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Lecture 10 Oct. 8, 2007
P, C, and T

Two discrete transformations are needed to fill out the full Poincaré
Group, that is, the transformations which preserve AµB

µ, but not in the
proper orthochronous group. These can be taken to be parity P , which
reverses the spacial components ~x → −~x, t unchanged, and time reversal,
t → −t, ~x unchanged. Any element of the full group is either Λ, PΛ, TΛ,
or PTΛ, where Λ is a proper orthochronous Poincaré transformation. At
the same time we will consider charge conjugation C, which does nothing to
space and time but interchanges particles with their antiparticles.

The behavior of various physical quantities under these transformations
are defined so as to preserve as many laws of physics as possible. The basic
kinematic variables of a particle, ~r, ~v and ~a are defined by time derivatives,

~v =
d~r

dt
, ~a =

d~v

dt
~F = m~a, ~F = q ~E,
~F = q~v × ~B
F j0 = Ej, F ij = −εijkBk

∂µF
µν = Jν

F µν = ∂µAν − ∂νAµ.

P C T
~r −→ −~r ~r ~r
t −→ t t −t
~v −→ −~v ~v −~v
~a −→ −~a ~a ~a
xµ −→ xµ xµ −xµ

m −→ m m m
~F −→ −~F ~F ~F
q −→ q −q q
~E −→ −~E −~E ~E
~B −→ ~B − ~B − ~B
F µν −→ Fµν −F µν −Fµν

∂µ −→ ∂µ ∂µ −∂µ

Jν −→ Jν −Jν Jν

Aµ −→ Aν −Aν Aν

Let us remind ourselves that

ψ(x) =
∫

d3p

(2π)3

1√
2Ep

∑
s

(
as

~pu
s(p)e−ip·x + bs †~p v

s(p)eip·x)

ψ̄(x) =
∫

d3p

(2π)3

1√
2Ep

∑
s

(
bs~pv̄

s(p)e−ip·x + as †
~p ū

s(p)eip·x)
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us(p) =




√
p · σ ξs√
p · σ̄ ξs


 s = 1, 2, (with σ = σR, σ̄ = σL)

vs(p) =




√
p · σ ηs

−
√
p · σ̄ ξs


 s = 1, 2

For 3.131-2, we note more generally that

Pψ̄(t, ~x)Γψ(t, ~x)P−1 = ψ̄(t,−~x)γ0Γγ0ψ(t,−~x).

For a positronium atom at rest in a state of angular moment `, we may
write

|ψ`m〉 =
∫ ∞

0
p2dp

∫ π

0
sin θ

∫ 2π

0
dφf(p)Y m

` (θ, φ)ar †
~p b

s †
−~p |0〉 , so

P |ψ`m〉 = ηaηb

∫ ∞

0
p2dp

∫ π

0
sin θ

∫ 2π

0
dφf(p)Y m

` (θ, φ)ar †
−~pb

s †
~p |0〉

= (−1)
∫ ∞

0
p′ 2dp′

∫ π

0
sin θ′

∫ 2π

0
dφ′ f(p′)Y m

` (π−θ′, φ′+π)ar †
~p ′ b

s †
−~p ′ |0〉

= (−1)`+1 |ψ`m〉 .
where we replaced ~p with ~p ′ = −~p, and noted that reversing the direction in
the Y m

` (θ → π − θ, φ→ φ+ π) just multiplies by (−1)`.

If n̂ is a unit vector in the θ, φ direction,

n̂ · ~σ =
(

cos θ sin θ e−iφ

sin θ eiφ cos θ

)

Then

n̂·~σ
(

cos(θ/2)
sin(θ/2) eiφ

)
=

(
cos θ cos(θ/2) + sin θ sin(θ/2)

eiφ (sin θ cos(θ/2)− cos θ sin(θ/2))

)
=

(
cos(θ/2)

sin(θ/2) eiφ

)
,

verifying that ξ(↑) given at the top of page 68 is an eigenvector of spin in
the n̂ direction. What is being done in the middle of p68 is choosing the ηs

for antiparticles to be ξ−s.

An aside:
The somewhat arbitrary-looking definition ξ−s = −iσ2 (ξs)∗ comes from

the way the complex conjugate of the canonical spin 1
2

representation of ro-
tations transforms. For any representation M of any group, the complex
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conjugate M∗ is also a representation. For example, for SU(3) the anti-
quarks are the complex conjugate representation from the quarks, and these
representations are not equivalent. For SU(2), there is only one representa-
tion, up to equivalence, for each dimensionality, so the complex conjugate
of a spinor must be equivalent to a spinor, and M∗ must be equivalent to
M . That is, there exists a single matrix U such that M∗(g) = UM(g)U−1

for all elements g ∈ G in the group. Such a representation is called a
real representation, but it does not mean the elements of M are real.

For a spinor, a rotation by ~ω is represented by M(~ω) = e−iω`σ`/2 so

M∗(~ω) = eiω`σ
∗
`/2 = (−iσ2)M(~ω)(−iσ2)

−1. So if ξs, (s=1, 2), transform
by the canonical spin 1

2
representation, so do −iσ2 (ξs)∗.

A note on 3.145:
The difference between ∗ and † is a bit confused here. I would have left

off the −iγ2ψ∗(x) expression and just noted that in
(
ψ†

)T
the transpose acts

only in the four dimensional spinor space, not in the full Hilbert space in
which ψ acts.

For the general bilinear,

Cψ̄ΓψC−1 = Cψ̄aC
−1ΓabCψbC

−1

= (−iγ0γ2ψ)aΓab(−iψ̄γ0γ2)b

= (−i)2(−1)ψ̄γ0γ2ΓTγ0γ2ψ

= ψ̄
(
γ0γ2

)−1
ΓTγ0γ2ψ

Now (γ0γ2)
−1
γµγ0γ2 = −γµ T , because under transpose γµ changes sign for

µ = 1, 3 and doesn’t for µ = 0, 2, while the opposite occurs under commuta-
tion with γ0γ2. Thus if Γ is built of γµ’s, each one contributes a minus sign,
but also the order of the indices is reversed, which gives a minus sign if the
number of γµ’s with different µ’s is 2 or 3. Thus

Cψ̄ΓψC−1 = ψ̄Γψ for ψ̄ψ, ψ̄γ5ψ, ψ̄γµγ5ψ,
Cψ̄ΓψC−1 = −ψ̄Γψ for ψ̄γµψ, ψ̄σµνψ.

Please read pages 65-71.


