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1  TITNTRODUCTION

® IN THIS TALK WE STUdY
“BPS DEGENERACIES” or "BPS INDICES)”
TDENOTED S22

e MATHEMATICALLY THEY ARE
RELATED To DONALDSON — THOMAS INVTS.

® TN T™WE PAST 2 YEARS THERE
HAS BEEN Mucld PROGRESS ON
"Wall-crossing ! For THESE INYTS

o WCE TELL US How O
CHANGES AS FUNCTIo NS of MopuLl

 THAT STILL LEAVES OPEN
THE PROBLEM O6F CoMPUTINC <,




e IN THIL TALK | WILL

DESCRIBE A NEW METHo) TO
CoMPuTi= S IN A CLASS o6&
N=2,D=Y F/ELD THEORIES.

® THESE ARE "LINEAR SU(2)
QUIVER GAavGE THEMRIES”

20— --- -8B
- o
G=sU(2) GAUGE GRoup

® S|IMILAR METHODS PROBARLY

=EXTEND To A MUCH LARGER
CLASS OF ¥F/ELD THEORIES.

e




(}2- N= 2 D=4 FIELD THEo@r:}

4 [l
® _'3 MODUL| SPACE OF VACVA

CouLoMB BRANCH B=C"
W ITH SPECIAL KAHLER HETRIC

o TR PHYSICS : U™ GAUGE THEORY

e CHARGE LATTICE FOo2MS A
LOCAL SYSTEM OVER B WILTH

MonNoDROMY  ARIUND 035,',:7.

O - floy, 2 I —%r‘ — O
TIBER AT ue@:

A\N ]
Fu (PO\SSOI\I . INTEGRAL ANTISYMMETRICLSD
I SvYMpecTIC, RANK = 2r

°* £Zc¢ How(f“, ¢ ) CENTRAL CHARCE




SE(BERG-WITTEN THEORY € RIEMANN SURFACES

o THE SPECIAL KAHIER GEOMETRY [S
PRESENTED US/NG A FAHILY OF

NON - CoMPACT RIEMANN SURFACES

2. — B

EQUIPPED WITH A FIBREWISE
MELROMORPHIC DIFFERENTIAL A

® 7 13 (A SUBRUOT/IENT Oé /L/I(Zl ZO

. 2 - 72



BPS STATES ¢ BPS INDEX

®PS
° Hyu = {‘H E':\Zx(‘*)l‘}

2 u) = “\‘r_d,cg-‘)?::"%m::wa@x”

PROBLEM: COMPVTE THE S2(¥:w) (

—

KEY INGREDIENT:
e RBPS STATES CAN FORM BPS POUNDSTATES,

® A BOUNDSTATE WTH CoNSTITVENT CHARGES

¥, ¥, CAN ONLY DECAY WHEN W CROSSES
MS($¢\X1> L= % Uk) Zztiu)/zxz(m € f]R_\_}

Q. (Y:-n) ONLY PECEWISE CONSTANT
= WALL-CROSS’/NG FIRMULAE



3, THE KONTSEVICH—SOIRELMAN FORMULA l

L
DATA :
1 T'—= B ,P01880N, WiITH Q. R. G

2. CENTRAL CHARGE Fuwcnon’ Z€ Hn(T, €)
3 PIECEWISE coNsTanT (L 1"—> Z
FIRST_INGREDENT : BPS RANYS :

FOR ue3 , e T,
Q - Z"(u) ﬂ%~: iy l T/Zx(u)é R-}
g T 'QX u

LR ]

N




AS W VARIES ThHE SLoPES OF
THE BRPS RAYS VARY

AS W CROSSER A WALL MS@S\GZ
BPS RAYS WILL COALESCE
/N P’LS(\‘\IX'L)

+ -

o ﬁms )0

Y‘+¥

ﬁ f ,-I'Xy_ ‘ek', = 1 = Q(t"\(z Z’Y:_



SEND INGREDIENT: L oCcAL SYSTEM
OF 'Po/sSoN TORI

¢ T NTRoDUCE ‘T = F*@za c¥

T = Q*x—---- XC*

w

Ye ' => FOncmon Xyp:T— ¢

/8

\\ (
HOLOMORPHIC FOURIER MOoDES

o FIBREWISE POISSON STRUCTUKE

{Xh ] y(z} = <x"x"$ ’Xxl sz

® FOR EAcH ¥e T DEFNE A

("Poisson’) M 6RPHISM :
<Y\ ¥y

K, Xy — Xei(1- o)Xy )



