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Lecture 11: Interacting Fields Oct 11, 2007

Copyright(©2005 by Joel A. Shapiro

In the second problem of the first homework assignment, you explored
the lagrangian density

1
Ly= —ZF"”(z)FW(x), with  F,,(z) := 0,A,(z) — 0,A,(z),
with the vector potential A, (z) as the four component dynamical field. You

showed that the equations of motion then gave
o, F" = 0,0r'A” — 0,0" A" =0,

which, with! £ = FJ% and B* = —%eiijij, gives Maxwell’s equation in free
space, without charges or current present. But in the fifth homework we also
learned that the Dirac field has a conserved current

T (@) = qi(x)y" Y (=)

so in homework 1, problem 3, we asked what happens to A, in the presence
of a charge density J° and current density .J. Maxwell’s equations for the
fundamental fields £ and B are, in rationalized MKS units, with ¢ = ¢y =
to =1, are

V-E = J°
V-B = 0,
VxE+B = 0,

VxB-E = J.
which corresponds to changing the equation of motion for F*:
o,F" = J".

As you showed in the first homework, to get this equation of motion for A,
we need only add a term —A, (z)J*(z) to the lagrangian:

L= Lo Ay () (z) = —%8MAV(:I:)6"A”(J:)+%&,AM(x)@“A”(a:)—Au(x)J“(x).

IThese signs are not generally agreed to. See “Notation Comparison”, convcomp. pdf.
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Then

oL oL
*50,A, oA,

— —0,0PA% + 0,07 AP + J7 = —0,F" +J° = 0.

So we see that adding an interaction term

Lr = —qAu(x)d(x)y" ()

to the free Dirac and photon lagrangians will give us an interacting theory.

This interaction term is cubic in the fields, while up to now we have had
only quadratic terms. Quite generally, terms higher order than quadradic
in the lagrangian give rise to nonlinear terms in the field equations, and
nonlinear equations are hard to solve. Note that cubic and nonlinear here
refer to the dependence on all the fields — it is not enough that the equations
are linear in v for fixed A*, because the A" equations will depend on . For
each field, the free particles correspond to linear equations, and the nonlinear
terms are responsible for interactions.

Read pages 77-87, though you should read 78
and the first half of 79 first.

I had my troubles on pages 83-84, but I think I have resolved them. Here
are the details of what was bothering me, and the resolution.

I had a problem with what H and H, represented. Are these are expres-
sions in terms of ¢(t, Z) and 7 (¢, Z), or in terms of ¢ (¢, Z) and 7 (¢, Z)? Here
is how I resolved things.

4.12 is an expression in terms of the full fields, that is,

A
H(é,7,t) = Hypq (6,7, 1) + / 2501, 7)
where
1 1 - 1
Hi(6.m8) = [ do (57(6) + 5(Vo(t,2) + Jmie?(t.7) )

expressed in terms of the full fields. Note that Hyy ¢ depends on time
through the fields, and is not independent of time, because it does not
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commute with the full Hamiltonian. On the other hand, the full hamil-
tonian H does commute with itself, so it is time independent, and the H’s
in exp+iH (t — ty) in

O(t, 7) = M1 g 1, 7))

can be evaluated at any time.
In defining the evolution of ¢; to be

D18, 7) = U101y, 7)o Holt~t0),

we take Hy(t) to mean Hy.q(¢1.71,t), not the Klein-Gordon hamiltonian in
terms of the full field. Because ¢ evolves with Hy, Hy(t) is time independent.
Then U(t, ty) is expressed in terms of both sets of fields,

Ut to) = et Ho(0r, w1, 1) (t = to) ,—iH (¢, 7, 5) (¢ — To)

where t; and ¢, are arbitrary times, because each expression is time indepen-
dent. The first line of 4.18 then becomes

igU(t,to) _ JiHo(¢r, 7o, t)(t — to)

ot
[H(¢7 T, t2) - H0(¢17 I, tl)]
e—’LH(Qb, T, tg)(t - to)

What had me bothered is that the term in brackets does not look like Hjyt,
because the H and H, are evaluated with different fields, while in 4.12 they
are both evaluated with the full field. But they are independent of ¢; and t,,
so I can choose both to be tg, in which case ¢(tg, ¥) = ¢;(to, Z) and similarly
for m, so the bracket is, in fact, Hjy(¢r, 77, t0). From the last line of 4.18
(and 4.19) we also see that H; is to be interpreted in terms of ¢;, because it
evolves with Hj.



