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1. Introduction
Linear algebra is of course very important in many areas of physics. Among them:

1. Tensor analysis - used in classical mechanics and general relativity.

2. The very formulation of quantum mechanics is based on linear algebra: The states in
a physical system are described by “rays” in a projective Hilbert space, and physical
observables are identified with Hermitian linear operators on Hilbert space.

3. The realization of symmetry in quantum mechanics is through representation theory
of groups which relies heavily on linear algebra.

For this reason linear algebra is often taught in physics courses. The problem is that
it is often mis-taught. Therefore we are going to make a quick review of basic notions
stressing some points not usually emphasized in physics courses.

We also want to review the basic canonical forms into which various types matrices
can be put. These are very useful when discussing various aspects of matrix groups.



For more information useful references are Herstein, Jacobsen, Lang, Eisenbud, Com-
mutative Algebra Springer GTM 150, Atiyah and MacDonald, Introduction to Commutative
Algebra. For an excellent terse summary of homological algebra consult S.I. Gelfand and
Yu. I. Manin, Homological Algebra.

We will only touch briefly on some aspects of functional analysis - which is crucial to
quantum mechanics. The standard reference for physicists is:

Reed and Simon, Methods of Modern Mathematical Physics, especially, vol. 1.

2. Basic Definitions Of Algebraic Structures: Rings, Fields, Modules, Vec-
tor Spaces, And Algebras

2.1 Rings

In the previous chapter we talked about groups. We now overlay some extra structure on
an abelian group R, with operation + and identity 0, to define what is called a ring. The
new structure is a second binary operation (a,b) — a-b € R on elements a,b € R. We
demand that this operation be associative, a - (b-¢) = (a-b) - ¢, and that it is compatible
with the pre-existing additive group law. To be precise, the two operations 4+ and - are
compatible in the sense that there is a distributive law:

a-(b+c)=a-b+a-c (2.1)

(a+b)-c=a-c+b-c (2.2)

Remarks

1. A ring with a multiplicative unit 1p such that a -1z = 1p - a = a is called a unital
ring or a ring with unit. One needs to be careful about this because many authors
will simply assume that “ring” means a “ring with unit.” !

2. If a-b=">-a then R is a commutative ring.

3. If R is any ring we can then form another ring, M, (R), the ring of n X n matrices
with matrix elements in R. Even if R is a commutative ring, the ring M, (R) will be
noncommutative in general if n > 1.

Example 1: A good example of a ring is R = Z with + and - being the usual notions of
addition and multiplication. Note that R is just a monoid, not a group with respect to -.

Example 2: Another good example is R = Z/nZ again with 4+ and - inherited from the
usual addition and multiplication on Z. As we have discussed many times, Z/nZ as an
Abelian group with + is isomorphic to the group of n'® roots of unity where the Abelian

!Some authors use the term “rng” — pronounced “rung” - for a ring possibly without a unit. We will
not do that. Similarly, one can define a notion called a “rig” - which is a ring without negatives. That is,
it is an abelian monoid with the operation + and a compatible multiplication -.



group law is multiplication of complex numbers. Note that the ring structure is not so
natural in the latter picture. If we considered the n'* roots of unity as isomorphic to Z /nZ
as a ring the multiplication law would be:

ky kg - kiko
e271'1 - _627r1 = eZm—n (23)

It is well-defined and perfectly sensible. But it is not ordinary multiplication of complex
numbers!

Example 3: Let U C C be an open set in the complex plane and consider O(U), the set of
all holomorphic functions on U. This is a ring with the obvious addition and multiplication
of holomorphic functions. Note that we will not have inverses for the multiplication law
because some holomorphic functions on U will have zeroes in U.

2.2 Fields

Definition: A commutative ring R such that R* = R — {0} is also an abelian group with
respect to - is called a field.
Two examples of fields which we have used again and again are R and C.

Some important examples of rings which are not fields are

1. Z.
2. Z/NZ, when N is not prime.

3. If R is any ring then we can form the ring of polynomials with coefficients in
R, denoted R[x]. Iterating this we obtain polynomial rings in several variables
Rlzy,...,xy,). Similarly, we can consider a ring of power series in x.

4. Let U be an open subset of the complex plane (or of C™) then we can consider the
ring O(U) of holomorphic functions on U.

Some important examples of fields closely related to the above examples:

1. Q
2. Z/NZ, when N = p is prime.

3. For the ring of polynomials R[x] we can consider the associated field of fractions

p(x)/q(x) where ¢(x) is nonzero. This is an example of “localization.” &Check. R has to
be a PID? &

4. Let U be an open subset of the complex plane (or of C™) then we can consider the
field M(U) of meromorphic functions on U.



2.2.1 Finite Fields

A beautiful theorem in algebra (see, e.g. the book by Jacobsen) states that the finite fields
must have order ¢ = p* which is a prime power. Moreover, up to isomorphism, the field is
unique and it is variously denoted as F, or GF(q). For k =1, i.e. ¢ = p we can identify
F, with Z/pZ.

For k > 1 the field F,x is not to be confused with the ring Z./p*Z. For example
R = Z/AZ is not a field with the usual ring multiplication. For example 2 € R* and
2 -2 = 0mod4. One way to represent the field Fy is as a set

Fy ={0,1,w,w} (2.4)
with the relations
O+z=z Vx € Fy
r+x=0 Ve eFy
l+w=w
l1+o=w
wtw=1
(2.5)
0-z=0 Vx € Fy
l-z==x Ve € Fy
w-w=1
w-w=w
w-w=w

Note that although w?® = @ = 1 you cannot identity w with a complex number the third
root of unity: This field is not a subfield of C.

The field F, can be identified with an “extension” field of IF, where the polynomial
equation X9 — X = 0 has q roots.

1. Finite fields are sometimes used to define special groups with interesting properties.
For example, it makes sense to speak of SL(n,F,) and these finite groups have very
beautiful properties.

2. Finite fields are often used in the theory of classical and quantum error-correcting
codes.

2.3 Modules

Definition A module over a ring R is a set M with a multiplication R x M — M such
that for all r,s € R and v,w € M:

1. M is an abelian group wrt +, called “vector addition.”



2. r(v+w)=rv+rw
3. r(sv) = (rs)v
4. (r+s)v=rv+sv

Axioms 2,3,4 simply say that all the various operations on R and M are compatible
in the natural way.

Remarks:

1. If the ring has a multiplicative unit 1z then we require 1g - v = v.

2. If the ring is noncommutative then one should distinguish between left and right
modules. Above we have written the axioms for a left-module. For a right-module
we have (v-7)-s=wv-(rs).

3. There is an important generalization known as a bimodule over two rings Rj, Ro.
A bimodule M is simultaneously a left Ri-module and a right Re-module. A good
example is the set of n X m matrices over a ring R, which is a bimodule over R; =
M, (R) and Ry = M,(R).

4. Any ring is a bimodule over itself. For a positive integer n we define the module R"
of n-tuples of elements of R by componentwise addition and multiplication in the
obvious way. This is an R-bimodule and also an M, (R) bimodule.

5. In quantum field theory if we divide up a spatial domain into two parts with a
codimension one subspace then the states localized near the division is a bimodule
for operators localized on the left and the right of the partition.

Examples:

1. Any Abelian group is a Z module, and any Z-module is just an Abelian group.

2. Meromorphic functions with a pole at some point 2y in the complex plane with order
< n. These form an important example of a module over the ring of holomorphic
functions.

2.4 Vector Spaces

Recall that a field is a commutative ring such that R* = R — {0} is also an abelian group.
Let k be a field. Then, by definition a wvector space over k is simply a xk-module.
Written out in full, this means:

Definition . V is a vector space over a field k if for every a € k,v € V there is an element
av € V such that

1. V is an abelian group under +

&In the rest of the
notes we need to
change notation for
a general field from
to k since k is

often also used as
an integer or a
momentum. &



2. a(v+w) =av+ aw
3. a(Bv) = (B
4. (a+ p)v=av+ pv

5. lv=w

for all o, 8 € k,v,w eV

For us, the field x will almost always be kK = R or kK = C. In addition to the well-worn

examples of R” and C™ two other examples are

1. Recall example 2.9 of Chapter 1: If X is any set then the power set P(X) is an
Abelian group with Y7 + Y5 := (Y1 — Y3) U (Y2 — Y7). As we noted there, 2Y = (). So,
P(X) is actually a vector space over the field Fo.

2.5 Algebras

So far we have taken abelian groups and added binary operations R x R — R to define a
ring and R X M — M to define a module. It remains to consider the case M x M — M.
In this case, the module is known as an algebra.

Everything that follows can also be defined for modules over a ring but we will state

the definitions for a vector space over a field.