ARBOUT THE SIGN :

K ¢S TINTRODUCE A LIE ALCERRA
1]

<Y1JX'L>
Cey € l=Cn " <y Yoo €xay,
DEFNE A GRouP ELEMENT
690
U = ex Sy
Y > ,lzzj n®*
AND  work wiTy Uy INSTEAD oF K

CHOOSE A QUATRATIC REFINEMENT

- (8+.) B (_’><¥.,rz>
0’(3’,\0’@’1) -

o (¥)€y GENERATE THE LIE AL
OF SYMPLECTIC VECTOR FIELDS.



THIRD INGREDIENT :  CONVEX (CoNE V

AND THEN DEFINE :

VZLV N TT KQ(Y VL)

-2V

THE PRODUCT IS —TAKEN OVER
THE RAYS IN THE CLOKWISE

QRDER (DECREASNG SLoPE )



QY
“4v = TT K

—2Z.c\
A, DEPENDS oN w /A TWO WAYS

A THE ORDERING OF FACTORS
NEPENDS ON K

L. THE SL(Yiw) DEPENd oN u .

DEFINITION : //Q RATISFIES THE kS wWeE"

I F:

Ay 1S CoNSTANT IN W AS LoNG

AS NO BPS RAY ENTERS OR
LEAVES THS ST V




L Hk MANIFOLDS + TWISTOR COORDS

T WILL Now BRIEFLY REVIEW FAPERT.
(EFoR SIMPLICITY PUT T2, =0 )

VTHEOREM" GIVEN K2 SATISFYNG

THE kS WCE ONE' CAN
CoONSTRUCT A "MICEY FAMILY OF
HK. METRICS ON:

C—

M = Mg Rz
— SKETCH OF THE CONSTROCTION &—

o COMPACT\EYING W=2,d=Y THEORY oN
RxS; = Low ENERGY 6= MOPEL

G E——

So: I?z——) (/4/(
= Y HAS 4 'Nice” HK mEmric



o U HAS A CANONICAL FAMILY
OF METRICS - THE “SEMI-FLAT METRICS"
BUT THESE ARE S/INGULAR.

TN PHYSICS “QUANTUM CoRRECTION §

BY BPS INSTBNTONS” SMooTHS 00T
THESE SINGULARITIES,

o THE SEMI-FLAT METRIC IS DESCRIBED
BY TWISToR COoRDNATES :

'Xb,: l/‘-ZXC* — C ¥elr

QX‘- ™ &Rz — R/~

sf : =
?(Y = @xp [-\-'!T_Sg Zy“"l @X—I-TQS Zyl
( NeITZKE 2 PIOLINE )

¢ C* < TWISTR SPHERE



USING THESE WE CoNsTRuCT

A FAMILY OoF HoLo. MA?PS

s£
sec’, W >
K
VIA ( s)—?((r) {XQ
T HAS A FIBERWISE SYMPLECTIC
STRUCTURE 4
- | 1) O!X)’f X
—@’—r = Eé —_— A
XY, XXJ
él. = <X1:1 XJ>
P -
THEN @ i= X)) w = Form
st
= Z,zS CO + CU++-§—_L- W —

—> SEMI-FLAT HK STRUCTURE.



¢ THE QUANTOUM- CoRRECTED H.K
STRUCTUVRE 1S DEFINED US/NG A

CIMILAZ TPROCEDURE:

FRoM A seT oF Xy @ M = ¢— C

CoNsTRUCT ’Xy( )S) = %(f)x(Xy )

A MRAP

— =
WS 2 T Teoct
AND EXTRACT HK STRUCTURE FRoM:

I * -
>, = XA(5) @’
1 3
= :th w + W "’:27 W

o USING A PUYSICAL [NTERPRE TATION
OF THE X, WE SHow THEY
SATISEY A S TSTEM OF I1SOMONIDRMIC

DIFFL. £QS, (*WARD IDENTITIES”)
WHICH IS EQUIVALENT To A R.H TROBLEM



VYEFINING PROPERTIES OF ’)Cy

1) Xy (- )5) - M> —> € Holo.

