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Physics 615 Nov. 1, 2007
Homework Solutions #8

1 [10 pts] Do problem 5.2 from Peskin and Schroeder, which is to calculate
Bhabha scattering, the e+e− differential elastic scattering, unpolarized, to
lowest order in QED. You may assume Ecm � me, so set me to zero, except
that in discussing the divergence when θ → 0, please explain whether the
electron mass removes the divergence.

Solution 1 There are two contributions to the amplitude we need to
calculate,

(2π)4δ4(p+ k − p′ − k′)iM =
∫

d4x

(2π)4

∫
d4y

(2π)4
〈p′k′|

(
−ieψ̄(x)γµAµ(x)ψ(x)

)
(
−ieψ̄(y)γνAν(y)ψ(y)

)
|pk〉 ,

depending on whether the HI that annihilates the incoming electron also
annihilates the incoming positron, or whether it creates the outgoing electron.
The first contraction involves

〈0| bk′ap′ψ̄γµψψ̄γµψa
†
pb

†
k |0〉 ∼ +ū(p′)γµv(k′)v̄(k)γµu(p) Fig (a)

and the second is

〈0| bk′ap′ψ̄γµψψ̄γµψa
†
pb

†
k |0〉 ∼ −v̄(k)γµv(k′)ū(p′)γµu(p) Fig (b)
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Thus the scattering amplitude is

M = ū(p′)(−ieγµ)v(k′) v̄(k)(−ieγν)u(p)
−igµν

s+ iε

−v̄(k)(−ieγµ)v(k′) ū(p′)(−ieγν)u(p)
−igµν

t+ iε

= ie2
ū(p′)γµv(k′) v̄(k)γµu(p)

s+ iε
− ie2

v̄(k)γµv(k′) ū(p′)γµu(p)

t+ iε
.

Working in the center of mass, summing over final spins and averaging over
initial spins, we have

dσ

dΩ
=

1

4

∑
rr′ss′

1

64π2Ecm

|M(ps+ kr → p′s′ + k′r′)|2 =
e4

256π2s

∑
rr′ss′(

ūs′
(p′)γµvr′

(k′) v̄r(k)γµu
s(p)

s+ iε
− v̄r(k)γµvr′

(k′) ūs′
(p′)γµu

s(p)

t+ iε

)

×
(
v̄r′

(k′)γνus′
(p′) ūs(p)γνv

r(k)

s+ iε
− v̄r′

(k′)γνvr(k) ūs(p)γνu
s′
(p′)

t+ iε

)

=
e4

256π2s

∑
rr′ss′

(

ūs′
(p′)γµvr′

(k′) v̄r′
(k′)γνus′

(p′) v̄r(k)γµu
s(p) ūs(p)γνv

r(k)

s2

− ū
s′
(p′)γµvr′

(k′) v̄r′
(k′)γνvr(k) v̄r(k)γµu

s(p) ūs(p)γνu
s′
(p′)

st

− v̄
r(k)γµvr′

(k′) v̄r′
(k′)γνus′

(p′) ūs′
(p′)γµu

s(p) ūs(p)γνv
r(k)

st

+
v̄r(k)γµvr′

(k′) v̄r′
(k′)γνvr(k) ūs′

(p′)γµu
s(p) ūs(p)γνu

s′
(p′)

t2

)

Let us pause here for some simplifications. First, α := e2/4π. Then note
s = (p+k)2 = 2p ·k = (p′+k′)2 = 2p′ ·k′, t = (p′−p)2 = −2p ·p′ = (k′−k)2 =
−2k · k′, and u = −s− t = (p′ − k)2 = −2p′ · k = (p− k′)2 = −2p · k′, where
we have used p2 = p

′ 2 = k2 = k
′ 2 = m2

e ≈ 0, and s+ t+ u = 4m2
e ≈ 0. Now

dσ

dΩ
=

α2

16s

( 1

s2
Tr ( 6p ′γµ 6k ′γν) Tr ( 6kγµ 6pγν)− 1

st
Tr ( 6p ′γµ 6k ′γν 6kγµ 6pγν)

− 1

st
Tr ( 6kγµ 6k ′γν 6p ′γµ 6pγν) +

1

t2
Tr ( 6kγµ 6k ′γν) Tr (6p ′γµ 6pγν)

)
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The traces are

Tr ( 6kγµ 6pγν) = 4(kµpν + kνpµ − k · pgµν)

Tr ( 6p ′γµ 6k ′γν 6kγµ 6pγν) = −2 Tr (6p ′γµ 6k ′ 6pγµ 6k) = −8p · k′ Tr ( 6p ′ 6k)
= −32p · k′ p′ · k,

Tr ( 6kγµ 6k ′γν 6p ′γµ 6pγν) = −2 Tr (6kγµ 6k ′ 6pγµ 6p ′) = −8k′ · pTr ( 6k 6p ′)

= −32k′ · p k · p′.

dσ

dΩ
=

α2

s

(
(s−2 (p′µk′ ν + p′ νk′µ − p′ · k′gµν) (kµpν + kνpµ − p · kgµν)

+4s−1t−1k′ · p k · p′
+t−2 (kµk′ ν + kνk′ ν − k · k′gµν)

(
p′µpν + p′νpµ − p′ · pgµν

))

=
α2

s

(
s−2 (2p′ · k k′ · p + 2k · k′ p · p′)
+t−2 (2k · p′ k′ · p+ 2k · p k′ · p′) + 4s−1t−1k · p′ k′ · p

)

Once again we use s, t and u, with

p ·k = p′ ·k′ = s/2, p ·k′ = p′ ·k = −u/2 =
1

2
(s+ t), k ·k′ = p ·p′ = −t/2.

so

dσ

dΩ
=

α2

2s

(
u2 + t2

s2
+
u2 + s2

t2
+ 2

u2

st

)

=
α2

2s

(
u2
(

1

s
+

1

t

)2

+
t2

s2
+
s2

t2

)
.

Integrating
∫ 2π
0 dφ gives

dσ

d cos θ
=
πα2

s

(
u2
(

1

s
+

1

t

)2

+
t2

s2
+
s2

t2

)
.

In terms of scattering angles,

t = −s
2
(1− cos θ) = −s sin2(θ/2), u = −s+

s

2
(1− cos θ) = −s cos2(θ/2),
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so
dσ

d cos θ
=
πα2

s

(
cos8(θ/2)

sin4(θ/2)
+ sin4(θ/2) +

1

sin4(θ/2)

)
.

or
dσ

d cos θ
=
πα2

2s

(
3 + cos2 θ

1− cos θ

)2

.

The divergence as θ → 0 comes from t =
−2~p 2(1 − cos θ) → 0, which is correct even if
we don’t ignore the masses, and the fact that
|M|2 has a term which goes like t−2 due to the
masslessness of the exchanged photon. This
is nothing new — the Rutherford crosssection
also has a sin4(θ/2) in the denominator.
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