Definition An algebra over a field  is a vector space A over x with a notion of multipli-

cation of two vectors
AxA—= A (2.6)

denoted:
ai,a2 €A —a1Oazy €A (27)

which has a ring structure compatible with the scalar multiplication by the field. Con-
cretely, this means we have axioms:

i) (a1 +a2) ®az =a1 ®as+az ®as

ii.) a1 ©® (a2 +a3) = a1 ©® az + a1 © ag

iii.) a(a © a2) = (aay) ©® ag = a1 © (aag), Va € k.

The algebra is unital, i.e., it has a unit, if 314 € A (not to be confused with the
multiplicative unit 1 € k of the ground field) such that:

iv) ly0a=a0lyg=a

In the case of rings we assumed associativity of the product. It turns out that this is
too restrictive when working with algebras. If, in addition, the product of vectors satisfies:

(a1 ®az) ®az =a1 ® (a2 © as) (2.8)

for all a1, as,a3 € A then A is called an associative algebra.

~10 -

& Take material on
ideals below and
move it here. &

&Rewrite, and do
everything for
modules over a
ring?? &



Remark: We have used the heavy notation ® to denote the product of vectors in an algebra
to stress that it is a new structure imposed on a vector space. But when working with
algebras people will generally just write ajas for the product. One should be careful here
as it can (and will) happen that a given vector space can admit more than one interesting
algebra product structure.

Example 1 M, (k) is a vector space over x of dimension n?. It is also an associative

algebra because matrix multiplication defines an algebraic structure of multiplication of
the “vectors” in M, (k).

Example 2 More generally, if A is a vector space over x then End(A) is an associative
algebra. (See next section for the definition of this notation.)

In general, a nonassociative algebra means a not-necessarily associative algebra. In

any algebra we can introduce the associator

[a1,a2,a3] := (a1 - az) -ag — a1 - (a2 - a3) (2.9)

Note that it is trilinear. There are important examples of non-associative algebras
such as Lie algebras and the octonions.

Definition A Lie algebra over a field  is an algebra A over x where the multiplication of
vectors a1, as € A, satisfies in addition the two conditions:

1. Val,ag e A:
as ®a; = —a1 ®ay (2.10)

2. Yaq,a9,a3 € A:
((a1 ®az2) ®a3) + ((ag @ a1) ®az) + (a2 ©® az) ®a;) =0 (2.11)
This is known as the Jacobi relation.

Now, tradition demands that the product on a Lie algebra be denoted not as a1 ® as
but rather as [a1, as] where it is usually referred to as the bracket. So then the two defining
conditions (2.10) and (2.11) are written as:

1. Yay,as € A:
[ag,al] = —[al,ag] (2.12)

2. Yay,as,a3 € A:
[la1,az], as] + [[as, a1], as] + [[az, as],a1] =0 (2.13)

- 11 -

eq:associator

eq:LieDef-1

eq:LieDef-2



Remarks:

1. Note that we call [a1, az] the bracket and not the commutator. It might well not be
possible to write [a1,as] = a1 ® ag — ag ® a1 where ® is some other multiplication
structure defined within A. Rather [-,-] : A x A — A is just an abstract product
satisfying the two rules (2.10) and (2.11). Let us give two examples to illustrate the
point:

e Note that the vector space A C M, (r) of anti-symmetric matrices is not closed
under normal matrix multiplication: If a; and ae are antisymmetric matrices
then (a1a2)" = afal” = (—az)(—a1) = aga; and in general this is not —ajas.
So, it is not an algebra under normal matrix multiplication. But if we define

the bracket using normal matrix multiplication
[a1, as] = a1az — azay (2.14)

where on the RHS ajas means matrix multiplication. Since [a1, ag] is an anti-
symmetric matrix the product is closed within A. The Jacobi relation is then
inherited from the associativity of matrix multiplication. This Lie algebra is
sometimes denoted o(n, k). It is the Lie algebra of an orthogonal group.

e Consider first order differential operators of C°° functions on the line. These
will be written as D = f(z)4 + g(z) for smooth functions f(z),g(z). Then
the ordinary composition of two differential operators D o Dy is a second order
differential operator. Nevertheless if we take the difference:

D1, D2] = (fi@) 1 + 1 (@) (o) o+ 02(a)) ~ (fala) 5 + 022D (&) 3 + 1 (2)

d
= (fify — fof1) (Cﬂ)@ + (frg5 — fa91)(x)
(2.15)
we get a first order differential operator. It is obviously anti-symmetric and one
can check the Jacobi relation.

e In both these examples we embed the Lie algebra into a larger associative algebra

where the bracket can be written as [a1, as] = a1 ®as—as®aq with © the algebra
product that only closes within the larger algebra.

2. A Lie algebra is in general a nonassociative algebra. Indeed, using the Jacobi relation
we can compute the associator as:

[al,CLQ,as] = [[alaCLQ],GS] - [01, [02,03“ = [[a1,a2]7a3] + Ha27a3],aﬂ = 7[[01370’1]7&2]
(2.16)
and the RHS is, in general, nonzero.

3. Note that the vector space of n x n matrices over k, that is, M, (k) has two interesting
algebra structures: One is matrix multiplication. It is associative. The other is a

- 12 —



Lie algebra structure where the bracket is defined by the usual commutator. It is
nonassociative. It is sometimes denoted gl(n, k), and such a notation would definitely
imply a Lie algebra structure.

Exercise Opposite Algebra
If A is an algebra we can always define another algebra A°PP with the product

a1 O°PP ag :=as ® ag (2.17)

a.) Show that ®°PP indeed defines the structure of an algebra on the set A.

b.) Consider the algebra M, (k) where « is a field. Is it isomorphic to its opposite
algebra?

c.) Give an example of an algebra not isomorphic to its opposite algebra.

Exercise Structure constants
In general, if {v;} is a basis for the algebra then the structure constants are defined by

IREVES Zcfjvk (2.18)
k

a.) Write out a basis and structure constants for the algebra M, (k).

Exercise
a.) If A is an algebra, then it is a module over itself, via the left-regular representation
(LRR). a — L(a) where
L(a)-b:=ab (2.19)

Show that if we choose a basis a; then the structure constants

aa; = cl-jkak (2.20)

define the matrix elements of the LRR:

(L(ai); * = ¢ (2.21)

An algebra is said to be semisimple if these operators are diagonalizable.
b.) If A is an algebra, then it is a bimodule over A ® A° where A° is the opposite
algebra.

~13 -
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3. Linear Transformations

Definition

a.) A linear transformation or linear operator between two R modules is a map
T : My — M, which is a group homomorphism with respect to +:

T(m+m')=T(m)+T(m') (3.1)

and moreover such that T'(r-m) =r-T(m) for all r € R, m € M;.

b.) T is an isomorphism if it is one-one and onto.

c.) The set of all linear transformations 7' : M; — My is denoted Hom(M;, Ms), or
Hompg (M, M) when we wish to emphasize the underlying ring R.

There are some algebraic structures on spaces of linear transformations we should
immediately take note of:

1. Hompg(M;, M) is an abelian group where the group operation is addition of linear
operators: T1 + Ts.

2. Moreover Homp(M;, M) is an R-module provided that R is a commutative ring.

3. In particular, if V;, V5 are vector spaces over a field k then Hom(Vj, Va) is itself a
vector space over k.

4. If M is a module over a ring R then sometimes the notation
Endgr(M) := Homp(M, M) (3.2)

is used. In this case composition of linear transformations 77 o T5 defines a binary
operation on Endg (M), and if R is commutative this is itself a ring because

T, o (T2 + Tg) =Tyod5+T1 0T}y (33)
and so forth.

5. In general if M is a module over a commutative ring R then Endz (M) is not a group
wrt o, since inverses don’t always exist. However we may define:

Definition The set of invertible linear transformations of M, denoted GL(M, R), is
a group. If we have a vector space over a field k we generally write GL(V').

Example: For R = Z and M = Z @ 7Z, the group of invertible transformations is
isomorphic to GL(2,Z). 2

Warning: This is NOT the same as 2 x 2 matrices over Z with nonzero determinant!

— 14 —



A representation of an algebra A is a vector space V and a morphism of algebras
T : A — End(V). This means that

T(a1a1 + OéQCLQ) = alT(al) + OéQT(ag)

(3.4)
T(a1 ®az) =T(a1) ® T(as)

Remarks

1. We must be careful here about the algebra product ® being used since, as noted
above, there are two interesting algebra structures on End(V') given by composition
and by commutator. If we speak of a morphism of algebras what is usually meant by
©® on the RHS of (3.4) is composition of linear transformations. However, if we are
speaking of a representation of Lie algebras then we mean the commutator. So, for
a Lie algebra a representation would satisfy

T([al, CLQ]) = T(al) o T(CLQ) - T((Ig) O T(al) (35)

2. If we consider the algebra M, (x) with matrix multiplication as the algebra product
then a theorem states that the general representation is a direct sum (See Section
#*4% below) of the fundamental, or defining representation Viyy,g = %", That is,
the general representation is

If we have m summands then T'(a) would be a block diagonal matrix with a on
the diagonal m times. This leads to a concept called “Morita equivalence” of alge-
bras: Technically, two algebras A, B are “Morita equivalent” if their categories of
representations are equivalent categories. In practical terms often it just means that
A = M,(B) or vice versa. >

3. On the other hand, if we consider M, (x) as a Lie algebra then the representation
theory is much richer, and will be discussed in Chapter **** below.