2“> Xy ’X(t = XB’-*‘('

3-) ’XY(S) = (X’?‘/fs

4A) X, (,}5>N QXPCES,BZW.'@X;-WSEQ

4e) i X (5) e TEY fun

s—“}o

5 ) X, (+,5) 1S PIECEWSE Holo /N J;

HOLO. N ANGULAR SECTIRS BETWEEN
BPS RAVYS AND TRANSFORMS BY

TI' KSZ(X ) AS S CROSSES THE
'y
BPS RAY Ay,



o RIEMANN-HILBERT PROBLEM 1S
SOLVED BY:

X('S) X(§) Q_XP{ ZSZX u)<¥X>

Xer’

. g 4y’ S’LI 30 aczn?((s))
'Qqu

e CAN BE SoLVED ITERATIVELY AT R\,

e ONE GoAL OF THIS TALK IS T

CIVE A NEW CoNSTRUCTION OF THE Xy 'S
o AN IMPORTANT CoROLLARY OF THE
NEW CONSTRUCTION 1S AN ALGoRITHM
FOR CoMPUTING THE S2's.



5 FROM M5 -RRANES O HITCHN EQS

NOW LETS NARRoW DOWN THE
CLASS OF N=2,d=4 THERES

@ IIR STRING VIEwWPoNT: WE HAVE A

NON-cpT. CY = CULRVE C oOF
ADE SINGULARITIES,

2PS STATES Ay D3’s WRAP
SLAGs  S3 oo- s%S8.

WE wWanT 2% TR THESE.

o A CHAIN oF PHYSICAL
REASONING LEADS T0 THE CONTLUS) oN

THAT THE S2°s caAnN BE
COMPUTED BY STUDYNG HITCHN
SYSTEMS oN C WITH SINCULARITES



... VERY ROUGHLY:

7 ¢
T—-Dual

> 5 —-BRANE

/

a) ADE SNGCULARITY

L") DECUPLE GRAVITTY =

Consiper A, Qz,o)“ THEORY )
oN R« C wiTH DEFECTS.

C.) LOW ENERGY L/IMIT GIVES N=2, D=y
THEORY on R™

Ad)  HK STRUCTIRE FROM FURTHEED .
. .
COMPACT IEICATION OF THIS N

L2 |
THEORY N TR x SR

BUT! WE CouLD ARRIVE AT THE
SAME LOW ENERGY THEORY ON

R"* CoM PacTIEYNG I|N THE OTHER
ORDER :



6D (2,0) Ak, /TR"ZX Sl xC + PEFECTS

| << QC)I T3
Qc« Qs , Q‘R"z \/S '

5D SU(K) s™
‘YRhLV C

ﬁc < /(Rllz

K,S' <<£[Klnz

~N/
g~ MopeL: TR —— M



¢ THE HITCHIN SYSTEM

G = SU(K)
T—>C HAS CoNNECTION A AND

ol .
Hices FIELD pe 2 (C e E)

BPS EQS—= |HITCHIN £EQS:

ALLOW SINGuLALITIES AT Z;eC:
REGULAR + TRREGULAR SING ‘s

RSP: IN' L.OCAL CooRD's NEAR &3
( dz
P~ P oz, T

A ~ _Di— o.l_z._’e_é_)—l-“*-



SO NOW WE IDENTIFY:

WM. = HITCHIN MoDOLI SPACE

Hirewin @BRATON : (A ) 2 ClharPoly (¢9)
R = ® (¢, k&)
d
R: RAIE OF A EAMILY OF SPECTRAL CURVES

Z = {Q()z), o'@&é(olz—-c‘a(z)):clfc 'T*C

— SE/MBERC-W ITTEN CURVE OF THE
d=t -2 THEORY RESILTING FROM
COMPACTIFYING THE Ag- @:0) THEORY ON C

N — xdz = S-W DIFFEERENTAL

(‘“ = odxdz = CANONICAL SYMPLEenc FORM
ON F*¢ )



FOR SIMPLICITY WE HENCERRTH
TAKE GAUGE GROLP G =Su@)

2:1

1. > — C

T
/)\2—'-'-‘- QuUADRATIC DIEFL ON C _-::lz_\_'r~ ¢

X

WE ASSUME THAT M\ HAS
FIRST orpeER ZBeERo=S W. <€ (.

