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Lecture 8 Oct. 1, 2007
Free Dirac Particles

Last time we learned that we could make a Dirac field

ψ =
(
ψL

ψR

)

with the Dirac equation
(iγµ∂µ −m)ψ = 0

arising from a Lagranian density

L = ψ̄(iγµ∂µ −m)ψ.

We learned that ψ transforms under Lorentz Transformations by

Lµν → Sµν =
i

4
[γµ, γν ] ,

and we saw that the Dirac equation implies the Klein-Gordon equation,
(∂µ∂µ + m2)ψ = 0, though it has more restrictions on the four complex
components of ψ. The matrices we are dealing with are defined by

γ0 =
(

02×2 1I2×2

1I2×2 02×2

)
, γi =

(
02×2 σi

−σi 02×2

)
,

and the six generators S are then

Sij =
1

2
εijk

(
σk 02×2

02×2 σk

)
, S0j = − i

2

(
σj 02×2

02×2 −σj

)
.

Thus

Jj =
1

2
εjk`L

k` ≈ 1

2
εjk`S

k` =
1

2

(
σj 02×2

02×2 σj

)
=:

1

2
Σj .

We will now continue with pages 45—51 of the text, with a few notes:

Near equations 3.49 and 3.50 it may be useful to note

E + p = m(cosh η + sinh η) = meη,

E − p = m(cosh η − sinh η) = me−η,

P± :=
(

1± σ3

2

)
=⇒ P 2

± = P±, P±P∓ = 0, so
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m
(
eη/2P− + e−η/2P+

)2
= E − ~p · ~σ = pµσ

µ

and similarly, by reversing the sign of ~p,

m
(
eη/2P+ + e−η/2P−

)2
= E + ~p · ~σ = pµσ̄

µ,

which justifies 3.50, for E > |~p|.
For 3.51, note that

pµσ
µpν σ̄

ν =
1

2
pµpν(σ

µσ̄ν + σν σ̄µ) = p2
0 − p2

i = p2.

In saying 3.50 satifies the Dirac equation, we are replacing ∂µ → −ipµ, so
Eq. 3.43 becomes ( −m p · σ

p · σ̄ −m
)
u = 0.

Don’t forget to carefully read pages 45-51, as
I will not be rewriting them!