Exercise

Let R be any ring. Show that if M is an R[z]-module then we can associate to it an
R-module M together with a linear transformation T : M — M.

b.) Conversely, show that if we are given an R-module M together with a linear
transformation 7" then we can construct uniquely an R[z] module M.

Thus, R[z]-modules are in one-one correspondence with pair (M,T) where M is an
R-module and T' € Endgr(M).

3For proofs of these statements see, for example Drozd and Kirichenko, Fi-
nite  Dimensional  Algebras, Springer, or Appendix A of my lecture notes at
http://www.physics.rutgers.edu/~gmoore/695Fall2013/CHAPTER1-QUANTUMSYMMETRY-OCT5.pdf

~15 —
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4. Basis And Dimension

4.1 Linear Independence

Definition . Let M be a module over a ring R.
1. If § C M is any subset of M the linear span of S is the set of finite linear

combinations of vectors drawn from S:
L(S) := Span(S) := {Z riv t 1 € Ry € S} (4.1)

L(S) is the smallest submodule of M containing S. We also call S a generating set of L(S).
2. A set of vectors S C M is said to be linearly independent if for any finite sum of
vectors in L(S):

Y aws=0 = =0 (4.2)

3. A linearly independent generating set S for a module M is called a basis for M.
We will often denote a basis by a symbol like B.

Remarks:

1. A basis B need not be a finite set. However, all sums above are finite sums. In
particular, when we say that B generates V' this means that every vector m € M can
be written (uniquely) as a finite linear combination of vectors in 5.

2. To appreciate the need for restriction to a finite sums in the definitions above consider
the vector space R* of infinite tuples of real numbers (z1, z2,...). (Equivalently, the
vector space of all functions f : Z; — R.) Infinite sums like

(1,1,1,...)—(2,2,2,...)+(3,3,3,...) — (4,4,4,...) + - - (4.3)
are clearly ill-defined.

3. For a finite set S = {vy,...,v,} we will also write

L(S) :== (v1,...,vp) (4.4)

4.2 Free Modules

A module is called a free module if it has a basis. If the basis is finite the free module is
isomorphic to R™ for some positive integer n.
Not all modules are free modules, e.g.

1. Z/nZ is not a free Z-module. Exercise: Explain why.
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sVectorSpaces

2. Fix a set of points {z1,...,2;} in the complex plane and a set of integers n; € Z
associated with those points. The set of holomorphic on C — {z1, ..., z;} which have
convergent Laurent expansions of the form

at,, ai—(n-—l)
_ i i 4.
1) (z —zi)™ * (2 = z)mid - (4:5)
in the neighborhood of z = z;, for all ¢ = 1,...,k is a module over the ring of

holomorphic functions, but it is not a free module.

4.3 Vector Spaces

One big simplification when working with vector spaces rather than modules is that they
are always free modules. We should stress that this is not obvious! The statement is false
for general modules over a ring, as we have seen above, and the proof requires the use of
Zorn’s lemma (which is equivalent to the axiom of choice).

Theorem 4.3.1:
a.) Every nonzero vector space V' has a basis.

b.) Given any linearly independent set of vectors S C V there is a basis B for V' with
S cCB.

Proof: Consider the collection £ of linearly independent subsets S C V. If V £ 0 then
this collection is nonempty. Moreover, for every ascending chain of elements in L:

S1C Sy (4.6)

the union U;S; is a set of linearly independent vectors and is hence in £. We can then
invoke Zorn’s lemma to assert that there exists a maximal element B C £. That is, it is a
linearly independent set of vectors not properly contained in any other element of L.

We claim that B is a basis. To see this, consider the linear span L(B) C V. If L(B) is
a proper subset of V' there is a vector v, € V — L(B). But then we claim that BU {v,} is
a linearly independent set of vectors. The reason is that if

Uy + Z Buww =0 (4.7)
weB

(remember: all but finitely many /,, = 0 here) then if ov, = 0 we must have 3, = 0 because
B is a linearly independent set. But if o, # 0 then we can divide by it. (It is exactly at
this point that we use the fact that we are working with a vector space over a field s rather
than a general modular over a ring R!!) Then we would have

Ve = — Z itw (4.8)

weB
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but this contradicts the hypothesis that v, ¢ L(B). Thus we conclude that L(B) =V and
hence B is a basis.

To prove part (b) apply Zorn’s lemma to the set of linearly independent sets containing
a fixed linearly independent set S. &

Theorem 4.3.2: Let V be a vector space over a field k. Then any two bases for V' have
the same cardinality.
Proof: See Lang, Algebra, ch. 3 Sec. 5. Again the proof explicitly uses the fact that you
can divide by nonzero scalars.

By this theorem we know that if V has a finite basis {v1,...,v,} then any other basis
has n elements. (The basic idea is to observe that for any linearly independent set of m
elements we must have m < n, so two bases must have the same cardinality.)

We call this basis-invariant integer n the dimension of V:

n = dim,V (4.9)
the dimension of V. If there is no finite basis then V is infinite-dimensional.
Remarks

1. Note well that the notion of dimension refers to the ground field. If k1 C ko then the
notion of dimension over k1 and ko will be different. For example, any vector space
over k = C is, a fortiori also a vector space over kK = R. Let us call it Vg. It is the
same set, but now the vector space structure on this Abelian group is just defined by
the action of real scalars. Then we will see that:

dimpV = 2dimcV (4.10)
We will come back to this important point in Section 9.

2. Any two finite dimensional vector spaces of the same dimension are isomorphic. How-
ever, it is in general not true that two infinite-dimensional vector spaces are isomor-
phic. However the above theorem states that if they have bases {v; }icr and {wq }aer
with a one-one map I — I’ then they are isomorphic.

3. The only invariant of a finite dimensional vector space is its dimension. One way
to say this is the following: Let VECT be the category of finite-dimensional vector
spaces and linear transformations. Define another category vect whose objects are
the nonnegative integers n = 0,1,2,... and whose morphisms hom(n,m) are m x n
matrices, with composition of morphisms given by matrix multiplication. (If n or m
is zero there is a unique morphism with the properties of a zero matrix.) We claim
that VECT and vect are equivalent categories. It is a good exercise to prove this.

4. Something which can be stated or proved without reference to a particular basis is
often referred to as natural or canonical in mathematics. (We will use these terms in-
terchangeably.) More generally, these terms imply that a mathematical construction
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does not make use of any extraneous information. Often in linear algebra, making a
choice of basis is just such an extraneous piece of data. One of the cultural differences
between physicists and mathematicians is that mathematicians often avoid making
choices and strive for naturality. This can be a very good thing as it oftentimes
happens that expressing a construction in a basis-dependent fashion obscures the
underlying conceptual simplicity. On the other hand, insisting on not using a basis
can sometimes lead to obscurity. We will try to strike a balance.

5. One of the many good reasons to insist on natural constructions is that these will
work well when we consider continuous families of vectors spaces (that is, when we
consider vector bundles). Statements which are basis-dependent will tend not to have
analogs for vector bundles, whereas natural constructions easily generalize to vector
bundles.

3

For those to whom “vector bundle” is a new concept a good, nontrivial, and ubig-
uitous example is the following: 4 Consider the family of projection operators
Py(2) : C?> — C? labeled by a point 2 in the unit sphere in three dimensions:

i € 5% c R3. We take them to be
1
Py(z) = §(Ii£~5) (4.11)

The images Ly ; of Py (&) are one-dimensional subspaces of C2. So, explicitly:

Lis = {Pivo € C?) (4.12)

For those who know about spin, if we think of C? as a Qbit consisting of a spin-half
particle then Ly ; is the line in which the particle spins along & (for the + case) and
along — (for the — case).

This is a good example of a “family of vector spaces.” More generally, if we have a
family of projection operators P(s) acting on some fixed vector space V' and depend-
ing on some control parameters s valued in some manifold then we have a family of

vector spaces
E, = P(s)[V] = Im(P(s)) (4.13)

parametrized by that manifold. If the family of projection operators depends “con-
tinuously” on s, (note that you need a topology on the space of projectors to make
mathematical sense of that) then our family of vector spaces is a vector bundle. In
fact, a theorem in bundle theory states that every vector bundle & over a manifold
M 1is isomorphic to

& ={(m, )| € Im(P(m))} (4.14)

where P(m) is a continuously varying family of projection operators on a fixed vector
space CV for some N, that is a continuous map from M into the space of projection
operators on CV.

