Physics 615 Oct. 18, 2007
Homework Solutions #6

1 [15 pts] Do problem 3.5 from Peskin and Schroeder. This is the simplest
presentation of a model with supersymmetry. Note that the F field does not
correspond to particles, as its field equation is not an equation of motion, so
to express the particle content of this action F' needs to be solved for and
the expression substituted back into the Lagrangian.

Solution 1 (a) We are going to consider the theory with Lagrangian
density

Lo = (0,6")0"¢ + xi6"0,x + F*F, (1)

where ¢ is a complex scalar field, x a two component left handed Weyl spinor,
and F' a complex scalar which will turn out not to describe any particles.
We are going to consider a symmetry with an infinitesimal global Grassmann
parameter which transforms like a left handed Weyl spinor producing the
infinitesimal changes in the fields: Under the changes

5¢p = —ielo?y, (2)
§x = €eF+ 09,90, (3)
§F = —ie'5"9,x. (4)

This produces the change in £y given by

§Ly = (—ie"0?0,x)*0"d + (0,0")0" (—ie" o))

+(eF + 0"0,00%€)1i5" 0, x + x'i6"0,(eF + 0”0, p0%c")
+(—ie'd"0,x) F — iF*€'6"0,,x

= (0. X)€" ¢ — (0,97l 7?0
+iF* €570, x + il 0?05 (0,x) 0" + x1ic" €D, F
+z’XT5“8Ma” L po’et + i(@uXT)é“eF — iF*eTé"aﬂX

= 0, (x'o%e*0"p) —ix'o?e*0,0" ¢
0" (0,60 ) + (0" 0,8 o
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+i0, (€' 0*0"5" x0,0%) — ie’ ?a" 5" XD, 0,0
+i0, (x5 eF) — i(9,x")a"eF
+ix'o?e*(9,0"¢) +i(9ux)a"eF
= 0, (XT026*8“¢ — (0,9%) e o*x
+iel o205t x 0, ¢ + XT5“6F)
—ix'0%€0,0"p +i(0"0,0%) e o*x
—iel o?x0"0,0" + ixtoe* (0,0 9)
= 0, (XT026*8“¢ — (0,0")e" a*x + i a0V 5"\ 0, 9" + XTﬁ”eF)

(b) For
AL = [m¢oF + ?){fcﬂx] + hermitean conjugate,
S(moF) = —ime’ o®xF —imge'a"0,x,
s(x"a*x) = (o) 0" x +x"o%ox =2x" 06X, so
6(%)?0%() = imx" o%eF +imy  o’c"0,¢ o€
= imel o*yF — ime“‘ﬂ‘x@,ﬁ
SO

SAL = —imd,(e'5"x¢) ~ 0.

Now let us find the “equation of motion” for F’ which follows from the full
Lagrangian £ = Lo+AL. As there are no derivatives of F in this Lagrangian,
the field equation is 6L/0F = 0 = F* + m¢, so F = —m¢*, F* = —mo,
which we see are not equations of motion, but rather constraint equations.
Eliminating F' and F™* by substitution into the lagrangian, we find

m

L= (0,0")0"¢ + x'ic"0,x — m?¢* ¢ + 5

(x"o*x = xTo’x").

We saw in the last problem that the x”o?y — xTo?x* term gives x a mass m,
while homework #1 problem #1 showed us —m?¢*¢ gives the ¢ particles a
mass m.
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(c) The variation of G[¢], a function of several ¢; but not explicitly of ¢} or
the other fields, under an infinitesimal transformation is just

_ 0G[J]
Applying this to G = W [¢]/0¢; and G’ = O°W[¢]/0¢;0¢;, in

oWle] | i 32W[¢]

.+ hermitean conjugate,

we have

Wl | Wi oW
0¢; " 0¢;00; it 28¢i3¢j8¢k

W (J] o
o) h it t
8¢Z8¢j X; + hermitean conjugate.

Under the single supersymmetry transformation

SAL = GF, (06T oy

+

d0p; = —ZETU2X],
ox; = €Fj+0"0,0; oe",
0F;, = —iefﬁ”auxj.

we have

_ _(9W[¢] o o 82W[¢] T 2
AL = —i 90, Uaqu Fi@@@@ ooX;
1 PWIE ¢+ o 1,
58@6@8@.)@0 XG€ 0 Xk
aQWM Lo

06:00;

The second term on the first line cancels the eF' term in the last line, and the
XL o?0t9,¢; o%e* can be simplified to —efd"x;0,¢; but how can we possibly
cancel the first term, the only one involving only a single derivative of the
arbitrary function W7 Remember that we need to cancel it only up to a
total derivative, and

G
%,

+1 (eF; + 0"0,¢; o%¢*) + hermitean conjugate

0*Wg]
9¢:00;

ow
GTﬁuauXi _ _wﬂ(ﬂ = HX) + i’ 5 i 0,65,

9¢i
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and the last term cancels the one we just simplified. This leaves us with only
the
OW|g]

00i0¢;0¢xk
term. The first factor is totally symmetric under permutations of (i, j, k),
while the remaining factor is proportional to X;‘an’XZa where r,s,t are the
spin indices which can only take on the two values 1 and 2. But this Grass-
man product is totally antisymmetric under any combined permution of (ijk)
with the same permutation of (rst), and as it is multiplied by something
unchanged by the former, only the part totally antisymmetric under permu-
tations of (rst) will survive, and there cannot be any such as two of 7, s,t
must be equal. Thus we have shown the variation of the full Lagrangian is
invariant up to a total derivative under the supersymmetry.

T 2. T 2
Xi O XG€ 0 Xk

For W = g¢?*/3 with only one set of fields,
L= Lo+ gF¢* +igopx" o’x + gF* 6" +igp*x'o?x".

The field equations for the auxiliary fields give F' = —g¢?* and F* = —g¢?,
so the remaining equations are

oL oL
= I ok * ok s T 2 %
0 "60,0* o 0,0"p — 29F"¢" +igx'o”x
= 0,0"9 + 290" +igx'o?x*
0L oL
— o ] . * 2. %
0 a”—éﬁuXT v 100, x + 2igp o X"

Thus we have a theory with Weyl fermions coupled with a Yukawa coupling
to scalar fields, but the charges are not obvious. While £ is invariant under
separate phase changes for ¢, F' and Y, the interaction AL, with W oc ¢3,
requires the charge of F' to be —2 times the charge of ¢, and that of ¢ to be
—2 times that of x. So we do have charge conservation with ¢r = 4q,,qy =

—2qy.



