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THE SPECTRUM-GENERATING
STOKES ™MATRIX: FLIPS TWISTS

% P6PS



HITCHIN SYSTENS & FLAT ConN's

THE H.E's =

1/4‘?- ‘_-;QP + A ~I—RTC?

IS FLAT,
NEAR REG. S/ING. Po/INT Z;
A (&g+ e .,_@s:f _ aa)f%
S 2 21 Z-Z/ 2. 20 Z“Zi

So BC.s FIX MONODROMY oF A.
AROUND 2.




THEOREM OF C. SIMPSON —>

5
TpenTiey WM, Se C¥, Wi
MobuLl 0F FLAT SLRE) CONNECIONS

W I'TH PRESCKRBED MONDDROMY AT £

MORENER, THE HOLD. SYMPLECTIC
FORM  oN M HAS THE SIMPLE

FORM :

—
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2. Fock - GoONCHAROV COOK'D,S
AND CLUSTER TMNS

A = A FLAT SL(2,@) CoNNECTION
WitTH MoNopRomy M  AROUND Z;

M
M. < )
k L/}*-,:

A. DECRATED TRIANGULAMON S

DEF: A ”DECo&ATED ‘rR;A_NG.” T

1S AN MEAL TRIANGULATION oF C
WITH VERTICES AT &; TOGETHER
WITH A CHoice of MONODROMY
E(GENVALWE f; OR Vu,; AT EAHZ



B. FLIPS AND POPS

DEFINE A  GRoOVPAD :

DT CORATED.
OBIECTS = TRIANGULATIONS

MORPHIE MS ARE GENERATED BY FLP
PoPs

FLIP: S ¥or EBE e &)
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Pop. T; For = e V(T):

EXCHANGE M < /,(:‘



RELATIONS oON FLIPS & POPS

\
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4. oz=l AND T =|

2 PopPS ComMUTE

3. O, 0z CoMMUTE (F Qg Qg’ Db
NoT SHARE A TRIANGLE

4, TF Qe Qg' SHARE A TRIANGLE
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LATER WE WILL ENBANCE oUR. Gﬁocwmb
T INcLUDE “LmiT TRMNGSY AND "TWISTS"



C. TG COORDINATES
GIVEN A DECORATED

TRIANGULATION oF C | FiG

DEFINE A COLLECTION OF
—UNCTIONS oN W :

. T
X:T— {%] }Eeé:(ﬂ

DEFINITION :

® (CHOOSE FLAT SECTIONS S, oF
SPECIFIED MONoDRoMY NEAR 2

—
g X—r B (S,/\Sz) (SsASq)
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XTi _ QS, S, ) (S;08y)
LE W 5:33(‘531 1))
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©  SiaS; 6 ACE = LINE BUNDIE

e PARALLEL TRANSPORT T ANY
TeINT Qe QFf

e NORMALIZATION o= S; CANCELS

THEREM .'(_F'%C) (3(,;7_ ;E PROVIOE Holo.
Co6RDIAATES OGN OPEN ST U, 0F WM

D COORDINATE TMN'S

NOW DESCRIBE THE COORD.
TMNS AS WE CHANGE THE
DECORATED TRIANGULATION —1’



TRANSFORMATION UNDER LIPS

T
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ONLY THE EDGES (N RED CHANGE

/X‘rll _ Syad, S,AS8: |
S;AJZ J:g/\-s;l XET-'
T T T 25 |, pinn
V e, Xel 2] g
3 < 2 2 vl
5 5
L\ ! Ll I

W

CLUSTER TRANSFORMATIONS '



T RANSFORMATION UNDER POPS

A Po? AT VERTEX Z; CHANGES
THE EDGE CoORDINATES IN RED

TT S PosSSIBLE To WRTE EXPLICIT

FORMULAE FOR THE POP TRANSFORMATION,
‘BUT THEY ARE C(oMPLICATED....

TMPORTANTLY!

LT TURNS OUT THAT THE PRODUCT OF
ALL PoPS T\}'Tt\, 1S RELATIVELY SIMPLE..



E. SYMPLECTIC STRUCTURE
e US/NG THE SYMPLECTIC STRucT

W, ONE Can SHW

1%, Xg | = <5E% X XL

!T"
E e

o [ RANSFORMATIONS UNDER
ELIPS & PoPs  ARE POISSON
\

Serck ?@




32 WKkK® TRIANGULATIONS

N, MOTIVATION

RECALL THAT A kEY PROPERTY
OF ’Xy(g) ARE THE T—>0 ASYHPTS:

, - —=Z,W)
lime XN e ¥~ FiNTE
S—=o0

= WE NEED T VUSE VERY

SPECIAL TRIANGULATIONS FoR WHICH
WE CAN PRoVE SUcH ASYMPTONCS,

WEA: USE THE WkBR APPRXIMATION

—_——y,

TO DESCRIBE THE AT SECTIONS:

(J-I—.A.).S =0



WkKR : Cont,
I z J
R S 3 -
~ G = N o ‘So
T 06

FROM THS GET ASYMPTS OF FEG C0RD



| B. Wk® CURVES |

P

HOWEVER THE WkR APPXT.
1R} NoTorR100sLY SORILE.

