
Physics 615, 2007 Homework Sol. #2

We will repeatedly be using

δL =
(
∂µδxµ

)
L+ δφi

∂L
∂φi

+ (δ∂µφi)
∂L

∂∂µφi
+ δxµ δL

δxµ
(1)

to see if the transformation is a symmetry, δL = ∂µΛµ. If so, we can define
the conserved current

Jµ =
∂L

∂∂µφi

(
∂νφi

dδxν

dε
− dδφi

dε

)
− Ldδxµ

dε
+ Λµ. (2)

1) With δxµ = 0, δφi = Aijφj , and L = 1
2
∂µφi∂

µφi − 1
2
m2φ2, we have

∂L
∂φi

= −m2φi ,
∂L

∂∂µφi
= ∂µφi ,

δL
δxµ

= 0.

Thus

δL =
∑

i


∑

j

Aijφj


(−m2φi

)
+
∑

i


∑

j

Aij∂µφj


 (∂µφi)

=
∑
ij

Aij × (something symmetric under i↔ j) = 0.

Thus we have a symmetry with Λµ = 0, and

Jµ = ∂µφiAijφj, Q =
∫

J0d3x =
∑
ij

Aijφ̇iφj.

2) On homework #1, we found that we could reexpress the Lagrangian L =
1
2
∂µφi∂

µφi − 1
2
m2φ2, in terms of φ = (φ1 + iφ2)/

√
2 and its conjugate φ†, as

L = ∂µφ†∂µφ−m2φ†φ.

The internal symmetry transformation on the original fields δφ1 = εφ2,
δφ2 = −εφ1, implies

δφ =
εφ2 − iεφ1√

2
= −iεφ, δφ† =

εφ2 + iεφ1√
2

= iεφ†,
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which is just the infinitesimal version of φ → e−iεφ. We already know it is
a symmetry — in fact it is trivial that each term in L is unchanged. The
current

Jµ = (∂µφ1)φ2 − (∂µφ2)φ1 = iφ†↔∂µφ =: i
(
φ†∂µφ− (∂µφ†)φ

)
.

[Note we are treating the fields classically, not worrying about commuting
them.] The conserved charge is therefore

Q =
∫

d3xJ0(x) =
∫

d3x
(
φ†(x)φ̇(x)− φ̇†(x)φ(x)

)

=
∫

d3x
(
φ†(x)π(x)− π†(x)φ(x)

)
.

3) With δxµ = εaµ, δφi = 0, we have none of the four terms in (1) giving
any contribution, so again δL = 0 = Λµ. The current

Jµ = ((∂µφi)(∂νφi)− Lδµ
ν ) aν = aνT

νµ,

where the conserved energy-momentum tensor is

T νµ = (∂µφi)((∂
νφi)− 1

2
gνµ

(
(∂ρφi)(∂ρφi)−m2φ2

)
, so ∂µT νµ = 0.

The conserved charges are the total momenta,

P ν =
∫

d3x
[
φ̇i∂

νφi − 1

2
g0ν

(
(∂ρφi)(∂ρφi)−m2φ2

)]
.

For ν = j 6= 0, this is simply

P j =
∫

d3xφ̇i∂
jφi or ~P = −

∫
d3xφ̇i

~∇φi,

while for the zero component we have

P 0 = H =
∫

d3xH, where

H = φ̇iφ̇i − 1

2
(∂ρφi)(∂ρφi) +

1

2
m2φ2 =

1

2

[
(φ̇)2 + (~∇φi)

2 + m2φ2
]

is the Hamiltonian density.
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4) Again δφi = 0, but δxµ = εLµ
νx

ν . As the stream derivative of L is zero,
the only possible contribution to δL is the one with a factor of

∂µδxµ = εLµ
νδ

ν
µ = εLµνg

νµ = 0,

because L is antisymmetric while the metric g is symmetric. Thus we again
have a symmetry, with current

Jµ =
1

2
LνρMµνρ =

1

2
((∂µφi)(∂νφi)− Lδµ

ν )Lν
ρx

ρ =
1

2
T µ

νL
ν
ρx

ρ,

so Mµνρ = T µνxρ − T µρxν , with the explicit antisymmetrization necessary
because Lνρ is an arbitrary antisymmetric matrix.

5) With δxµ = εxµ the infinitesimal form of a scale transformation, we might
expect φi to scale as well, with some dimension D, or φ′

i(x
′) = (1+ε)−Dφi(x),

which is infinitesimally δφi = −Dεφi, and as

∂

∂x′µ φi(x
′) = (1 + ε)−1 ∂

∂xµ
(1 + ε)−Dφi(x) = (1 + ε)−D−1∂µφi(x),

we have δ∂µφi = −(D + 1)ε∂µφi. [This may also be seen from the general
equation δ∂µφi = (δxν)∂µ∂νφi + ∂µ�φi = ∂µδφi − (∂µδxν)∂νφi, which in our
case is ∂µ(−Dε)φi − (∂µεxν)∂νφi = −(D + 1)ε∂µφi.]

In this case the first term in (1) does give a contribution,

∂µδxµ = εδµ
µ = 4ε,

so

δL = ε
(
4L+ Dm2φ2 − (D + 1)(∂µφi)∂

µφi

)
= ε

[
(1−D)(∂µφi)∂

µφi + (D − 2)m2φ2
]
.

For this to vanish, the first term requires D = 1, the canonical dimension
for a scalar field (in four dimensional space-time), but then the second term
vanishes only if m2 = 0. That is, dilation is a symmetry only for the massless
scalar field. This is not surprising, as a fixed mass sets a scale of mass, energy,
and length, the latter two because c = 1 and h̄ = 1 respectively.

With m = 0, the dilatation current is

Jµ = (∂µφi) ((∂νφi)x
ν + φi)− Lxµ = T µ

νx
ν +

1

2
∂µφ2.
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The dilation charge is therefore

Q =
∫

d3xJ0 =
∫

d3x(T 0
νx

ν + φφ̇).
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