4Some terms such as “projection operator” are only described below, so the reader might wish to return
to this - important! - remark later.
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Returning to (4.12), since they are one-dimensional subspaces we can certainly say
that, for every & € S? there are isomorphisms

w:t(-%) : Li@ — C (4.15)

However, methods of topology can be used to prove rigorously that there is no
continuous family of such isomorphisms. Morally speaking, if there had been a nat-
ural family of isomorphisms one would have expected it to be continuous.

6. When V is infinite-dimensional there are different notions of what is meant by a
“basis.” The notion we have defined above is known as a Hamel basis. In a Hamel
basis we define “generating” and “linear independence” using finite sums. In a vector
space there is no a priori notion of infinite sums of vectors, because defining such
infinite sums requires a notion of convergence. If V' has more structure, for example,
if it is a Banach space, or a Hilbert space (see below) then there is a notion of
convergence and we can speak of other notions of basis where we allow convergent
infinite sums. These include Schauder basis, Haar basis, .. .. In the most important
case of a Hilbert space, an orthonormal basis is a maximal orthonormal set. Every
Hilbert space has an orthonormal basis, and one can write every vector in Hilbert
space as an infinite (convergent!) linear combination of orthonormal vectors. See

K. E. Smith, http://www.math.lsa.umich.edu/~kesmith/infinite.pdf

for a nice discussion of the issues involved.

4.4 Linear Operators And Matrices

Let V, W be finite dimensional vector spaces over x. Given a linear operator T : V — W
and ordered bases {v1,...,vn,} for V and {wi,...w,} for W, we may associate a matrix
M € Matyxm(k) to T:

(4.16)

3

n
T = Mgw, i=1,...
s=1

Note! A matrix depends on a choice of ordered basis. The same linear transformation
can look very different in different bases. A particularly interesting example is,

01 Ty
(0 0> - (z —x> (4.17)

whenever 22 + yz = 0 and (z,y,2) # 0.
In general if we change bases

n

Wy = Z(gQ)tswt
= (4.18)

m
v = > (91)jivj
j=1



then with respect to the new bases the same linear transformation is expressed by the new
matrix:

M =gy Mg,. (4.19)

With the choice of indices in (4.16) composition of linear transformations corresponds
to matriz multiplication. If T1 : V3 — V5 and Tb : Vo — V3 and we choose ordered bases

{Ui}z’:l,...,dl
{ws}s=1,. ds (4.20)
{Ux}qzzl,...,dg
then
ds
(Tyo Ty)v; = Y (MyM)aitia i=1,...,d (4.21)
r=1
where
da
(Mo My)gi = Y (Ma)es(My)s; (4.22)
s=1
Remarks

1. Left- vs. Right conventions: One could compose linear transformations as 7175 and
then all the indices would be transposed...

2. Change of coordinates and active vs. passive transformations. Given a choice of basis
{v;} of an n-dimensional vector space V there is a canonically determined system of
coordinates on V defined by

v = va - (vl vn> : (4.23)

xn

If we apply a linear transformation 7': V' — V then we can think of the transforma-
tion in two ways:

A.) We can say that when we move the vector v — T'(v) the coordinates of the vector
change according to

T(v) = Y T(w)a' =) v’ (4.24)
i A
with
7! My -+ My,\ [zt
= . : (4.25)
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B.) On the other hand, we could say that the transformation defines a new basis
V; = T(U,‘) with

My -+ My,
: : (4.26)

(5 5) = (on - wn)

This leads to the passive viewpoint: We could describe linear transformations by

Mnl to Mnn
saying that they are just changing basis. In this description the vector does not

change, but only its coordinate description changes. In the passive view the new
coordinates of the same vector are gotten from the old by

v = Z Byt = Z vt (4.27)
i i
and hence the change of coordinates is:

g=M"1z (4.28)

Exercise
Let V1 and V5 be finite dimensional vector spaces over x. Show that

dim,Hom(V1, V2) = (dim, V1) (dim, V2) (4.29)

Exercise
If n = dimV < oo then GL(V) is isomorphic to the group GL(n, ) of invertible n x n
matrices over k, but it is not canonically isomorphic.

Exercise

A one-dimensional vector space L (also sometimes referred to as a line) is isomorphic
to, but not canonically isomorphic to, the one-dimensional vector space k.

Show that, nevertheless, the one-dimensional vector space Hom(L, L) is indeed canonically
isomorphic to the vector space k.
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4.5 Determinant And Trace

&Perhaps just move
the trace and

Let V be finite-dimensional. Two important quantities associated with a linear transfor- determinant to the

sections below

mation T : V — V are the trace and determinant. where we can give
natural definitions.

To define the trace we choose any ordered basis for V' so we can define a matrix M;; &
relative to that basis. Then we can define:

n
tr (T) = tr (M) := ) My (4.30)
=1

Then we note that if we change basis we have M — g~ Mg for ¢ € GL(n,x) and the
above expression remains invariant thanks to cyclicity of the trace. This is a good example
where it is simplest to choose a basis and define the quantity, even though it is canonically
associated to the linear transformation.

For the determinant of T : V' — V we can choose an ordered basis as before and define:

det(T) = det(M) = % Z 60(1)...U(n)M10(1) e Mng(n) (4.31)
0ESh

One can show that det(M;j M) = det(M;)det(Ms) and therefore under M — g=!Mg the
determinant is unchanged and therefore det(7') is a natural quantity.

The determinant provides an example where there is a perfectly good natural definition
that never makes use of a choice of basis. One does need the anti-symmetric product of
vector spaces and the notion of an orientation. See below. it makes use of

Remarks:

1. Note well that the above definitions only apply to a linear transformation of a vector
space to itself: Thatis: T :V — V. If T': V — W is a linear transformation between
different vector spaces - even if they have the same dimension! - then there is no
natural notion of trace. There is a generalization of the notion of determinant. See
Section §24 below.

2. The notion of trace and determinant can be extended to certain special linear oper-
ators on infinite-dimensional vector spaces. For example, bounded linear operators
are traceclss if [***** SEE SECTION **** BELOW |. For Fredholm operators on
Hilbert space there is a notion of Fredholm determinant.

Exercise
Prove that the expressions on the RHS of (??7) are basis independent so that the
equations make sense.

~ 93 -



Exercise Standard identities

Prove:
1L)tr(M+N)=tr(M)+tr(N)

2) tr(MN)=tr(NM)

3.) tr (SMS™Y) =trM, S € GL(n, k).
4.) det(MN) = detMdet N

5.) det(SMS™1) = detM

What can you say about det(M + N)?

Exercise Laplace expansion in complementary minors
Show that the determinant of an n x n matrix A = (a;;) can be written as

detA =Y by (4.32)
H

Here we fix an integer p, H runs over disjoint subsets of order p, H = {h1,...,hy} and K
is the complementary set so that H IT K = {1,...,n}. Then we set

by = det(ain,;)1<ij<p (4.33)
cr = det(ajk )p+1<j<n,1<i<q (4.34)
p+q=n and
HK
_ 4.35
€ s12mn (hl By hp ey - kq> ( )

5. New Vector Spaces from Old Ones

- 5.1 Direct sum
subsec:dirsum ‘

Given two modules V, W over a ring we can form the direct sum. As a set we have:

VoW :={(v,w):veV,we W} (5.1)

while the module structure is defined by:

a(vr, w1) + B(va, w2) = (avy + Bug, awy + Bws) (5.2)

valid for all «, 8 € R,v1,v9 € V,wi,wy € W. We sometimes denote (v, w) by v & w.
In particular, if the ring is a field these constructions apply to vector spaces.
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Figure 1: R? is the direct sum of two one-dimensional subspaces V; and V5.

If V, W are finite dimensional vector spaces then:
dim(V & W) = dimV + dimW (5.3)

Example 5.1.1:
R™ @ R™ = R™""™ (5.4)

Similarly for operators: With 77 : Vi — Wy, 15 : Vo — Wy we define
(Th e Tr)(vdw) :=T1(v) ® Ta(w) (5.5)

for v eV and w € Wi.
Suppose we choose ordered bases:

1. {vgl), e ,117(111)} for V1
2. {1152), . ,1)7(122)} for V4
3. {wgl), e ,w%i} for W1
4. {w?), . ,wg%} for Wy

Then, we have matrix representations M; and My of T1 and T3, respectively. Among
the various bases for Vi @ Vo and W7 @ Ws it is natural to choose the ordered bases:

1. {vgl)690,...,117(111)@0,0@1}%2),...,0@07(122)} for V1 & Vs
2. {wgl)@o,...,wﬁﬁi@0,0@w§2),...,0@w§3} for W1 @ Wo

With respect to these ordered bases the matrix of 71 @ T5 will be block diagonal:

(Ml 0) (5.6) ’eq:DirectSumMa

0 My

But there are, of course, other choices of bases one could make.