THESE ARE THE RRANCH PoINTS
oOF ¥ — CP'

/
ALSS CaccED TUBNNG Po/NTS'




A. TN ADDITION THEKE ARE
SINGULAR. POINTS ZE; !

! <""-~: v N
CP - 2—2_; —m‘i

()
A <”‘i 3) o= d =
— ' i P ® » e
) —'m{ Z"Z.' §_§; +




BPS STATES IN THE HiTchmN FRAMEWORK

—HE PHYSICAL DERIVATION LEADS
T8 THE FOLLOWING RULES FoR
DESRIBING BPS STATES,

(KLEMM, LERCHE, VAFA, WARNER )

S2(Yu) = O UNLESS THERE

EX(STS A CORVE CE€Q, (N HOMOLOGY
CLASS Y so THAT T(x(C) =C

(S A corve IN C s

- \
’> <(A) 3_& > E 6219;‘:-—— CONSTAN)

AND
ONE OF TWO THINGS HAPPENS :




1. EITHER,

C  BEGINS AND ENDS oN A BRANCH PO/NT
= HM wm (2= + 1

M~-THEORY PICTURE: OPEN M2 -

C

2. 032) C = CLOSED CORVE =

VM WITH 2= -2.



/ M-THEORY

Tr\cture

A

/
/

O
= S/

([ = /
/

—

N6 -:OR BUCH' C,UR\/ES <},9¢>=€

| Uy = amg (%) {

™ .
*e"

<REMAR:<: FoR SOK), K>2 THE

BPS STATES ARE MORE (OMPLICATED
AND INVDLVE STRING WEBS. )




M TCHIN  SYSTEMS é% FLAT CoNN &

THE HW.E's =
|4 = _R, + A + s o
< f ¢
IS FLAT,
NEAR REG. SING. PoINT Z;
A~ (B-E-l— ‘x> dz 4—@3_«-{ —~ C—X—-) .flg_
S 2 21 Z-Z; 2 2 Z"Zi

So BC.s FIX MONODROMY oF A.
AROUND 2.




THEOREM OF C.. SIMPSON —>

5
TDENTIFY WM, Se¢ CY, Wi
MobuL) 0F FLAT SLR.EC) CONNECTONS

W I'T™H PRESCRIBED MONDDROMY AT £

MOREWNVER, THE HOLO. SYMPLECTIC
FORM oN  M° HAS THE SIMPLE

FORM:

—

P

’53 — ST“LS‘A So.A)
< K




%TR ATEGY:

® Fock ¢ GoNeyARoV c.onuc-rs:D NICE
COORDINATE SYSTEMS ON M

o WE WIL( USE THESE PFONCTIONS
TO CONSTRUCT SYSTEMS OF CO0RDS

-
X, (-,5) OoN M FeRZ
RELATION To PREVIUS TWISTIR COORD S
49--4'35
Yy(')‘r) =,Xy (‘ ,X)
THEN, AT LARGE R,

THE X, (,5) SATISFY
DEENING PROPERTIES | o5 .



6. FOCk - GONCHAROV Cooa'b's
AND CLUSTER TMNS

A = A FLAT SL(2,@) CoNNECTION
WiTH  MoNopRomy M:  ARoUND Z;

M
M. < )
’ L//*-;

A. DECRATED TRIAANGULATON I

DEFE: A "DEcoraTED ‘TRIA—NG.” T

1S AN MDEAL TRIANGUrATION oF C
WITH VERTICES AT Z&; TOGETHER
WITH A CHoce of MONODROMY
E(GENVALUE  fh; OR Vu; AT BAHZ



B. FLIPS AND POPS

DEFEINE A GRovPaD

DT CORATED.
OBIECTS = TRIANGULATIONS

MORPHIS MS ARE GEWNERATED BY FLUPS
POPS

FLIP : S ¥R E e &)

Qe
Ty

=

/2

T T

Pop. T®; For Z; ¢ V(T )k

— ‘ —I
XCHANGE My < M



RELATIONS oN FLIPS % P6PS

4. og=l AND TT;=|

2 PoPS ComMUTE

3. Oz, 0zr CoMMUTE (F Qg Qg Db
NoT SHARE A TRIANGLE

L4, TF Qe Qc' SHARE A TRIANGLE

3 l 0—35

Z/7%5\7-

—
& s %5

LATER WE WILL ENBANCE our. GRoU0ID
o INcLude "LimiT TRMNGSY AND "TWISTS"



WS |

—G COORDINATES

GIVEN A DECORATED
\

TRIANGULATION oF C | F<G

C.

