ©oF
CHARGES TPROPORTIONAL T0O b/z

YJ?- j‘d Xz A&>O :



T T TURNS oo0T THAT THE

Nz 2 SUGRA SOUTIONS SATISFY
A SIMPLE CONSTRAINT .

l Z!"'Zz.l
:}w(z, z,)
C ONVERSELY, ANY SUH CoLLECTION
OF CENTERS GIVES A SOLUTION.
THESE ARE CALLED HALO SOLUTONS

- —> )
)X&—Xil = 5 <Y,)Xz>

5 X’L ‘ - ‘Q’ Y?.
( X \
< o oV,
2Y ® '



o T HEZ PARTIC(ES INTHE HALO ARE
MUTuALY BPS — HENCE NON-INTERACTING.

THERE IS AGAIN A SPIN-DEGREE

OF FREEDIM FRoM THE HUTVALLT
NINLOCA( SOURCE IN CopE + HALO.

® QUANTIZATION o6F SUCH PARTICLES

GIVES FEINITE —DIMENSIONAL VECTIR
‘SPA ceE S 2PS

<IY.,kb’7_) ® %KXL,u

e SINCE WE can ADPD SUcCH PARTICLES
CoeclY AND THENY ARE NOVINTERACTING

THESE “HA'Z-O- STATES — CoOMPRISE
A Fock SPACE OF THE FoRM

S
~;¢€\°/l W © K® 3; < (S_Y'Dkbg—) @ jieiii“
g =1

 ——~— >

CREATION OPERATOR S

~




Now, WHEN W CROSSES THE
WAL L MS(\&)’Q) ALL THE

HALO STRTES DISAPPEAR— THE
ENMNTIRE FOCKk SPACE DISAPPEARS FROM
THE SPECTRUM.

AT A GENERIC POINTON THE

WALL THERE WILL BE NoO oSTHER
TOECAYS, SO

N>\

<,k 9
= Q) [T é—-(-. )4\’.@,% l<> 6R01Qk2)

k>eo

UNFORTUNATELT . ..

THESE METHODS ARE DIFEICULT TO USE

WHEN BOTH ¥, ¥, ARE NON-PRIMITIVE



\L[-. THE KONTSEVILH—S0IBELMAN FoRMULA
_

K ONTSEVICH sEL S6 IBECHAN  PROPUED
A REMARKABLE WCF FOR

T
AN  INDEX _QCXM)?

YGENERALIZED DONALISON ~THOMAS ,
INVARIANT oF A CALARl-YAU 3-FOD

W& EXPEcT THAT
T
QW)= SL0Gw) =) (Fhw)

So THE kS WCF APPLIES TO
PHNS\cal ®PS DEG ENERACICS,

THEIR $oRMULA APPLIESTO ALL
DECAYS Y — X, +7, .

IN THHS Coutse WE PLOVE THE &5 WCF FOR

OMWuW) IN W=2 FIELD THEORIES




3 PIECES oF DATA & 3 INGREDIE NTS

DATA:
1. SYMPLECTIC LATTICE T
2. CENTRAL CHARGES sz\u) we®s
3. PIECEWISE coNsaNT SL(¥;u) € Z
FIRST INGREDENT ; BPS RANMS :

FOR ue@l |, ¥e T

Q = ZwR_= {Sl 372,(%)6 W\:k

°Q

5) ™
.7
MM
- S
~)
L

2'4 M



AS W VARIES ThHE SLoPES OF
THE BPS RAYS VARY

AS W CROSSES A WALL MS@B\GL)

BPS RAYS WiLL COALESCE
/N '%SC“JX'Z')




SECOND INGREDIENT: A SYHPLECTIC TORUS:

o T NTRODUCE THE  COMPLEX TORUS

Ye & = FONCTION Xx'-'T'—"C*

\\ (
HOLOMORPHIC FOURIER MODES

EXPLICTLY:  ¥= n'¥; =
2r .
Xy = Q-X?(E: "o >

NB XYXK' = X\“"\fl



o HOLOMORPHIC S YM PL ECTIC FORM :

_ - dX; olXx
oo.-z_?l:e XX K €;:= <Y

E xercise : COM? ute Fe “Prisson braeleat

{thx’} = <G> XKy
= KXY > Xyey!