Remarks:
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1. Internal and external direct sum. What we have defined above is sometimes known as
external direct sum. If V1, Vo C V are linear subspaces of V', then V; 4+ V5 makes sense
as a linear subspace of V. If V] + V5 = V and in addition v; + v = 0 implies v; =0
and ve = 0, that is, if V} N'Va = {0} then we say that V is the internal direct sum of
V1 and V5. In this case every vector v € V has a canonical decomposition v = v1 + vg
with v1 € V; and vy € V5 and hence there is a canonical isomorphism V = Vi & V5.
Therefore, we will in general not distinguish carefully between internal and external
direct sum. Note well, however, that it can very well happen that V; 4+ Vo =V and
yet V1 N V4 is a nonzero subspace. In this case V' is most definitely not a direct sum!
As an extreme example, note that V +V =V but V @& V is not isomorphic to V'
unless V is the 0-vector space.

2. Subtracting vector spaces in the Grothendieck group. Since we can “add” vector
spaces with the direct sum it is a natural question whether we can also “subtract”
vector spaces. There is indeed such a notion, but one must treat it with care. The
Grothendieck group can be defined for any monoid. It can then be applied to the
monoid of vector spaces. If M is a commutative monoid so we have an additive
operator mq + my and a 0, but no inverses then we can formally introduce inverses
as follows: We consider the set of pairs (mi,m2) with the equivalence relation that
(ml,mg) ~ (mg,m4) if

mi +my = mo +ms3 (5.7)

Morally speaking, the equivalence class of the pair [(mj,m2)] can be thought of as
the difference m; — my and we can now add

[(m1, ma)] + [(mh, my)] = [(m1 + my, ma + my)] (5:8)

From the definition we easily see [(m,m)] = [(0,0)]. Similarly, it is easy to see
that [(ma, m1)] + [(m1,m2)] = [(m1 + ma,m1 +m2)] = [(0,0)]. (Note we used the
commutative property of the monoid addition.) Therefore [(mg, m1)] is the inverse
of [(my, mga)]. Therefore, the set of equivalence classes [(m1,m2)] is an Abelian group
associated to the monoid M. It is usually denoted K (M). For example, if we apply
this to the monoid of nonnegative integers then we recover the Abelian group of all
integers.

This idea can be generalized to suitable categories. One setting is that of an aNeed to check: Do
.. . . . you need an abelian
additive category C. What this means is that the morphism spaces hom(x1,x2) are category to define
. .. . . .. . .y K(C). More
Abelian groups and the composition law is bi-additive, meaning the composition of generally we can
. define K(C) for an
morhphlsms exact cagetory. Is
there a problem
hom(z,y) x hom(y, z) — hom(z, ) (5.9)  with just using
additive categories?
. . . . . . . e Definition here
is “bi-additive” i.e. distributive: (f+g)oh = foh+goh. In an additive category we scems to make

sense. &

also have a zero object 0 that has the property that hom(0, z) and hom(x,0) are the
trivial Abelian group. Finally, there is a notion of direct sum of objects x1 & x2, that
is, given two objects we can produce a new object x1 @ xo together with distinguished
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morphisms ¢; € hom(z1, 21 @ x2) and 9 € hom(xg, x1 @ x2) so that
hom(z, z1) x hom(z,z9) — hom(z,x1 & z2) (5.10)

defined by (f,g) — t1 0 f + 12 0 f is an isomorphism of Abelian groups.

The category VECT of finite-dimensional vector spaces and linear transformations
or the category Mod(R) of modules over a ring R are good examples of additive
categories. In such a category we can define the Grothendieck group K(C). It is the
abelian group of pairs of objects (z,y) € Obj(C) x Obj(C) subject to the relation

(w,x) ~ (y,2) (5.11)

if there exists an object u so that the object w & z @ u is isomorphic to y & x & u.
In the case of VECT we can regard [(V1, V2)] € K(VECT) as the formal difference
Vi — Va. Tt is then a good exercise to show that, as Abelian groups K(VECT) = Z.
(This is again essentially the statement that the only invariant of a finite-dimensional

vector space is its dimension.)

When we apply this construction to continuous families of vector spaces parametrized

by topological spaces we obtain a very nontrivial mathematical subject known as K-
theory. In particular, if M is a manifold and m : & — M and w9 : & — M are
two vector bundles it is possible to define & @ &. Each fiber is the direct sum, and
the fibers vary continuously. So the set VECT (M) of isomorphism classes of vector
bundles over M is a monoid. The corresponding Grothendieck group, denoted just
by K (M), is an important Abelian group associated to M known as the K-theory of
M. This Abelian group is a topological invariant of M. This is the beginning of a
very nontrivial and beautiful subject in mathematics known as K-theory.

In physics one way such wvirtual vector spaces arise is in Zs-graded or super-linear
algebra. See Section §23 below. Given a supervector space V? @ V! it is natural to
associate to it the virtual vector space VY — V! (but you cannot go the other way -
why not?). Some important constructions only depend on the virtual vector space
(or, more generally, the virtual vector bundle, when working with families).

& This exercise is
too easy, and it is
already answered in
text above. &

Exercise
Construct an example of a vector space V' and proper subspaces V3 C V and Vo C V
such that
Vi+Vo=V (5.12)

but Vi N V4 is not the zero vector space. Rather, it is a vector space of positive dimension.
In this case V is not the internal direct sum of V7 and V5.
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Exercise
1. Te(Ty & Tp) = Tr(Th) + Tr(T3)
2. det(T1 D TQ) = det(Tl)det(Tg)

Exercise

a.) Show that there are natural isomorphisms
Vew=weV (5.13)

UeV)eW=2Uas(VeW) (5.14)
b.) Suppose I is some set, not necessarily ordered, and we have a family of vector
spaces V; indexed by i € I. One can give a definition of the vector space:

BierVi (5.15)

but to do so in general one should use the restricted product so that an element is a
collection {v;} of vectors v; € V; where in the Cartesion product all but finitely many v;
are zero. Define a vector space structure on this set.

Exercise
How would the matrix in (5.6) change if we used bases:

1. {v%l)@0,...,1},(111)EBO,OEBU%Q),...,O@U%)} for V1 & Vs

2. {O@w?),...,O@w%,wgl)EBO,...,w%z@0} for W1 & Wy

5.2 Quotient Space

W C V is a vector subspace then
Viw (5.16)

is the space of equivalence classes [v] where v1 ~ vy if v; —ve € W. This is the quotient of
abelian groups. It becomes a vector space when we add the rule

a(w+ W) = aw+ W. (5.17)
Claim: V/W is also a vector space. If VW are finite dimensional then

dim(V/W) = dimV — dimW (5.18)
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Figure 2: Vectors in the quotient space R?/V, [v] = V +wv. The quotient space is the moduli space
of lines parallel to V.

We define a complementary subspace ° to W to be another subspace W’ C V so that
V is the internal direct sum of W and W’. Recall that this means that every v € V' can be
uniquely written as v = w + w’ with w € W and w’ € W’ so that V=W @ W'. It follows
from Theorem 4.3.1 that a complementary subspace to W always exists and moreover there
is an isomorphism:

V/W =W (5.19)

Note that given W C 'V there is a canonical vector space V/W, but there is no unique
choice of W' so the isomorphism (5.19) cannot be natural.

Warning! One should not confuse (as is often done) V/W with a subspace of V. If
V is an inner product space (see section *** below) then there is a notion of W+ C V.
If V is a complete inner product space with respect to a positive definite inner product
(i.e., if V' is a Hilbert space) then the orthogonal projection theorem below shows that
V = W @ W, But without extra structure, such as an inner product there is no canonical
transverse space to W.

Exercise Practice with quotient spaces

a.) V=RYE W = {(aut,ast) : t € R}. If ay # 0 then we can identify V/W = R
via s — (0,s) + W. Show that the inverse transformation is given by (vi,v2) — s where
s = (jvg — agvy) /1. What happens if a; = 07

b) IV =R" and W 2 R™, m < n with W = {(z1,...,2,,0,...,0)}, when is
v+ W =vy+W?