DEFINE A COLLECTION oF
—UNCTIONS OoN W

. T
X:T— %] }Eea(ﬂ

DEFINITION :

® CHOOSE FLAT SECTIONS S. oF
SPECIFIED MoNoDRoMY NFEAR Z-

—

,XE;;—:: B ﬁS,AS,_)(SaA&,)

L (S, *3:33(5'1 ),

| g

-



—

XTf _ g&,/\sz) (83/\&,)
LE (S.25)(s 1)

4

*  SiaSj e ATE = LINE BUNDLE

o IPARALLEL TRANSPORT To ANY
TOoINT Qe QFf

e« NORMALIZATION o« S; CANCELS

THEREM < (Fic ) {XT | Proviee Hols
ORDIAATES OGN OpPeN seT U, oF M.

D COORDINATE TMN S

NOW DESCRIBE THE COORD
TMNS AS WE CHANGE THE
DECORATED TRIANGULATION —T "’



TRANSFORMATION UNDER  FLIPS
.T.l

; At
Hq\( St

ONLY THE EDECES IN RED CHANGE

=

|
’)CTI _ _ SL’AJ‘I SZAS_B I

‘S;AJ‘Z Jg/\SI’ XE—,—'

Xe, - X0+

\\ ]
CLUSTER TRANSFORMATIONS '



T RANSFORMATION UNDER POPS

A Po? AT VERTEX Z; CHANGES
THE EDGE COORDINATES IN RED

T S PoSS IBLF To WR(TE EXPLICIT

FORMULAE FOR THE PoP TRANSFORMATION,
‘BUT THEY ARE C(oMPLICATED....

TMPORTANTLY!

LT TURNS OUT THAT THE PRMUCT oF
ALL PoPS TVVTYV IS RELATIVELY SIMPLE..



E. SYMPLECTIC STRUCTUKE
e US/ING THE SYMPLECTIC STRuUCT

W, ONE CanN SHW

1%, XL | = <55 X XL

o | RANSFORMATIONS yNDER
ELIPS & PrpPs  ARE POISSON
\



'7, WKB TRIANGULATIONS

RECALL THAT A kKEY PROPERTY
OF X, (5) ARE THE $—0 ASYHPTS:

TR
i XS e T~ EINTE
< -0

= WE NEED T VUSE VERY

SPECIAL TRIANGULATIONS FoR WHICH
WE CAN PROVE SUCH ASYMPTONCS,

WEA: USE THE WkBR APPROXIMATION

—_—,

TO DESCRIBE THE FLAT SECTIONS:

Cal-l—lA‘)S =0



A = %CP+A+ R3’§
For T-o0 | S~

(5 d + chwes))szo

RECACL : QPN(} _3)

WEKR Cowt,
I z J
R S 3 s
~ C = N 0 ‘So
T

FROM THIS GET ASYMPTS OF EG C00RD



HOWEVER THE WkKR APPXT.

1R} NoToRrRibosLY SORTLE.

EXPONENTIALLY SMALL CoRRECTONS

CAN Grow (N Z AND (NVALIDATE
COMPUTATIONS

For vALIDITY OF WKR APPXT.

WE MUST RESTRICT T0 VERY
SPECIAL TRIANGY LATNS T (1) 1)

W HOSE TEDCES ARE WkB CURVE S

DEF: WKB CURVE W iTH ANGLE 7};
Curve oN C WITH

<q,aé>:t6h9— (

= WrB FoLiAmoN oF C.




NOTE: \WkB CUERVES GET TRAPPED
BY SINGULARITI ES

29
N = YZ dzz —% Z(£)= Zoex?(_%'k )

THREE xINDS OF WkR CURVES :

GENERIC : RoTH ENDS ON Z: 2
ANANN )=

SEPARRTING © CoNNECTS RRANCH
e VY

TPOINT W, To SINGULAR POINT £

= T=
RINTE - CLOSED, 6R BsTH

E©ENDS ON TURNING Po/NTS W, W



NOTE THAT OUR TRULE TR
BPS STRTES WAS THAT I 7

iR WHICK THERE IS A SINTE
WKR CURVE

I MPORTANT FACT: FoR GENERIC
VALVE S of -y THERE ARE NO

SINITE WkR CoRveES. BUT
AT SPECIAL CRIMCAL VAWES

0F 3 THERE ARE ¥FINITE WKR
CURVES.