EXPONENTIALLY SMALL CoRRECTNS

CAN Grow (N Z AND (NVALIDATE

COMPUTATIONS
ForR VALIDITY OF WKR APPXT.

WE MUST RESTRICT TO VERY
SPECIAL TRIANGY LATNS T (V1))

W HOSE TEDGES ARE WkB CURVES

DEE: WKR CugvE wmi ANGLE V-
Cwrve on C WITH

<q,a.g>=t€h9- j

= WrB FoLiATioN oF C.




NOTE: WkKB CUBVES GET TRAFPPED
BY SINGULARITI £S

Y = YVL cOZ = Z(£)—Z€>q>(

O ?w’m' :
’Z
2y =

THREE xINDS OF WkB CURVES *

GENERIC : RoTH ENDSON Z:, 2.
N NANANAN L) d

SEPARVTING ' CoONNECTS RRANCH
N———

TOINT wW, To SINGULAR PoiNT Z;

T=E
RINVTE CLOSED, oR BsTH

ENDS ON TURNINC Po/NTS Wi, We



NOTE TWHAT OUR RULE TR
BPS STRTES WAS THAT ’:‘(79*

iR WHIC K THERE IS A &INTE
WKZR CURVE

TMPORTANT FACT: FoR GENERIC
VALUES of ~F THERE ARE NO

FEINITE WkR CoRVES, BUT
AT SPECIAL CRMCAL VALVES

o ) THERE ARE FINITE WkR
CURVES.

RECALL THAT FoR FINITE WkB
CORVES <), 3 ) = V% WITH

S0 THE CRITICAL VALVES ARE
THE PHASES Uy OF BPS STATES,



TC. DEFINITION

T 0 DEFINE OUR TRIANGULATION
WE FIRST USE THE SEFPARATING CURVES

TO SPLIT C INTO WkKB CELL§

LocacLy: //
=D N

FOR GENERIC A,V 1T TUeNS

OUT THERE ARE OonNLY TwoO
JKINDS OF CELLS:






Fop THE WkR TRIANGULATION

WE CHoosE A GENERIC WEB
CORVE IN EAcCH CELL:




CHOICE OF M4

RECALL THAT WE MuST DEF/NE
A "'DECOJQATED TRIANGULATION. '

(A 9) = DISTINGUISHED
E\GENVALWE oF M,

W

SMALL FLAT SECTON : THE
FLAT SECTION WHICH PECAYS

ALONG THE WEkB CURVE GO/NG-
INTO THE SINGULARITY

—

TWHESE ARE THE SECTIONS FOR
WHCH WE HAVE GogD CaNTROL IN WKR

APOXT, Q"\M\L ?M_ZU‘TD

"DENOTE THE RESULTNG DECORATED
TRIANGOLAT (0N T (1)




D. MORPHISMS OF WKR TRMNG'S

VARY UV = ( HoMoT6PY cLAsS oF )
T(8 ) IS UNCHANGED

EXCEPT AT CRITICAL VALUES D

WHERE FNITE WKR CORVES
DEVE LoP

e

|

W HEN VARYING 1}) 7

T(’@,k) JUMPS PRECISELY AT THE
VAWES 0F PHASES 6 BPS STATES

i



FOR GENERIC 2 A JUMP (N
T(-9,A) ONLY HAPPENS WHEN

A SEPRRATING CURVE DEGENERATES

TO A FINITE WKB CURVE TOoINING
TURNING POINTS W, W, ,

THUS, ForR GENERIC X\ THERE
ARE ONLY TWo kDS oF JUMPS:

o EITHER W =~ W,

® OR W&= \/\]b
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TS s JUST A FLIP




VECTORMULTIPLET JUMP: W, =W,

AS Yo% T(SN) HAS
AN INEIN)TE SEQUENCE OF FLIPS

E,E_E,E_-----
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E, E. Er
g é°\
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Z¢ =0 z,




AT '\9'='\9c

AT D>,




SOIMABLE COMRBINATONS OF

T
E, , XE HAVE LIMLTS

X = i Xe XT

= )

T o “ T . T
XA = I"’\’\ (><E+ XE_

M— —~ 0

—> ADD NEW OBOCECTS T

ToO THE GRoups D, CALL “‘H—EM
L_lMlT TR]A—NGULA"‘JO/\IS

NEW MoRPHIEMS

-9

T — T
(( ')
CACLLED TWISTS



4  DEFINING THE TWISTOR COORDS

W
FINALLY, To DEFINE XX(.A‘)

WE ASSOCQIATE To E € 8(‘\‘(&/\))
CERTAIN CVYCLES Y:LG H, (Z, Z>

hQ;z! o mohvate
betbar e YT ok &
A\ S Bnaufi\u Tlew \KE

RULE: ORIENT THE LIFTS f\E SO

THAT TP L 2,90 >0 :HE

N\

DEMAND < \gf) =S =+1



THE {xj }Ee s ForM

A (Ps1TVE) RAS|S For [

Now DEE \WNE :

(9 )

b =%
9 5 ¥
X X, X,



THEOREM 1. TF R AND

S IS Ny \C—gew
THEN N~

Ve : ' .
9(3’ C : S) ;:wexP(L%Zy-l-zeY + TRS ZQ

RECOVERS NEITZE-PIOUNE  SEMIELAT
TIWISTIR COORDINATES.