5Please note, it is not a “complimentary subspace.” A “complimentary subspace” might praise your
appearance, or accompany snacks on an airplane flight.
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Exercise
Suppose T : V3 — V5 is a linear transformation and W7 C Vi and Wy C V5 are linear
subspaces. Under what conditions does T" descend to a linear transformation

T:-Vi/Wy — VoW 2 (5.20)
The precise meaning of “descend to” is that T fits in the commutative diagram

vi— L sV, (5.21)

o

Vi /Wi — Vo Wy

5.3 Tensor Product

The (technically) natural definition is a little sophisticated, (see, e.g., Lang’s book Algebra,
and remark 3 below), but for practical purposes we can describe it in terms of bases:

Let {v;} be a basis for V, and {ws} be a basis for W. Then V ® W is the vector space
spanned by v; ® ws subject to the rules:

(av+ V) @w=alv@w)+ o (v @w)

, , , (5.22)
v® (aw+adw') =alv@w)+a(vew)
for all v,v' € V and w,w’ € W and all scalars o, o'.
If V, W are finite dimensional then so is V® W and
dim(V @ W) = (dimV) (dimW) (5.23)
In particular:
R" @ R™ = R"™ (5.24)

We can similarly discuss the tensor product of operators: With 171 : Vi3 — Wy, T5 :
Vo — Wy we define

(T1 &® TQ)(Ui ® w]') = (Tl (Ul)) & (Tz(w]')) (5.25)

Remarks

1. Examples where the tensor product occurs in physics are in quantum systems with
several independent degrees of freedom. In general two distinct systems with Hilbert
spaces H1, Ho have statespace Hi ® Ha. For example, consider a system of N spin %
particles. The Hilbert space is

N times

AN

H=C’RC*®---0C? dimcH = 2V (5.26)
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2. In Quantum Field Theory the implementation of this idea for the Hilbert space
associated with a spatial manifold, when the spatial manifold is divided in two parts
by a domain wall, is highly nontrivial due to UV divergences.

3. In spacetimes with nontrivial causal structure the laws of quantum mechanics become
difficult to understand. If two systems are separated by a horizon, should we take
the tensor product of the Hilbert spaces of these systems? Questions like this quickly
lead to a lot of interesting puzzles.

4. Defining Tensor Products Of Modules Over Rings

The tensor product of modules over a ring R can always be defined, even if the
modules are not free and do not admit a basis. If we have no available basis then the
above low-brow approach will not work. One needs to use a somewhat more abstract
definition in terms of a “universal property.”

Consider any bilinear mapping f : V x W — U for any R-module U. Then the
characterizing (or “universal”) property of a tensor product is that this map f “factors
uniquely through a map from the tensor product.” That means, there is

(a) A bilinear map 7:V xW -V QrW
(b) A unique linear map f': V @z W — U such that

f=for (5.27)
In terms of commutative diagrams
VxW—"5>VarW (5.28)
\ \Lf/
U

One then proves that, if a module V ®r W satisfying this property exists then it is
unique up to unique isomorphism. Hence this property is in fact a defining property

4

of the tensor product: This is the “natural” definition one finds in math books.

The above property defines the tensor product, but does not prove that such a thing
exists. To construct the tensor product one considers the free R-module generated
by objects v X w where v € V,w € W and takes the quotient by the submodule
generated by all vectors of the form:

(V1 4 v2) X W — vy X W — Vg X W (5.29)
v % (W1 + wa) — v X Wi — v X Wy (5.30)
a(v x w) — (av) X w (5.31)
alv x w) — v x (aw) (5.32)
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The projection of a vector v x w in this (incredibly huge!) module into the quotient
module are denoted by v ® w.

An important aspect of this natural definition is that it allows us to define the tensor
product ®;e7V; of a family of vector spaces labeled by a not necessarily ordered (but
finite) set I.

Exercise

Given any three vector spaces U,V,W over a field x show that there are natural
isomorphisms:

a) VeoW=weV

b.) (VW)U =2V (WaU)

) U(VeWM)2UQVeUeW

d.) If 71 € End(V;) and Ty € End(V2) then under the isomorphism V; @ Vo = Vo ® V3
the linear transformation 77 ® T5 is mapped to 1o ® 17 .

e.) Show that 77 ® 1 commutes with 1 ® T5.

Exercise Practice with the ® product
1. Tr(T1 X T2> = TI"(Tl) . TI“(TQ)
2. det(Ty ® Ty) = (detTy)d™V2 . (detTy)dimV

Exercise Matrices For Tensor Products Of Operators

Let V, W be vector spaces over a field k (or, more generally, free modules over a ring
R). Suppose that a linear transformation T : V — V has matrix A; € M,(R), with
matrix elements (A1);;, 1 < 4,57 < n with respect to an ordered basis {vi,...,v,} and
T® : W — W has matrix Ay € M,,(R) with matrix elements (As)a, 1 < a,b < m with
respect to an ordered basis {wr, ..., wn}.

a.) Show that if we use the (“lexicographically”) ordered basis

V] QWU @ Wy ..., V] ® Wiy V2 @ Wy .oy U2 @ Wiy v oy Up @ WY,y Uy @ Wy (5.33)

Then the matrix for the operator 7™M @ T may be obtained from the following rule: Take

the n x n matrix for 7). Replace each of the matrix elements (A;);; by the m x m matrix
(A1)ij(A2)11 -+ (A1)ij(A2)1m

(Al)ij - ((Al)ij(AQ)ab)lgmbgm = (5'34)
(A1)ij(A2)m1 -+ (A1)ij(A2)mm
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The result is an element of the ring
My (M (R)) = Mpm(R) (5.35)
b.) Show that if we instead use the ordered basis
V] Q@ W1,V @ W, ... ,Up QW10 QWy...,Up QW,...,V] @ Wpyye-v, Uy @ Wy (5.36)

Then to compute the matrix for the same linear transformation, 7" @ T®@, we would
instead start with the matrix A®) and replace each matrix element by inserting that matrix
element times the matrix AM). The net result is an element of The result is an element of
the ring

M (M (R)) = My (R) (5.37)

Since Mpm(R) = Mpn(R) we can compare to the expression in (a) and it will in
general be different.
c.) Using the two conventions of parts (a) and (b) compute

)\1 0 M1 0
Gro)e(s) .

as a 4 x 4 matrix.

Exercise Tensor product of modules
The above universal definition also applies to tensor products of modules over a ring
R:
M ®r N (5.39)

where it can be very important to specify the ring R. In particular we have the very crucial
relation that Vm € M,r € R,n € N:

m-ren=maer-n (5.40)

where we have written M as a right-module and N as a left module so that the expression
works even for noncommutative rings. 6

These tensor products have some features which might be surprising if one is only
familiar with the vector space example.

a.) Q®zZ, =0

b) Ly, @7, Loy, = Z(n,m)

In particular Z, ®z Zg is the 0-module if p, g are relatively prime.

In general a left-module for a ring R is naturally isomorphic to a right-module for the opposite ring
R°PP. When R is commutative R and R°PP are also naturally isomorphic.
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5.4 Dual Space

Consider the linear functionals Hom(V, k). This is a vector space known as the dual space.
This vector space is often denoted V', or by V'V, or by V*. Since V* is sometimes used
for the complex conjugate of a complex vector space we will generally use the more neutral
symbol V'V
One can prove that dimV" = dimV so if V is finite dimensional then V and V" must
be isomorphic. However, there is no natural isomorphism between them. If we choose a
basis {v;} for V' then we can define linear functionals ¢; by the requirement that

&(vj) = (32'3' V’Uj (5.41)

and then we extend by linearity to compute ¢; evaluated on linear combinations of v;. The
linear functionals ¢; form a basis for VV and it is called dual basis for VV with respect to
the v;. Sometimes we will call the dual basis o* or v;/ .

Remarks:

1. It is important to stress that there is no natural isomorphism between V and VV.
Once one chooses a basis v; for V then there is indeed a naturally associated dual
basis ¢; = ¢ = vY for VV and then both vector spaces are isomorphic to x4mV.

The lack of a natural isomorphism means that when we consider vector spaces in

families, or add further structure, then it can very well be that V and V' become

nonisomorphic. For example, if 7 : £ — M is a vector bundle over a manifold then
there is a canonically associated vector bundle 7V : EY — M, known as the dual

bundle, whose fiber E above a point m € M is the dual space of the fiber E,, of E

above m. That is:

(EY)p i= (Ep)"Y := Hom(E,, k) (5.42)

In general EY and E are nonisomorphic vector bundles. As a simple example, let us
return to the two rank one complex line bundles 7+ : Ly — S? defined by the family
of projection operators Py = %(1 +2-4). The dual bundle to L is not isomorphic to
L. So that this means is that, even though there is indeed a family of isomorphisms

(&) : Ly z = LY 4 (5.43)

(because both sides are one dimensional vector spaces!) there is in fact no continuous
family of isomorphisms. One can prove this using the following facts: The topological
type of a complex line bundle over S? is completely classified by its first Chern
class, which, in this case, is just an integer. It turns out that for a line bundle
c1(LY) = —e1(L). Now ¢1(L41) = %1, so, in fact LY = L_.

