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Here is a derivation of the Ricci tensor of the unit sphere SN−1 in RN :

RIJ = (N − 2)gIJ . (1)

The unit sphere in RN :
SN−1 =

{
nI ∈ RN , n2 = 1

}
(2)

The projection on the tangent hyperplane:

P I
J = δI

J −
1
n2
nInJ (3)

The round metric:
gIJ = PIJ = δIJ −

1
n2
nInJ (4)

The covariant derivative, for Pv = v, Pu = u:

∇vu = P∂vu = P (vK∂Ku) (5)

(It is easily verified that ∇g = 0, and ∇ is torsion-free, so ∇ is the unique torsion-free covariant derivative
that preserves the metric.)

The curvature tensor, for Pv = v, Pw = w, Pu = u:

[∇v, ∇w]u = P∂v(P∂wu)− P∂w(P∂vu) (6)
= P (∂vP )∂w(Pu)− P (∂wP )∂v(Pu) + P [∂v, ∂w]u (7)
= P [∂vP, ∂wP ]Pu+ P∂∂vw−∂wvu (8)

so

vKwLRI
JKL = P [∂vP, ∂wP ]IJ (9)

RI
JKL = P [∂KP, ∂LP ]IJ (10)

Calculate:
∂KP = P (∂KP )(1− P ) + (1− P )(∂KP )P (11)

∂KP
I
J = 2nKn

InJ − δI
KnJ − nIδJK (12)

(P∂KP )I
J = −P I

KnJ (13)
(∂LPP )I

J = −nIPJL (14)
(P∂KP∂LPP )I

J = P I
KPJL (15)

so

RI
JKL = P I

KPJL − P I
LPJK (16)

RJL = RK
JKL = (N − 1)PJL − PJL (17)

so
RIJ = (N − 2)gIJ (18)
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