——

° FTOR E Acrt ¥e T DEFNE A
SYMPLECTOMoRPHISM Ky

<Y\ ¥

K, Xy — Xp (1= s0%y )

X,‘l — X’X’ e.xP[<b’,K'>&3(l—- dX)Xﬁ]

) =1



[ | EALGEBRA VERS |ON

K ¢ S TIINTRODUCE A LIE ALGERRA
b

Y, %
Cer, @) =C1) 7 <y ¥ Cun
DEFINE A GRouP ELEMENT
60
U PT CX el\.’.
. P Z =
AND  WoRK Wit Uy INSTEAD oF K,

CHOOSE A QUADRATIC REFINEMENT

o(¥)€y GENERATE THE LIE ALCERY
OF SYMPLECTIC VECTOR FIELDS.

Exerdse ; Show KY = €exp (Z o-(n-}) {X“Vo)'})

n




EXAMPLE

r=1 = I
@) ,@b)> = ab —ab

12

2

T 2 ¥ « ¢

X —3 Ql" C—|)°\bx°"gb>b

RGN -a
g - %— <\"< ) X\éb>
Cxercise:  PRONE THE l:PEN’TAG'ON IDENTITY !

KQ'O) K(°"> = k(o,') K&\,\) K(\.07

[ .




THRD INGREDIENT ¢ CONVEX (CoNE )/

FOR EACH BPS RAY DEFINE

5Y: _ —r‘(" }< Q(K‘3°‘)

¥ iy v
AND THEN DEFINE :
d
A= TTS

bV ¥



"47/5: ’T]‘S _ —H—- KQCYM)

Q’Y CV —zxg’]/

THE PRODUCT IS TAKEN OVER
THE RAYS |IN THE CLOCKWISE

ORDRER (DECREASNG SLoPE )

A, DEPENDS oN w /AN TWO WAYS

i. THE ORDERING OF FACTORS
DEPENDS ON K

L THE ﬂ(‘&}m) DEPEND oN w ..



"DEFINMON: WE SAY THAT <2(Y;u)
SATISFY THE KS WdF \§

NEVERTHE LESS,
— QU JW)
Ay= TT K
Lv 7

'S CoNSTANT IN W AS LoNG

AS NO BPS RAY ENTERS OR
LEAVES THE SECTR V

THIS 'S A WALL- CROSSING
ORMULA ...



AS W
U+ UL —
A WALL

U+

—> EXCHANGE 0RDER [N

- ) U
Ay= TT Kk

Y
eV

L (¥;u) MAKES A COMPENSATNG CHANGE



NI QUENESS LEMMA :

SUPPOSE.  THERE (§ A PosStmve BASK
¥; FRT e S2+0 =

x-—_-_ ZV[; K‘; wiH O,Q,Q. n;=o

o~ ol Nnr<so

THEN FoR (2,0, |= A SECToR

o 0PENING <, ANY ELEMENT IN
THE GRouP GENERATED BY Ky HAI A
UNIQUE DEcorPosITIN

PRooF: DEFINE A DEGREE
6\ <= ni. THEN Ky ARE "VRPER
TRIANGUWAR" SO EXP MAP |3 \-I ¢ ONTOR




THUS, GIVEN €S2 ON owE
SIDE oF THE WALL, S2, ON

THE CTHER S\'DE ARE UNIQUELY
DETERMINED.

THIS 1S THUS A COMPLETE
SOLVUTION OF THE WALL- CRoSSING
“PROBLEM |

’-—REMAQK= /T DoES LEAVE OPEN
THE QUESTON oF THE FULL DESRIION
OF THE BpS HILRERT SPACES ON
BETH SIDES oF THE WALL -...

/) /
'CATEGSRIEY THE IKSWeE " |\



RECOVERIN G

—

THE PRIMTIVE WCF

AT A GENERIC Por

Z(¥,u) 21)22

NT W eMS@’,)Xl )
—>

X < \6a‘5 = q'&' -I-L;X?_
(\6\ ,(7_ ‘PP\IM“#VQ>
FOR SMALL CONE ANGLE ONLY THE
LIE SUBALGE BRA Z/ZfI -l—Z/b}L
CoONTRIRUTES !
Q.ol-lac)'.[n_
[_em\- )Ec/ol 1 = C_I) LM_L")]:QQGA-C,LM
"D EFINE:
Um\a L eXF<Z Mo.,wxb>
/ me
+
QC-;L) —_— SZ'(T‘HB
T I gt
o 7 YN
X220 a0
B?/o b= o



LIE ALCERRA IS FLLTERED =>
C AN RESTRICT T8O

Tl
peseves| (o, Qs \ = C1D° T, €,
ALGEBRA

€., CENTRAL

)

< ( <) Q”u;)
UOM U\n lo

) s

d;

[U‘”‘ Uo = U::\I'z - Ui Us | J:B

"(rem) -G (ren) =) =S80
Ulul — Uf‘Z(P')U‘?(F?—) UOM U'I°

. Q) r)

PRIMITIVE W, FoARMmuLA |



:REMAKK: WE DI1D NdT NEED

A SYMPLECTIC STRUCTURE ON T}
A PoissoN STRUCTURE tOouLD
SUFfFICE :

51 XX, X, WK = <X, ¥ Ko,

AND kx 1S A POLESSN-TORPHISM.