We remark that Dirac’s famous paper of 1931 showed (in modern terms) that the
wavefunction of an electron confined to a two-dimensional sphere surrounding a mag-
netic monopole of charge m is actually not a complex-valued function on the sphere
but rather a section of a line bundle. This means that for every & € S? we have
Y(2) € (Lm)z for a complex line bundle L,, — S2. The magnetic charge m is the
same as ¢1 (L, ). In particular Ly are the line bundles where an electron wavefunction
is valued in the presence of a magnetic monopole of charge +1.
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2. Notation. There is also a notion of a complex conjugate of a complex vector space
which should not be confused with V'V (the latter is defined for a vector space over
any field k). We will denote the complex conjugate, defined in Section §9 below,
by V. Similarly, the dual operator 7" below is not to be confused with Hermitian
adjoint. The latter is only defined for inner product spaces, and will be denoted T'F.
Note, however, that for complex numbers we will occasionally use z* for the complex

COnJugate- &For consistency
you really should
use z for the

3. If complex conjugate
of a complex
T:V W (5.44) muamber -

everywhere. &
is a linear transformation between two vector spaces then there is a canonical dual

linear transformation

TV WY VvV (5.45)

To define it, suppose £ € WV. Then we define T (¢) by saying how it acts on a vector
v € V. The formula is:
(TV(0))(v) = U(T(v)) (5.46)

4. Note especially that dualization “reverses arrows”: If

v-L.ow (5.47)
then
vV <L wv (5.48)

This is a general principle: If there is a commutative diagram of linear transformations
and vector spaces then dualization reverses all arrows.

&Need exercise
relating

(A1 ® A2)"" to
A" ® AL &

Exercise
If V is finite dimensional show that

(VVyVev (5.49)

and in fact, this is a natural isomorphism (you do not need to choose a basis to define it).
For this reason the dual pairing between V and V'V is often written as (/,v) to empha-
size the symmetry between the two factors.

Exercise Matriz of TV
a.) Suppose T : V — W is a linear transformation, and we choose a basis {v;} for V'
and {ws} for W, so that the matrix of the linear transformation is Mg;.
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Show that the matrix of TV : WY — V'V with respect to the dual bases to {v;} and
{ws} is the transpose:

(M")is := Msi (5.50)

b.) Suppose that v; and v} are two bases for a vector space V' and are related by v, =
> y Sjivj. Show that the corresponding dual bases ¢; and ¢, are related by ¢, = j Sjil;
where

S =gt (5.51)

c.) For those who know about vector bundles: If a bundle 7 : E — M has a coordinate
chart with U, C M and transition functions gfﬁ :Us NUz — GL(n, k) show that the dual

bundle has transition functions gfﬂv = (gfﬂ)*l’”.

Exercise
Prove that there are canonical isomorphisms: 7
Hom(V,W) = VY @ W. (5.52)
Hom(V, W)V = Hom(W, V) (5.53)
Hom(V, W) = Hom(W", V") (5.54)

Although the isomorphism (5.52) is a natural isomorphism it is useful to say what it
means in terms of bases: If

T =Y Myw, (5.55)
S
then the corresponding element in VYV @ W is

T =Y M ®w, (5.56)

©,S

Exercise A Useful Canonical Isomorphism

Suppose that L is a one-dimensional space over x. The field s can itself be regarded
as a one-dimensional vector space over k, but of course the isomorphism of L with k is
not canonical. There is no canonical way to associate a nonzero vector v € L to, say, the
element 1 € k.

" Answer: The second and third isomorphisms follow easily from the first. To establish the first note
that an element of V¥ ® W certainly determines a linear transformation V' — W by contraction of V¥ with
V. Then, at least for finite dimensional vector spaces, you can just compare dimensions to check that this
is an isomorphism.
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Show, in two ways, that, nevertheless, the one-dimensional vector space
Hom, (L, L) (5.57)

is indeed canonically isomorphic with x. &

Exercise Natural definition of the trace
a.) Show that for any vector space V over k there is a natural linear operator

ev: VeV =k (5.58)
b.) Show that if V is finite-dimensional then there is a natural linear operator
1:k= VYV (5.60)

c.) The composition evol defines an element of Homy(k, k) but Hom,(k, k) is naturally
isomorphic to k. Therefore, ev o 1 can naturally be identified with an element of k. Show
that it is just dim,V.

d) T :V — V and V is finite dimensional, consider the composition of linear
transformations:

R 7 0 VT ) T (5.61)

This defines an element of Homy (k, k) and is therefore, naturally, an element of x. Show
that this is just the trace of T

Exercise

If U is any vector space and W C U is a linear subspace then we can define

Wt = {f(w)=0 YweW}cU. (5.62)

8 Answer: One way to do this is to note that if T € Hom(L, L) then it must be of the form T'(v) = av
for some scalar « € k. So we send 7' — a. A second way to think about this is that Hom(L,L) 2 LY ® L.
Now, the one-dimensional space LY ® L does have a canonical basis vector: Choose any nonzero vector
v € L and define £, € L" to be the linear transformation defined by £,(v) = 1. Then ¢, ® v € LY ® L is in
fact independent of v. So we have a canonical isomorphism 1 : k — LY ® L defined by 1(1) = £, ® v.

9 Answer:If one insists on complete naturality then the way to define this is to note that there is a unique
operator 1 such that

VBV evve il v (5.59)

is the identity matrix. If {v;} is a basis then we can say that 1(1) = 3, v ® v;. You can check that,
although we chose a basis Y, v, ® v; does not depend on the choice of basis, and hence in that sense it is
still natural.
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Show that

a.) (WHt=w.
b.) (Wy + Wa)t = Wit n Wi

c.) There is a canonical isomorphism (U/W)¥ = W+,

Exercise Flags

6. Tensor spaces

Given a vector space V we can form
VIr=veVe eV (6.1)

Elements of this vector space are called tensors of rank n over V.
Actually, we could also consider the dual space V'V and consider more generally

V®n Q (V\/)®m (62)

Up to isomorphism, the order of the factors does not matter.
Elements of (6.2) are called mized tensors of type (n,m). For example

End(V)2 VY@V (6.3)

are mixed tensors of type (1,1).
Now, if we choose an ordered basis {v;} for V' then we have a canonical dual basis for
V'V given by {0’} with

' (vg) = o

; (6.4)

Notice, we have introduced a convention of upper and lower indices which is very convenient
when working with mixed tensors.
A typical mixed tensor can be expanded using the basis into its components:

T— ) TR e @u, 00 @ ei (65)

11,825 0ytn,J 155 Jm

We will henceforth often assume the summation convention where repeated indices are
automatically summed.
Recall that if we make a change of basis

w; = ¢’ iV (6.6)
(sum over j understood) then the dual bases are related by

W' = g;'i’ (6.7)
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where the matrices are related by
g=g"" (6.8)
The fact that g has an upper and lower index makes good sense since it also defines an
element of End(V') and hence the matrix elements are components of a tensor of type (1,1).
Under change of basis the (passive) change of components is given by

NG ity i N A R '

This is the standard transformation law for tensors.

6.1 Totally Symmetric And Antisymmetric Tensors

There are two subspaces of V®" which are of particular importance. Note that we have a
homomorphism p : S, — GL(V®") defined by

p(0) U1 @ @ Uy = Ug(1) @ -+ @ Ug(n) (6.10)

on any vector in V&™ of the form u; ® - -- ® u,, Then we extend by linearity to all vectors
in the vector space. Note that with this definition

p(o1) o p(oz) = p(o102) (6.11)

Thus, V®" is a representation of S, in a natural way. This representation is reducible,
meaning that there are invariant proper subspaces. (See Chapter four below for a system-
atic treatment.)

Two particularly important proper subspaces are:

S™(V): These are the totally symmetric tensors, i.e. the vectors invariant under .S,,.
This is the subspace where T'(¢0) =1 for all o € S,,.

A™(V): antisymmetric tensors, transform into v — 4v depending on whether the
permutation is even or odd. These are also called n-forms. This is the subspace of vectors
on which T'(o) acts by £1 given by T'(c) = €(0).

Remarks

1. A basis for A"V can be defined using the extremely important wedge product con-

struction. If v, w are two vectors we define

1
v/\wzzg(v@?w—w@v) (6.12)
If vq,...,v, are any n vectors we define
1
VI A Avp = ] Z €(0)Vs(1) @+ @ V() (6.13)
o€ESnh
Note that
Vo) N+ N Vg () = sign(o)vr A+ Aoy (6.14)
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Thus, if we choose an ordered basis w; for V then A"V is spanned by the vectors:
Wiy, N ANwy, 1 <ig < - <ip (6.15)

and thus if dimV = d then A"V has dimension (Z) In particular, A%(V) is one-

dimensional.

2. In quantum mechanics if V' is the Hilbert space of a single particle the Hilbert space of
n identical particles is a subspace of V®". In three space dimensions the only particles
that appear in nature are bosons and fermions, which are states in S™(V') and A™(V),
respectively. In this way, given a space V of one-particle states - interpreted as the
span of creation operators {a}} we form the bosonic Fock space

SV =CoaX,S'V (6.16)
when the a;r.’s commute or the Fermionic Fock space

AV =CaaX AV (6.17)
when they anticommute. (The latter terminates, if V' is finite-dimensional).