RECALL THAT FoR FINITE WKB
CorvEs <230 = e P* WITH

OF = orq Z

S0O: THE CRITICAL VALVES ARE
THE PHASES Uy OF BPS STATES,



T 0 DEFINE OUR TRIANGULATION
WE FIRST USE THE SEPARATING CURVES

TO SPLIT C INTO WKkB CELLS

<

FOR GENERIC A,V IT TUeNS

OUT THERE ARE ONLY TwoO
JCINDS OF CELLS:






Fop THE WkB TRIANGULATION

WE CHoosE A GENERIC WEB
CORVE IN EAcH CELL :

@ DEGeNERATE
TRIANGLE :

- @




ChHolCe oF M-

RECALL THAT WE MUST DEF/NE
A “DECORATE]) TRIANGULATION.”

(A, %) = TDISTINGUISHED
E\GENVALWE OoF M.,

W

(
SMALL FLAT SECTION : [
FLAT SECTION WHICH PECAYS

ALONG THE WEB CURVE GOING-
INTO THE SINGULARITY

e———

P |

THESE ARE THE SECTIONS FOR

WHCH WE HAE GogD CONTROL N WKR
PrPOXT,

"DENOTE THE RESOLTNG DECORATED
TRIANGOLATION T (D, ))



MORPUISMS OF (WKkB TRIANG'S

VARY U = ( HoMoT6PY CLAsS oF )
T(82) IS UNCHANGED

|

EXCEPT AT CRITICAL VALUES Y.

WHERE F(NTTE WkKkB CORVES
DEVE LoP

W HEN VARYING 15; 7

T(9)) TUMPS PRECISELY AT THE
VAWES 0F PHASES oF BPS STATES )

1




FOR GENERIC A A JUOMP IN
T(9,A) ONLY HAPPENS WHEN

A  SEPRRATING CURVE DEGENERATES

TO A FINITE WKB CURVE JOINING
T URNING POINTS W a 5 \/\)b ,

THUS, FoR GENERIC XA THERE
ARE ONLY TWo kDS oF JUMPRS:

o EITHER W _=%= W,

e OR W_ =W,



=
\_

W=,




NVECTORMULTIPCET JUMP: W =W,

AS Yo T(OX) HAS
AN INFINITE SEQUENCE OF FLIPS

E./'E_. E+ E_------



~= =z (e 27(1)
22 / 2 z,
o)
£ B £,
g é°l







SUOIMBRLE CoMBINATONS OF

T
, XE HAVE LIMITS

AT e A e

wT— X

T o “ T _ T
XA — Ilv\’\ /XE_‘_ XE_

M= —~ 0
—> ADD NEW ORCECTS T_

TO THE GRoup D, CALL THEM
LM ‘TR]A—NGULA"JONS

NEW MoRPHIEMS :

T — T

- oJ

( .
CALLED TWISTS



R DEFINING THE TWISTOR COORDS

>
FINALLY, To DEFINE X, (-,5)

WE ASSOCIATE T E € 8(’\"(&&)
CERTAIN CVYCLES Ygé H (ZZ)

19,.

Y

RULE: ORIENT THE LIFTS % S0

THAT gV Qt_> >0 :4VE

DEMAND X _ﬂ> —:1




THE {\(2}&80_3 FoRM

A (PsiTVE) BASIS For [

Now DEE \WNE

XY (5 ))
XX? = XE_’

9 §
X=X, X

Y+ ¥/



THEOREM 1.0 TF R—o>< AND

€ 1SN H/[ﬁ; \f—%ew
THEN N

v : -
/)(X C-)X);:OOQXP?RZY-I-Zey.;.H‘RSZQ

RECOVERS NEITZKE-PIOUNE  SEMICLAT
TWISTIR COoRDINATES.

PROOES !

S~ Q,XF >\
2'

|
é: USE RELATMON TO 2D Sinh-CGordom 2



"THEoREM 2.

