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Phys-i-cal Math-e-ma-tics, n.

Physical mathematics is a fusion of 
mathematical and physical ideas, motivated 
by the dual, but equally central, goals of 

Brit. /ˈfɪzᵻkl ˌmaθ(ə)ˈmatɪks / , U.S. /ˈfɪzək(ə)l ˌmæθ(ə)ˈmædɪks/Pronunciation:

together with

2.  Discovering deep mathematical truths. 

1. Elucidating the laws of nature at their 
most fundamental level, 



Mathematics and Physics

Snapshots from the 

Great Debate 
over

the relation between
Kepler Galileo

Newton Leibniz



Even around the turn of the 19th century …    

The separation is a result of specialization and the growth
of science in the 19th century. 

When did Natural Philosophers 
become either 

Physicists or Mathematicians? 



1869: Sylvester’s Challenge  

A pure mathematician speaks:



1870: Maxwell’s Answer

Maxwell recommends his somewhat-neglected dynamical 
theory of the electromagnetic field to the mathematical 
community:

An undoubted physicist responds, 



1900: The Second ICM
Hilbert announced  his famous 23 problems 
for the 20th century, on August 8, 1900 

Who of us would not be glad to lift the veil behind which the 
future lies hidden; to cast a glance at the next advances of 
our science and at the secrets of its development …. 



1900: Hilbert’s 6th Problem 

October 7, 1900: Planck’s formula, leading to h. 

To treat […] by means of axioms, those 
physical sciences in which mathematics 
plays an important part […] 



1931: Dirac’s Paper on 
Monopoles



1972: Dyson’s 
Announcement



Well, I am happy to report that 
Mathematics and Physics have 
remarried! 

But, the relationship has altered somewhat…

A sea change began in the 1970’s …..



Some great mathematicians 
got interested in aspects of                

fundamental physics ….. 

While some great physicists started 
producing results requiring ever 

increasing mathematical 
sophistication,  …..



Physical Mathematics
In the past few decades a new field has emerged 

with its own distinctive character, its own aims and values, 
its own standards of proof. 

One of the guiding principles is certainly the discovery 
of the ultimate foundations of physics.

A second guiding principle is that physical insights can lead to 
surprising and new results in mathematics  

Such insights are a great success - just as profound and 
notable as an experimental confirmation 

of a theoretical prediction. 

This quest has led to ever more sophisticated mathematics…



I will explain just one 
beautiful example of a 

remarkable convergence 
of physical and 

mathematical ideas. 

Today: 





Two Basic Questions

How can we describe the forces 
that attract and repel matter? 

MatheMatics

Physics

How can we tell when two geometric objects 
can be deformed into each other ?  

What is the shape of a space? 

What holds stuff together? 
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MatheMatics

How can we tell when two geometric objects 
can be deformed into each other ?  

What is the shape of a space? 



Topology

You can continuously 
deform it : 

Take a geometrical 
object – a ``space’’ 

You can squish, pull, push, 
just don’t cut, rip, or tear. 

In topology the 
surface of a coffee 
cup and of a donut 
are  ``the same.’’



Suppose we have different spaces  

– like the surface of a coffee cup, of 
a donut, and of a basketball  –

Are they ``topologically the same’’   ?  

We need to find a property that does not 
change under deformation: 

``topological invariant”. 

One such property is the 
“dimension” of a space. 







One Dimension



One Dimension 



Topological Invariant
A topological invariant is the answer, 

, to a question you ask about
a space

If two spaces and can be 
deformed into each other,  

Then, the answers to the question 
must be the same: 

i.e. if two spaces are topologically equivalent. 



A One-Dimensional Topological 
Invariant 

If Yes
Then is topologically a circle 

Take a little walk:  Do you get back home ? 
(always walk forward) 

If No
Then is topologically a line 

Question: 



A Complete Topological Invariant

Topological invariant:  A question so that, 

If can be deformed to then: 
the answers are the same 

A complete topological invariant is a question so that

If then can be deformed to 

Dimension is a topological invariant –
But it doesn’t distinguish two different spaces: 

Circle and Line are both one dimensional 



Two Dimensions



etc. 



Measuring Topology By Counting

Complete topological invariant: Count holes

More than one 
way to count … 

If water is 
flowing on 
the surface:  



Then you COUNT (adding with )  the     
drains and spigots for the water: 

That sum will be 
This is also a complete topological invariant. 



SUM OVER 
DRAINS & 
SPIGOTS = -2



Making Spaces Abstractly: Gluing 

Identify 
endpoints



Making Spaces Abstractly: Gluing 



Three Dimensions

Identify opposite sides: Gives a space with no boundary. 



Three Dimensions: Things Get Harder

Identify opposite sides: Gives a space with no boundary. 



This Is What You See 



More Than Three Dimensions? 

Makes mathematical sense. 

Any point has an address, and the address just 
has more numbers – one for each dimension 



Topological Classification In Higher 
Dimensions

This animal can find topological invariants 
of higher dimensional spaces…

There is an unusual animal that has the ability to think clearly 
about these topological questions in higher dimensions 

Homo sapiens topologensis



there is a big surprise …..

You might expect that as the 
number of dimensions increases, 
the problem gets harder… but… 



Four Dimensions Is The Hardest !

One thing we know for sure is that the 
world of possible four-dimensional 

spaces is really wild. 

We do not know anything even close 
to a complete topological invariant. 

There are many unanswered questions. 
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How can we describe the forces 
that attract and repel matter? 