5 L|GHTNING SumMmmARY OF
SEIBERG—-WITTEN THEORY

G - ComPACT S.S. GAUGE GROUP RANK=r
—> D=4,N= 2 FIELD THEORY

(!NCLU'DE M LATE/{)

u, = T &>

15 :@j@)G':.—’ C Uy = <TrE=

S&W GAVE FoRMULAE FoR
o Zy()
» LoOow ENERGY ABELIAN GAUGE THY

/N TERMS oF

SPECIAL KAUWLER. GEoMETRT




PEVIEW SPECQIAL KAHLER GEoM:

A USEFUL WAY ToO RRESENT THS

PR us IS p BeEGIN WITH THE
[ATTICE oF CUaRGES V1. Now,

7 “DEPENDS ON w GLORALLY,

BRECMIE THERE CAN BE MONOIROMT
AQROUND COMPLEX CoD. 1. DIVISORS

IN G,

TS 1S kNowWN AS A LOCAL SYsTEM !
I

(V)

-

G
L
-
L

L/

(”LOU*L SYSTEM" IN GENERAL MEANS
A BUNDLE w) (TH A FLAT CoNNECTION.)




A) WE ALSO NEED THE CENTRAL

CHARGE TFUNcTIgN & WHI(CH
IS LINEAR IN ¥,

Z € Hom(I;C)

—

B-) TN REGIeNS OF @ CHOOSE A
PUALITY TRAME:

= S?a.n{ D(I-ll S») S‘Pa.y\{ﬁ:r}

I J
< ) X D= <(31-) @3->=° <°<I){5:r>:g::r
CHOOSING A DuaLITY TFRAME:

CENTRAL CHARGE EUNCTION (S :

Z,u) = oYy + %-XMJ

a= - Z“j(:u) Cpr = Z@I(u)



C.) Nome THAT HowllC) 1S

A SYMPLECTIC VECTOR. SPACE
W ITH  SYMPLECTIC FORM

T
W= do” A dap T

( oF, Gaz INDEPENDENT )

@—

LN OUR PROBLEM Z IS MoT
AN ARBYTRARY ELEMENT OF
Hom (T €) ) RATMER, IT 6

PARAMETRIZED BY W, AVD
INDEED B 1S CoMPLETELY
DETERMINED BY =R

SO WE MAY REGARD R
AS A SURSPACE 0F HerT1 €)
AND THE KEY POINT IS ’




THAT [T [S A

| ACRANGLAN SUBSPACE
LdZE L&D =0

RVECAUSE T3 IS LAGRANGIAN THE

OLI—_- Z(M-) I:l)"'zr
>y

A-€€  LOcAL CoordDS oN T

AND roREOVER THE CQCopr

ARE FUNCTIONS o THE oN.
BECAUSE & 1S LAGRANGIAN,
Locay THERE IS A
GencraTG PREPoTENTIAL" F
FOR THIS SUBRSFPACE :

%):‘: punct




1O, THUS
S At

— = C
‘C:EJ' — 3&3— I

"IN TERMS oF TS DATA THE
EFFECTIVE LAGRANGIAN 1 S

ﬁ;ﬁ — ~ | TM'CL_U.(oLO.Eo{_EG- + @-_Isz F—J) ]

T

I T 9 -
/ + QQ"CT_U_ FoaAaF©Y +

/

( A surerspace INTEGAAC oF F, HEACE
AN=2 SusYy )



E.) CLEARLY, PHYSICALLY SENSIBLE
THEOLIES HAVE TImT>0. [HUS

T3 1S A PERID MATRIX R
AN  ARELIAN VVARIETY

M = m*éz% Q’R/DJZ) ~ "

THESE Fi17- 7b6e7HER TO
MAK E A FIBRATION oF TORI:

M, — M @"V\Mu
J, gﬁg /_—'lu¥ *7‘65

THE SPACE WM. WILL BRE ok
CENTRAL | MPoRTANCE TO OS

THAT CONCLUDES SPEC/AL KAHLER

p——




TN ORDER TO REALIRE TH(S
ABRSTR AT STRUCTORE

S $| W CONSTRUCT AN EXPLICIT
FAMILY OF TRIEMANN SURFACES Z“?

