Physics 615 Sept. 27, 2007
Homework Solution #3

1) In lecture we defined the Pauli-Lubanski vector

1
W = e P,L

PO

built of the generators of the Poincaré group. Show that

(a) W+ P, =0,

and that its square is a Casimir operator of the Poincaré group, that is

(b) [WHWIM Pu] =0,

(c) [WHW,s, Las] = 0.

Also show, if you haven’t already, that P? is also a Casimir operator of the
group.

It may be useful to examine whether your evaluation of [L,g, W*#] is what
you would expect for a general vector, [Lag, V*|, and also to show that the
vector properties implied by the indices do transform correctly under com-
mutator with L,g. That is, V#F}, should commute, and the c-numbers g,

and €,,,,, which of course do commute with all operators, should commute
with Lorentz transformations despite having Lorentz indices.

Solution 1  We will need the commutators of L’s and P’s with each other,

[La[% L’Yd 190~ Lgc — 193+ La¢ = 1gac Lﬁ'y +ig9¢p La'y (1)
[Laﬂ7 PV} - _igﬁuPa + igaupﬁ (2)
[P* P = 0 (3)

As WH = %e“o‘ﬁ’yPaLm,

1 1
[W&m:§wmgﬂwjﬂzywmg0am&+w@apﬂ (4)

so, of course, [WH*W,, P,] = 0.

1 107 1 Q,
(W, LVP} = §€H 7 [P Llfp] Lgy + §€H 7P, [Lﬁw Llfp}
1 .. . .
= 56“ By (i9pa Py — i9vaP,) Lay
1 ) . . .
+§6W'BVPO‘ (1980 Lyp = 9y Lgp — i95p Loy + 19,y L)
(5)

Do we believe this? A vector should transform as P does, so we would
expect
[(WH, Ly,] = i0hW,, — i, W, (6)

There are two ways we can verify that, in fact, (6) is correct. The first is
to notice that because of the contraction with the epsilon, the a, 3, indices
in the parentheses in (5) may be permuted, changing the sign if necessary, so
we can replace g, Py L, and —g,, P, Lg, with g, P, Lg, and —g., P3L,, and
also replace —g3,P,L~, and g, P, Lg, with g.,FPsL~, and —ga,P;Lg,. Thus

(W*, Ly,| = %euaﬁv (gap {Py Ly + PsLoy + PyLys}

—Yav {PpLﬁv + PgL., + P’YLP/B}) (7)

The expression in each of the {}’s is totally antisymmetric in the three indices,
and can therefore be written in terms of W, for

1 OT
€ppyuW" = §€pﬁw6# PoLor = PyLyg + PgLpy + Py Lg,.

Thus we see that

Z’ 167 T T

W Lop) = 5 (G IV = W)
/I; QY T (6% T
= 5(904/)6# ﬂ’yeTVﬁ’yW + goa/dL ﬁ’yeprﬁ'yW )

= i(Gap (0405 — 628V + goy (8405 — 3554 W)
= igy,W" — i W, + idh W, — ig,, W*
= iOMW, — 0L W, (8)



just what it should be!

The second way to find that W# transforms by (6) the way it should is
to prove our suspicions, that quantities made with vector indices transform
the way we think under commutator with L,g, that is, any vector V, obeys

just as P does in (2). A tensor with two indices should have each one trans-
form that way,

[Lag: Tre] = —igpyTac + igayTpc — ig9scTha + igacTys
If the tensor is antisymmetric, like L itself,

[Lag, Ty¢c] = 190y Tpc — 198y Tac = 19ac Ty + 19¢8 Tor,s

which is Eq. (1) if 7" is L. So the Lorentz tensors do transform correctly.
Does g, transform correctly? As it is a c-number, it commutes with Lz,

but if it transforms as a tensor,

- igﬂugua + igauguﬁ =0

[Laﬂy g;w] - _igﬂugav + igaug,ﬁ‘l/

as ¢ is symmetric. So we see that not changing is just what it is supposed to
do.
Do contractions behave correctly? If V,, and W, transform as P,, then

[Log, V,W"] =19, VaW" 4+ 1go VW

= —ZVan + ZVg

Vi85V, W+ 10,7V, W
a —ZVgWa+lVaW5—0

so contracted indices don’t contribute to the commutator. This means any
compound object we make of components which transform properly by com-
mutation with L,z will also do so.