Cb

SN Q,XF >\
2

‘
¢ USE RELAMOIN TO 2D Sinh-Gordew #



"THEOREM 2 :

WITH RESPECT T0 SYMPLECTIC
STRUCTURE:

T - S T~ SA §A
s c .
1 Xi, X?' } = <YLY Xyt

LARGE R

Xyl ’S’>=Xf=%$<‘ )

SATISEY THE § DEFNANG
PROPERTIES,



"PROOF :

s
(1) X (-,5) HoLomoreric oN WL
FoCk & GONCHARV

(2),(3)  FoLlow EASILY £RoM
THE DEFEWNIFION

(48) FOR S — 6 N THE BAU=PME

Rk
T__)w: X (S ex]><_§_Z{) EX\STS

2 3

FOLLOWS FROM WkR ASYMPTINCS
AS LT R —



(5> TFE %=1 1S ThE
PAASE OF A BPS STATE OF
CHARGE X, THEN,DEFINING

t , v
9(; = |im X,

Vo BE

t?(’; - ?(; (I'—' O_(X")Xxo

)ﬂ(x.) <¥, %>

NotE:  o(f,) =+1, SL(¥.) =-2 VM
o®%) =~ CL6) =+l HM

. FoR  HM: CLUSTER TRMN.

2. For VUM: EXPLICIT CoMPUTATION
OF TWIST TM™MN

T4 e T
X  — X
%




l
5 R-500 LIMIT &£ SINH-GORDON
|



6. WALL CROSS/ING

CHOOSE ’O:. < /‘9‘4- 10
DEEINE A CONVEX c:ol%(g IN COoMPLEX

—Z =
By B v

:‘/3 2=

|

SUPPOSE WE FoLLOW A PATH
W_ To Uy So THAT No BPS RAY

CROSSES w@(—Z)-:’@t :
THEN T(ﬁt) A ) SHosTHLY
EVOLVES To T (@t, )\_Q



ON THE omeR HAND )
EVoLviNg Y To Uy AT

FIXED X PRODUCES A SEQUENCE
OF  FLIPS, TWISTS, AND POPS,

—

FACT: ALL PoPS OCCUR IN

‘DE GENERATE ’TR!AMGLES) AND THE

INDUICED TRANSFRMATION 1S 1 FoR
SUCH P6PS.

THEREFOR E ’X@* IS RKRELATED
T0 7(“9" Via THE IMAGE OF

1T 0%,
'I9__<’19C <a}, Ec
- QY,2)

/i-:e- | | I<‘( ':/4\/
&< Gf‘%(-z¥3<"9‘r



BUT THERE 1S No DISCONT/NUITY
TN xT(Or-) | A T(%A+)

v
X"r(ﬁ.,x- ) XTC&,A...)
’O-:l- T N = ~
Q(¥))
QU¥A|- — )
TrK, ) 1 kx
V- + . o
XT(G-:)‘-) XT( ﬁ_)A-i-)
- ‘| H ? )
A_ A,
)
Q¥ ) — 0%\
TR o TR




EXAMPLE S

f'w A

/. MOVIES £



S DETERMINING THE BPS SPECTRUM

NOW LET US VarY 1 TO V4T,
WE CAPTURE ALL THE BPS STATES

QY A
—gro_%ﬂﬁh — JT KY (Y’ /
e Ee '\9'(~—0m32<'&+7r

ON THE GTHER HAND,
TO,0) ANd T (9, )
ONLY DIFFER RY
SIMULTANEOUSLY POPPING

ALL THE VERTICES')



SPECTRUIM-GENERATING STOKES MATRIX

WHILE THE CHANGE X; F6R
FOPPING ONE VERTEX 1S CoMPLICATED,
TT TURNS OUT THAT TPOPPING
ALl VERTICES LEADS To A RATHER

SIMPLE FORMULA |
d b

h \

d o

¥y a0+ A
(\4—,0,,0) (\+A 4a>

TO GIVE A FoRMULA FoR Ap g :



1)




TO EIND THE BPS SPECTRUM
THE TRANJSFORMATION
S X, — X
= <\+ Andtt)) ( \+A<A‘i)>
(l+ A,“_(i))( | + AA&GO
HAS A ONIQUE DECOMPSITTON
OF THE ToRM:

S - T K )

"19'(——m~32<‘&+w

i —

)_YH‘S DETERMINES THE Q. (Y, u)J




C ONCLUSION: FUTURE DIRECTION S

1. WE HAVE SOME (DEAS AROUT
How To Go Tv RANkK kK> 2.

2 . RELATION TO INTEGRABLE SYSTEMS
(e.9. THE INTEGRAL EQuATION RR Xy

)S A VERSION OF THE ’F’BA.)

3. SUPERGRAVITY

L NEW MODULAR FUNCTORS






