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Physics 615 Fall, 2007
Homework Solution #9

1 [10 pts] Find the spin-averaged cross section for an electron scattering
off a very heavy Dirac particle of charge e. Do not assume me ≈ 0, but
do take the limit that the other mass M goes to infinity. You can use the
expression just above 5.60 with the cross section formula 4.84, working in
the center of mass, which is the same as the lab frame in the M →∞ limit.

Solution 1 We want to evaluate the average over initial spins and sum
over final spins of the differential cross section. The electron’s energy and
momentum are (E, ~p) initially and (E,~p ′) in the final state, while the heavy
particle has energy M , and momentum (−~p) which is negligible compared to
M . The electron’s velocity v = β = p/E, while the heavy particle’s velocity
is ≈ 0. The spin averaged cross section is therefore(

dσ

dΩ

)
CM

=
1

2E 2M (p/E)

p

(2π)24(M + E)

1

4

∑
spins

|M|2.

In the expression above 5.60 for the sum of |M|2, the second trace be-
comes

M2 Tr
[
(γ0 + 1)γµ(γ

0 + 1)γν

]
= 4M2(gµν + δ0

µδ0
ν − gµν + δ0

µδ0
ν) = 8M2δ0

µδ
0
ν .

In the middle expression, the first gµν comes from the two 1’s, the rest
from γ0γµγ

0γν , without any contribution from one 1 and one γ0 because that
is the trace of an odd number of γ’s.

The first trace is

Tr [( 6p ′ + me)γ
µ( 6p + me)γ

ν ] = 4[p′µpν + p′ νpµ − gµν(p′ρp
ρ −m2

e)],

just following the result above 5.10. With the initial momentum along the z
axis, ~p = (0, 0, p) and ~p ′ = (p sin θ, 0, p cos θ), so p′ρp

ρ = E2 − p2 cos θ. Then
the first trace, with µ = ν = 0, becomes 4(E2 +p2 cos θ+m2

e). Also note that
qµ = p′µ − pµ = (0, p sin θ, 0, p(cos θ − 1)), so

q2 = −p2(sin2 θ + (cos θ − 1)2) = −2p2(1− cos θ) = −4p2 sin2 θ

2
.
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Putting this all together,

1

4

∑
spins

|M|2 =
e4

4(q2)2
32M2

(
2E2 − p2(1− cos θ)

)

and (
dσ

dΩ

)
CM

=
1

4(4π)2

e4

64p4 sin4 θ
2

32
(
2E2 − p2(1− cos θ)

)

=
α2

4p2β2 sin4 θ
2

(
1− β2 sin2 θ

2

)
.

2 [5 pts] Write the amplitude for Compton scattering

e−~p,s + γ~k,λ −→ e−~p ′,s′ + γ~k ′,λ′

for an electron of spin s and photon of polarization λ, as

iM = iελ′ ∗
µ (k′)ελ

ν(k)Mµν ,

where

iMµν = −ie2ū(p′)

[
γµ 6kγν + 2γµpν

2p · k +
−γν 6k ′γµ + 2γνpµ

−2p · k′

]
u(p),

as given in 5.74. Show explicitly what the Ward identity claims must be true,
namely that kνMµν = 0.

Solution 2

kνMµν = −e2ū(p′)

[
γµ 6k 6k + 2γµp · k

2p · k +
−6k 6k ′γµ + 2 6kpµ

−2p · k′

]
u(p) (1)

= −e2ū(p′)

[
0 + γµ +

6k 6k ′γµ

2p · k′ −
6kpµ

p · k′

]
u(p) (2)

= −e2ū(p′)

[
γµ +

6k( 6p + 6k − 6p ′)γµ

2p · k′ − 6kpµ

p · k′

]
u(p) (3)

= −e2ū(p′)

[
γµ +

2 6kpµ − 6kγµ 6p + 0− 2k · p′γµ + 6p ′ 6kγµ

2p · k′ − 6kpµ

p · k′

]
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u(p) (4)

= −e2ū(p′)

[
γµ +

2 6kpµ −m6kγµ − 2k · p′γµ + m6kγµ

2p · k′ − 6kpµ

p · k′

]

u(p) (5)

= −e2ū(p′)

[
γµ +

6kpµ

p · k′ −
k · p′γµ

p · k′ − 6kpµ

p · k′

]
u(p) (6)

= 0 (7)

In (2) we used 6k2 = k2 = 0, and in (3) we used momentum conservation
to substitute p + k − p′ for k′. In (4) we anticommuted 6p to the right to
act on u(p), and 6p ′ to the left to act on ū(p′), and in (5) we made use of
6pu(p) = m u(p) and ū(p′) 6p ′ = m ū(p′). Finally, if we square what momentum
conservation tells us, p − k′ = p′ − k, we find p · k′ = p′ · k, so everything
cancels.


