
Physics 615 Fall, 2007
Homework Solutions #1

1) From the Euler-Lagrange equations for L = 1
2
∂µφi∂

µφi − 1
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Thus both components obey (∂µ∂µ + m2) φi = 0, and therefore so do the
linear combinations φ and φ†, where
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2
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In terms of φ and φ†,
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and
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so
L = ∂µφ†∂µφ−m2φ†φ.

If we pretended that φ and φ† are independent individual degrees of freedom,
we would write
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which are the same equations, of course.
For the Hamiltonian density
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as

πi =
δL

δφ̇i

=
∂L
∂φ̇i

.

This can be reexpressed in terms of the complex field:

H = φ̇†φ̇ + ~∇φ† · ~∇φ + m2φ†φ.

If we treat φ and φ† as independent, we would define

π =
∂L
∂φ̇

= φ̇†

π† =
∂L
∂φ̇† = φ̇.

Then

H = π†φ̇† + πφ̇− L = φ̇φ̇† + φ̇†φ̇−
(
φ̇†φ̇− ~∇φ† · ~∇φ−m2φ†φ

)

= φ̇φ̇† + ~∇φ† · ~∇φ + m2φ†φ,

exactly the same as when “done right”.

2) With
Fµν = ∂µAν − ∂νAµ,

we have

L = −1

4
F µνFµν = −1
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Then using the covariant forms of variations, δ̃, we have

∂L
∂Aµ

= 0,
∂L

∂(∂νAµ)
= ∂µAν − ∂νAµ = F µν ,

so the equations of motion are

∂ν∂
µAν − ∂ν∂

νAµ = ∂νF
µν = 0.

With Ej = F j0 and εijkB
k = −F ij (and therefore Bk = −1

2
εkijF

ij), this
gives, for µ = 0

∂jF
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while for µ = j we have

∂0F
j0 + ∂iF

ji = Ėj + ∂iεijkB
k = ~̇E − ~∇× ~B = 0.

The first of these is Gauss’s law in vacuum, and the second is Ampère’s law,
including the displacement current. What about the other two laws? The
magnetic version of Gauss says

~∇ · ~B = ∂iB
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because ∂i∂j is symmetric under i ↔ j while the ε is antisymmetric. And
Faraday’s law
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)
j

= εjk`∂kE` + ∂0Bj = εjk`∂kF
`0 − 1

2
∂0εjk`F

k`

= εjk`

[
∂k

(
∂`A0 − ∂0A`

)
− ∂0∂

kA`
]

= 0.

Thus the magnetic version of Gauss’ law and Faraday’s law are consequences
of the treatment of Aµ as the degrees of freedom, while Ampère’s law and
the electric version of Gauss’ law, which are modified in the presence of
charges and currents, are consequences of the equations of motion. To intro-
duce charges and currents, we will need to add an interaction term to the
Lagrangian,

To derive the canonical momenta

Πµ :=
δL

δȦµ
= ∂µA0 − ∂0Aµ = Fµ0,

so (
~Π

)
j
= Πj = F j0 = Ej , but Π0 = F 00 = 0.

One of the momenta is thus identically 0, and we cannot solve for the four
Ȧµ in terms of the three independent Πµ. We can write

Ȧi = ∂iA0 − F i0 = ∂iA0 − Πi

but we have no equation for Ȧ0.



3) As before,
∂L

∂(∂νAµ)
= ∂µAν − ∂νAµ = F µν ,

but now
∂L
∂Aµ

= −jµ,

so the equations of motion are
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With Ek = F k0 and εik`B
` = −F ik (and therefore Bk = −1
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gives, for µ = 0

∂kF
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while for µ = k we have

∂0F
k0 + ∂iF

ki = Ėk + ∂iεik`B
` = ~̇E − ~∇× ~B = −jk.

The first of these is Gauss’s law in vacuum, and the second is Ampère’s law,
including the displacement current.

What about the other two laws, ~∇ · ~B = 0 and ~∇× ~E + ~̇B = 0? They
came directly from the expression for F µν in terms of Aρ, so are independent
of the equations of motion, and unchanged by the source term.

As
∂νF

µν = jµ,

∂µjµ = ∂µ∂νF
µν =

1

2
[∂µ, ∂ν ] F

µν = 0,

because F µν = −F νµ, and we are summing over dummy indices. Thus unless
∂µjµ = 0 we have an inconsistence with the equations of motion. This is the
requirement of current conservation.