TOGETHER., WITH A MEROMORPHI(C
(o) -ForM X, ON 5.

¢ WM, := J—Acaiu)

[ MONODROMY CoMES FROM LERWER

©
@ 3—> X+ L¥v>V
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AT WEAK CouPLING WE FIND
SOLITONLC STATES OF CHARGE
(o I)) Z = apy  (MONGSPOLE )
AND (2,-17) Z= 20-0p (ovon)
THESE VANISH ON THE DISCRIMINAT
[OCUS = +A° E“Z e — NS WHERE
THE ELGPT/c CURVE DEGENERATES,




SPECTRUM !

2%~ D Hi(an, 1) B WM(20)
rie NeZ
Q_D CoNJUGATR

P
%f’:ow- = F™M (2;"l)®HM (Oll)

D ConNTUGATE
[Bi2a & Ferme |

KS [DENTITY:

kzr\K - K ’Kllkqa K’ 2.0 K’GI 4= 2|

T 'S TRUg 'L

E LEMENTARY PROOFE: GMN-1, APpENDIX A



FoR GENERAL d=U, w=2 THEORIES

SLCH A COMPLETE kNOWLEDGE ofF
THE RBPS SPECTRVM 1S NOT KNowN

HOWEVER |N LECTIRE 3 WE SHow

HOw To WRITE THE SW CURVE FoR
LINEAR QUIVER GALGE THEORIES

AND N LEFcTuvre 4 WE GILVF

AN ALGORITM TR (oMPUTING THE
SPECTRUM WHEN k.= Q



| g CoMPACTIFYING N:=2,D=Y
ON A CIRCLE

A

. NOW CoAsmER THE THESRY ON

P 1

TR™ S, .

. LOW ENERGY THEORY IS A 3D
o - MoDEL R®— WM

o (R,x1) — o (%)

|

PERIODIC l_
8 .

P,z = SSI%\DS)I 4x’

TOPOLOGCICALLY M IS A TORUS
F(BRATION OVER ’@




LT |S EXACTLY M = 7"*89’?/2“24
“THAT APPEARED AROVE:

e SUPERSYMMETRY =
WL MUST CARRY A HYPERKAHER METRIC

L ET US TRY TO DESCRIRE (T



THE SEM|-FLAT METRIC

| EADING R—00 APROXIMATION !

USE DIMENSIoNAL REDOCTION
+ DUALIZATION OF 3D GAUGE FLEL

2. R T
= T Tty dol wda

THIS DEFRNES THE SEMIAEAT METRIC

S+

G- R@gafs € @) 2"



FEWIQS sF The CDW\PM"“&‘HOVL,:-

2
"\'R"zx S\ menc oks= dxro!xr+R2(dx3)
()0 By > XZN )(3_’_ 2
Fi: T oF(x™)

o)
AT — @ &F)dxd 4+ AT
F* = do, ol x3 +FT Qg

O(alzko('aa- = Rdx® ola:'r';18<c>LE(:y
3
Fix FS = 25 doT% dol 4R P4 F°
Q 3 3

In‘\‘e.am’re sver X2 jn ochon:

) - R T -7 - J
1 S ;IM'CIJ, do X;o(a _ Zp\_ﬁn'cia_dpeid%
Rl,‘l_

=I =3 —=I
—gl—Mt&TF’gF — Rec__ F ded

T e



° Now dualize Fe jcw‘f{e Freld
Lj mu,;j

Q_}(P ‘2: S EIAOQCPW,I

Bz > @+ 1.
aund. oQo:'m} e Gaursion )'M-eémﬁ

on ET Vo~
. -R I =3 @& _ n
exP 1 j 'E.'IM Ty F *;‘: ¥ Fl(d’@mz Eet:ta-d?éj
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'7, THE KEY IDEA

e THE METRIC %S* RECEIVES QUANTUM

CoRRECTIONS FRoM BPS PARTICLE
LOORID-LINES WRAPPING S™,

o THEREFORE THE QUANTUM CorRRECTIONS
DEPEAD onN THE BPS SPECTRLUM,

« THE TRUE METRIC 3 SHoulD
BE A SMoeTH METRIC oN M
AWAY FRoM THE Locus (N B
WHERE RBPS PARTICLES BEGME M=O.

® SMOOTHNESS oF % ACROSS WALLS
oF M.S. IMPLIES A WcF,

CLAIM: [T I§ THE kS WcF






