MANY BODY PHYSICS: 621. Spring 2022
Exercise 3. (Due Apr 22 )

1. (Alternative derivation of the electrical conductivity. )

In our treatment of the electrical conductivity, we derived

bliv,) = e*— Z vy [G(k, iw, + iv,)G(k, iw, ) — G(k, iw,)?]

™ kiwy
This integral was carried out by first integrating over momentum, then integrating
over frequency. This techique is hard to generalize and it is often more convenient
to integrate the expression in the opposite order. This is the topic of this question.
Consider the case where

G(k,iw,) = - !

iw, — €ex — N(iw,)

and Y(iw,) is any momentum-independent self-energy and ¢ = (k?/2m) — p is a

quadratic spectrum.

(a) By rewriting the momentum integral as an integral over kinetic energy e and,

angle show that the conductivity can be rewritten as 0®*(iv,,) = 6*°o (iv, ), where

ne? 1

o(iw,) = —— /_00 de TZ [G(e, iw, + iv,)G(e, iw,) — Gle, iw,)?] .

m Uy,

and

(b) Carry out the Matsubara sum in the above expression to obtain

o(iwp) = ne ! / d / def(w) [G(e,w + ivy,) + G(e,w — ivy,)] A(e, w),

m v,

where A(e,w) = ImG(e,w — id). (Hint - replace TZ — —/%f(z), and
notice that while G(e, z) has a branch cut along z = w with discontinuity given
by G(e,w—1i0) — G(e,w+1i0) = 2iA(e,w), while G(€, z+iv,,) has a similar branch
cut along z = w — i1v,. Wrap the contour around these branch cuts and evaluate

the result).



(c)

Carry out the energy integral in the above expression to obtain

i) = " [~ 2y

m v,

" [ 1 B 1 ]
v, — (B(w+iv,) — X(w—10)) v, — (B(w+ 1) — B(w —iv,)) |

Carry out the analytic continuation in the above expression to finally obtain

oot = 2 [ g [t Sk vp),

14

—iv+i(S(w+v/2+140) — B(w —v/2 —1)) (1)

Show that your expression for the optical conductivity can be rewritten in the

form
51 [ [fw—v/2) ~ flwtv/2) !
o(v+id) = m ) d [ » Y w,v) —ivZ(w,v) 2)
where
7w, 1) = Im [S(w — nu/2 — i6) + S(w + /2 — i6)] (3)

is the average of the scattering rate at frequencies w + /2 and

Z N w,v) =1 = —%Re 5w = 1/2) = S(w + v/2)]

is a kind of “wavefunction renormalization”.

Show that if the w dependence of Z and 77! can be neglected, one arrives at the

phenomenological form

ne? 1
o(v) = m = v) —iwZ-Y(v)

This form is often used to analyze optical spectra.

Show that the zero temperature conductivity is given by the thermal average

n€27'

o(v+1id) =

(4)

m

where 771 = 2Im¥%(0 — id).



2. Generalize the BCS solution to the case where the gap has a finite phase A = |A[e.

Show that in this case, the eigenvectors of the BCS mean-field hamiltonian are

1
4 1 € 2

— 2 (2 ko
Uk (& (2+2Ek)

1

, 1 € 2
_ /2 (2 ko 5
Ve =€ (2 2Ek) (5)

while the BCS ground-state is given by

1BOS()) = [ ] (i + viee i, cl)10).- (6)

3. Explicit calculation of the Free energy.

(a)

Assuming that the Debye frequency is a small fraction of the band-width, show
that the difference between the superconducting and normal state Free energy

can be written as the integral

+V

o cosh( 5T
Fs—Fn=-2TN(0 / deln
5 N ©) —wp cosh (55) 9o

AP

Why is this free energy invariant under changes in the phase of the gap parameter

A — Ae??

By differentiating the above expression with respect to A, confirm the zero tem-

perature gap equation,

Voo / “D de
gN(0) o e+ A
where Ag = A(T = 0) = is the zero temperature gap and use this result to
eliminate gg, to show that the free energy can be written
AT
Fs—Fn=N(0)A; & | —, —
S N ( ) 0 [A07 AO:|

where the dimensionless function

2t

52

cosh ( v $2+52>
+
cosh (%) 241

<I>(5,t):/ dx { —4tln
0

Here, the limit of integration have been moved to infinity. Why can we do this

without loss of accuracy?



(c) Use Mathematica or Maple to plot the Free energy obtained from the above
result, confirming that the minimum is at A/Ag = 1 and the transition occurs

at T. = 2//3.53.

4. (a) The superfluid stiffness of a BCS s-wave superconductor is given by

an o2 [ (4) (52)

where A (T') is the London penetration depth at temperature 7. Suppose A(¢p) =

A cos(2¢) is the angular dependence of the gap in a d-wave superconductor. How
would this expression change, and how would the temperature dependence of the

London penetration depth be modified?