In particular, that means the Minkowski square of any vector which trans-
forms properly under Lorentz transformations will commute with the Lorentz
generators, and will be a Casimir operator of the Lorentz group, Thus P2,
which also commutes with the Poincaré generators P,, is a Casimir operator
of the Poincaré group.

Now for constructing W* we also need the € tensor. For €,,,,

[Laﬂv Euupo} = _igﬁueaupa + igaueﬁupo - igﬂueuapo + igayeuﬁpa

_igﬂpqu/a(r + igap@wﬂo’ - igﬁof;wpa + Z.gaaeﬂupﬁ

Is it clear this vanishes? It is antisymmetric in pu, v, p, o, so contracting with
e"P? will tell us whether it is zero or not. We have

[Lags €uwpo] €77 = —igpu€anpo™” — i96u€uapc€™” — 196p€pmace™"”
_igﬁae;wpaelwp - (Oé he ﬂ)
= —06igs,0} — 6igs,0, — 6igs,05 — 6igs,0,
—(a < pB)
= —24igs, — (o < () = 0.

Thus not changing under commutation with L.z, which as a c-number is
of course what e does, is just what it should do to transform as a totally
antisymmetric tensor.

Thus all the components of W#* = 26“”’)"]3 L,, transform properly and
W# must as well. Furthermore, W2 = W#WW, must transform like a scalar,

(WHW,,, Lag] = 0.

2)  Consider a single real free scalar field with the Klein-Gordon Lagrangian.

(a) Find the expression for 7" in terms of ¢, 7, and V.

(b) J(1)

(c) K(t)
as integrals over products of ¢(Z) and m(%). [Recall J = (Las, La1, L12) and
K = (Lo1, Loz, Lo3).] From these results, find the values of

(d) [PH(t), ¢(7,1)],
(e) [J(2), o(1)]
(£) [K(1), (2. 1)]



at equal times, in terms of ¢(Z) and its derivatives.

Solution 2 As we found on the last homework, the transformation of a
scalar under translation gives the energy momentum tensor

T = (0'0)0°0 — Lo = (9'6)00 — 2g" ((079)0,0 — m*).
The conserved charge for translations is the total 4-momentum

= /d?’xTOV(:E, t),
whose zeroth component is, of course the energy or Hamiltonian

P (5

and the total 3-momentum is

SV + 3t

—

Bt) = Pi(t / Ban(Z,6)V(T, 1).

Now we need

L(t / B MO (),
where from the last homework we know
MW () = aPTH — oV THP,
S0

() = /f d(x) (2P0 p(x) — 2 P(x))

5 (@0™ — 29%) (07 0(0),0(a) — m?6*(x)) }.

For the rotations, we have

L” /d3x77 xjam( ) — x jcﬁ(ac)> ,

where the minus sign comes from lowering the index on the partial derivative
to make it an ordinary gradient. For the boosts,

Y1) = '/d?’a:{(i)(x) (#98°0(x) — 2P ()
5 (#99 — 229 (07 6(),0(a) — m*"(2))}

/ dx{n(z) (n(x) + t0,0(x))

20! (72(e) — (Fo(a))? — m*6*()) }

= [ ( Pr2(z) + tn(z) j¢(x)+%xj(%(x))2+%m2xﬂ¢2(x)>.
From the commutation relations (at equal time)

[(b(f’ t)7¢<f/7t)] =0, [¢(f> t)aﬂ-(f/?t)] = 7;63(5_5/)7 [77(3_57 t)777(i:/7t>] =0,

we have
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