WITH RESPECT T0 SWMPLECC
STRUCTURE:

@ - | T SASA
¢
D
(X X% ) = <¥Y'> A,y

THEOREM 3 : AT SuFFiCiENTLY
LARGE R

U=
Ky 58)=X, m“‘s<. 3)

SATISEY THE 5 DEFNIANG
PROPERTIES,



"PROOF :

S
(1) Xy(‘ ,§ ) HoLomorPRIC oN WM:
FoCk € GoNcHARV

(2),(3)

P |

—FOLLOW EARILY ROM
THE DEFEWNITION

(48) FOR S —= 6 (N THE BAEAME

1
5y
1

7R
T—;»: X (S exf(?z{) EX\STS

FOLLOWS FROM WkBR ASYMITINCS
AS LT R =



(5) TF O=U. 1S THE
PRHASE OF A BPS STATE OF
CHARGE X, THEN,DEFINNG
+ _ . v

Xy = lim X,

Vo BE

t?(: - X; (l'_ U(X")XXO

)ﬂ(x,) <¥, %D

Note:  off,) =+1, LL(¥) ==2 VM
o) =-1 , C2(5)= +l  HM

. FoR  HM: ClUSTER TRMN.

2. For VM: EXPLICIT CoMPUTATION
OF TWIST TMN =

T+ s T
X — X
%\



. WALL CROSSING

CHOOSE ’lj; < /&4- 10
DEFINE A CONVEX Col%(g IN CoMPLEX

—Z =
B 3 v

Xg 2=D_

|

SUPPOSE WE TFoLLOW A PATH
W_ To U, So THAT No BPS rRAY

CROSSES %(—Z)z/@r_ ,
THEN T(’&t) 3(._.) S MosTHLY
EVoLves To T ('@':t, )\_‘_3



ON THE omweR HAND,
=VoLVING ). To Uy AT

FIXED ) PRODUCES A SEQUENCE
OF  FLIPS, TWISTS, AND POPS.

3

FACT: ALL PoPS OCCUR IN

‘DE GENERATE 'TR!AI\FGLES) AND THE

INDUCED TRANSFORMATION 1S 4 FoR
SUCH PoPS.

THEREFRE  X* IS RELATED
T *% via THE IMAGE OF

1€ TT I<X ':/4\/



BUT THERE 1S NO DISCONT/NUITY
TN xTO-) L, xT(%A)
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X’r(ﬁ,x- ) ,X"rc&,x.,.)
"t— T /'\ > ;\
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TTKEZW ) Tk, )
N N
AT( 0= ) T, 4)
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10 DETERMINING THE BPS SPECRUM

Now LET US vary 1 TO U+
WE CAPTURE ALL THE BPS STATES

Q¥ )
TTO_;A% — JT KY (Y’ )
19." Ee ’\9'<—04~82<’6'+Tr

ON THE OTHER HAND ,
'T'@},)} AND T(ﬁ-ﬂr,})
ONLY DIFFER TRY

SIMULTANEOUSLY POPPING

ALL THE VERTICES))



UNIVERSAL SToOKES MATRIX

WHILE THE chaNeE X[ FoR
FOPPING ONE VERTEX 1S CoMPLICATED,
T T TURNS OUT THAT POPPING
AllL VERTICES LEADS To A RATHER

SIMPLE FORMULA |
d b

A \

d o

9’21; T - (14 A) (1 # Act )
(\+Ab¢,) (\+A h)

TO GIVE A ForMULA FoR App -






TO ¥IND THE BPS SPECTRUM
THE TRANSFORMATION
S: X, — X;
X. = . WA (1 Au)
' (i Ap ) (14 ALG)

HAS A ONIQUE DEMPSTTON
OF THE TFokM:

S - T K

'19'(—m~824’6'+7r'

)—FHLY DETERMINES THE Q. (Y, u)J




C oNCLUSION: FUTURE PIRECTION S

1. WE HAVE SOME (DEAS AROUT
How To Go Tv Rank kK> 2,

2. RELATION TO INTEGRABLE SYSTEMS
(e.9. THE INTEGRAL EQuATION FR Xy

IS A VERSIoN OF THE 'T‘BA.}

3. SUPERGRAVITY

L NEW MODULAR FUNCTORS