Physics

What holds stuff together? 

What forces are there? 



Gravity



Electricity & Magnetism



Nuclear Force
Protons have positive 

electric charge
It’s cozy in there:  

Electrical repulsion between two protons at 
this distance produces an acceleration …. 

Fastest roller 
coaster 

Fighter 
pilots 



The strong force is very subtle – it has 
been studied with particle accelerators
for decades - up to the present day… 

Large Hadron Collider at CERN 



Mathematical Description Of Forces

Charged particles create fields

Fields move charged particles

Michael Faraday’s concept of a ``field’’

So we can ``see’’  a field by looking at how 
``test particles’’ of in the presence of the field. 



Electric & Magnetic Forces

Physicists use equations to find the fields: 
That’s called field theory. 

5 Volt/meter

3 Volt/meter







Nuclear Force

Volt/meter

Volt/meter





Commutative vs. Noncommutative
Abelian vs. Nonabelian

¼ Turn
x-axis

¼ Turn
x-axis

¼ Turn 
z-axis

¼ Turn 
z-axis



Abelian field theory

Nonabelian field theory



Yang-Mills Equations
Equations that 
govern the nuclear 
force field were first    
written at BNL &  

IAS, 1954   

Noncommutative 
light. 

These generalize 
Maxwell’s equations. 

But they have 
another kind of 

solution … 



Soliton



Instantons = Solitons Of YM Equations

1975:   A.A. Belavin, A.M. Polyakov, 
A.S. Schwartz, and Yu.S. Tyupkin

Instantons are localized in space AND ``time’’. 
So they are localized in all four dimensions, 

including ``time’’ – hence the name. 



Meanwhile, back at the ranch
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Donaldson Invariants

Let’s COUNT the number of ways 
of putting instantons into a 

four-dimensional space

Big surprise: This is a 
topological invariant of the space  !!!

Instantons are localized objects (in all four 
dimensions)  and they can only “fit” in a 
compact four-dimensional space in special ways. 



``Donaldson invariant’’ for 3 instantons = 2 

``Donaldson invariant’’ for 3 instantons = 2 

Cartoon Of Donaldson Invariants



Using this new (1984) topological invariant  
Donaldson could prove dramatic new results: 

Example: There are exotic four-dimensional 
spaces where you can’t do calculus







Donaldson invariants are extremely 
hard to compute and interpret

It took a lot of effort to compute 
a few special examples….

Mathematicians hit a wall… 

(although Peter Kronheimer & Tom Mrowka were closing in) 
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A Turning Point: Atiyah’s Questions (1987)
What is the physical interpretation of 

the Donaldson &  Jones invariants? 





Witten’s Answers

Donaldson and Jones invariants 
can be computed within the 

framework   
of a Yang-Mills field theory1

1
Technically: A certain generalization of a Yang-Mills theory 

with a different set of quarks and electrons from what we 
see in nature





Topological Field Theory

Vast simplification of physics: 
Length scales and time scales do not matter 

No difference between yesterday, last week, 
100 years ago, 1 billion years ago. 

No difference between your commute to 
work, and your extra-galactic vacation trip. 



What does matter    
is topology!  



It might even be of practical use. It is being employed by 
Microsoft’s Station Q as a road to quantum computation. 

Huge impact in both physics and math: 
Thousands of papers

Fresh woods & pastures new … 







Quantum Field Theory

Computing Donaldson invariants 
a la Witten requires computing 

probabilities in a quantum
Yang-Mills theory

How hard can that be? 



Abelian: Maxwell’s theory: Hard, but solvable -
Feynman, Schwinger, Tomonaga (1946-1949)

Nonabelian:  harder: 
Not solved yet



Recall: Witten reformulated the Donaldson 
invariants as probabilities 

for certain events in Yang-Mills theories 
in four-dimensional spaces. 

But computing probabilities in 
Yang-Mills theories is extremely difficult 

So we seem to have exchanged 
one hard problem for another…..
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Effective Theories 

Topology is unaffected by distance –
by scaling things up to bigger and bigger sizes. 

In Yang-Mills theory, when one asks 
questions about events at larger and 
larger scales the answers can simplify 

The answers can be the SAME as 
answers to analogous questions in 
a DIFFERENT, but simpler, theory 



Effective Theories At Long Distance















Seiberg-Witten Paper
Seiberg & Witten (1994)  

Viewed from afar: The YM theory used by 
Witten simplifies dramatically: 

It is a field theory –
based on an ABELIAN group 

Much easier to work with 



Seiberg-Witten equations have soliton-like 
solutions: ``vortices in a superconductor’’ 

Much easier 
to compute!

The Donaldson invariants can be written in terms of 
the Seiberg-Witten invariants: They carry the same 

information about the four-dimensional space

Seiberg-Witten topological invariants:  Count these 
`` vortices’’ in our 4-dimensional space





Mad Dash After A Breakthrough
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Two Basic Questions

How can we describe the forces 
that attract and repel matter? 

MatheMatics

Physics

How can we tell when two geometric objects 
can be deformed into each other ?  

What is the shape of a space? 

What holds stuff together? 



Settling A Debate 



Shape of a space? 

Strong force ? 



Yang-Mills 
instantons!

Topological Invariants! 



Donaldson invariants
(instanton counting)

Topological Field Theory



Long distance 
effective theory? 



Seiberg-Witten Theory !  



Seiberg-Witten invariants! 
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