3. In chapter 4 we explain the beautiful Schur-Weyl duality theorem: If V' Is the fun-
damental representation of GL(d, ) then V®" is a representation of S,, x GL(d, k).
That is, the S,, and GL(d, k) representations commute. We can decompose this rep-
resentation into irreps of S,,. These irreps are labeled by Young diagrams with n
boxes. Then, as a representation of S,,, we have isotypical decomposition:

VO = gyey DY) ® R(Y) (6.18)

where R(Y') is the irrep of S, associated to Y and D(Y’), which is a representation
of GL(d,k) turns out to be an irreducible representation of GL(d, k). Moreover,
considering all integers n we obtain ALL the finite-dimensional representations of
GL(d, k). These statements also hold true if we replace GL(d,C) by U(d).

Exercise Decomposing V ©?
a.) Show that A2(V) is given by linear combinations of vectors of the form x®y—y®u,
and S?(V) is given by vectors of the form z ® y + y ® z.
Show that 10
VE2 > §2(V) @ A2(V) (6.19)

b.) If V1, V5 are two vector spaces show that
S2 (Vi@ Vo) =2 S2(V) @ S2(Va) @ Vi @ Vs (6.20)

NVieWh) ANV oAWK e VeV, (6.21)
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Exercise Counting dimensions

Suppose V is finite dimensional of dimension dimV = d. It is of interest to count the
dimensions of A™(V') and S™(V). Think of A*V and S*V as Fock spaces of fermions and
bosons with oscillators spanning the vector space V.

a.) Show that

Z ¢"dimA"™(V) = (1 + ¢)* (6.22)

n>0
and therefore

d
dimA"™(V) = <n> (6.23)
b.) Show that
1

> ¢"dimS"(V) = (6.24)

= S (1-g)
and therefore

—1
dimS™(V) = <”+Z ) (6.25)

Remark The formula for the number of n'*-rank symmetric tensors in d dimensions

involves multichoosing. In combinatorics we denote

()23

and say “d multichoose n.”

(6.26)

This is the number of ways of counting n objects from a set
of d elements where repetition is allowed and order does not matter. One standard proof

is the “method of stars and bars.” Suppose T, . is a totally symmetric rank n tensor.

For a fixed set of indices 41, ...,1%,, there will be a certain number of 1’s, 2’s, etc. So for

a completely symmetric tensor the value of 7;, . ;. is the value of T' with the indices in

1,012,020 d,d-
number of, say, 2’s might actually be zero.) How many distinct values can there be? We

Vin
nondecreasing order: (What we wrote is a little misleading since the
can imagine n + d — 1 slots, and we are to choose d — 1 of these slots as the position of a
bar. Then between the bars we insert 1’s, then 2’s, etc., reading from left to right. Thus,
the position of the bars completely determines the number of 1’s, 2’s, etc. and this is

how we are labeling the independent components 71, 12,2

vgdiganny

d,...d- Thus, the independent
components of a symmetric rank n tensor in d dimensions are in 1-1 correspondence with
a choice of (d —
(6.26).

1) slots out of a total of n + d — 1 slots. This is the binomial coefficient

19 Answer: A%(V) is the span of vectors of the form z ® y — y ® x, while S?(V) is the span of vectors of
the form x ® y + y ® . But we can write any x ® y as a sum of two such vectors in an obvious way.
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Expanding out the binomial coefficients a bit it is interesting to note that there is a
pleasing symmetry between the antisymmetric and symmetric cases:

mmAWV):<f>:du—lﬂd—%-~w—%n—1» (627

n n!

1 2) .- -1
dimS”(V):<(d)>:d(d+ )(d+ )l (d+ (n—1)) (6.28)
n n!
Exercise

a.) Let dimV = 2. Show that
dimS" (V) =n+1 (6.29)

b.) Let d = dimV. Show that
S3(V) @ A3(V) (6.30)

is a subspace of V&3 of codimension %d(al2 — 1) and hence has positive codimension for
d>1.

Thus, there are more nontrivial representations of the symmetric group to account for.
These will be discussed in Chapter 4.

Exercise Linear Transformations
a.) If T':V — W is a linear transformation show that there are natural linear
transformations:

ART APV — AP (6.31)
SFT . SRV — SkW (6.32)

See chapter **** below where this is applied to define determinants and pfaffians in a
basis-independent way.

Exercise Generating functions for symmetric powers

Let V be a vector space over a field x. It is sometimes useful to think of it as a
representation of a group G. Note that if we have R} acting on V' by scaling t : v — v
for t > 0 then Sym? (V) has the action of . We can form:

Sym} (V) := @520t Sym? (V) (6.33)
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where we interpret Sym®(V) = x. Note that W ® x = W for any vector space over # (or
representation of G, if k is the trivial representation). So x functions as an identity, and
in particular is an invertible vector space. The parameter ¢ is put in as a bookkeeping
convenience. It keeps track of the scaling weight.

a.) Show that
Symi (Vi ® V2) = Sym; (V1) ® Symi(V2) (6.34)

b.) Using this show that:
Sym?3 (Vi @ Va) = Sym3(V4) + Sym? (V1) Vs + ViSym?(Va) + Sym? (V%) (6.35) [eq:Sym3True

c.) Show that it makes sense to say for virtual spaces (or representations)

Symy (V1)

Symi (V1 © Va) = m

(6.36) |eq:Diff

d.) Since « is an invertible vector space, this makes sense by formally expanding the
denominator as a power series. For example, show that:

Sym?(Vi & Va) = Sym? (V1) — ViV + V7 — 2Sym?(V3) (6.37) |eq:Sym2Virt

Sym?3(Vi&Vs) = Sym?3 (V1) —Sym? (V1) Va— Vi Sym? (V) 4+ Vi Vi +2Sym? (V) Vo — Vi —Sym? (V3)
(6:39

‘v Sym; (V1) Sym; (V1) v .
m e = = 1 — )| . N

Sym"+1(V -1)= Symm_l(v) — Sym"(V) (6.40) ’eq:SimpleDiff

Exercise

Suppose a group G acts on a finite-dimensional vector space V' and the action of p(g)
can be diagonalized so that V = @, L; with p(g) acting as g; on L;. Show that the characters
of the induced representation on A¥(V) and S*¥(V) can be computed from

chazvp(g) = [ [(1 +tg) (6.41)

(2

1
1 —tg

chgrvp(g) = H (6.42)

7
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6.2 Algebraic structures associated with tensors
- TensorAlgebra

There are a number of important algebraic structures associated with tensor spaces.
Definition For a vector space V' over k the tensor algebra T'V is the Z-graded algebra
over x with underlying vector space:

TV =@ VoV epV®eg... (6.43)
and multiplication defined by using the tensor product to define the multiplication
VR 5 Ol ekt (6.44)

and then extending by linearity.
Remarks

1. In concrete terms the algebra multiplication is defined by the very natural formula:

(N Qug) (W R Quwp) ==V R QU RW -+ ®wy (6.45)

2. Note that we can define V&0 := k and V" = {0} when n is a negative integer
making

TV = eV (6.46)

into a Z-graded algebra. The vectors V' are then regarded as having degree = 1.

Several quotients of the tensor algebra are of great importance in mathematics and

phySiCS. & This discussion of
ideals really belongs

Quite generally, if A is an algebra and B C A is a subalgebra we can ask if the vector in the section on
algebras. Then you

space A/B admits an algebra structure. The only natural definition would be can give standard
examples such as
subalgebra of Z of
(a + B) ® (a' + B) =—a®ad + B (6.47) integfrs divisible by
n. etc. &

However, there is a problem with this definition! It is not necessarily well-defined. The
problem is very similar to trying to define a group structure on the set of cosets G/H of
a subgroup H C G. Just as in that case, we can only give a well-defined product when
B C A satisfies a suitable condition. In the present case we need to know that, for all
a,a’ € A and for all b,b’ € B then there must be a b’ € B so that

(a+b)®(d+b)=acd+¥V" (6.48)
Taking various special cases this implies that for all b € B and all a € A we must have
a®beB & bOaeB (6.49)

Such a subalgebra B C A is known as a (left- and right-) ideal.

If we have a subset S C A then I(S), the ideal generated by S, also denoted simply
(S) is the smallest ideal in A that contains S. It exists because the intersection of two
ideals that contain S is an ideal that contains S and the set of ideals that contain S is
nonempty: A itself is an ideal.
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1. Symmetric algebra: This is the quotient of T°V by the ideal generated
S={vew—-—wvlv,weV} (6.50)
It is denoted S®V, and as a vector space is
SV = aX,SV (6.51)

If we denote the symmetrization of an elementary tensor simply by

1
V] Vg = Tl Z VUp(1) @+ @ Vg (k) (6.52)

€Sk

then the product is simply

It is also the free commutative algebra generated by V. Even when V is finite
dimensional this is an infinite-dimensional algebra.

2. Euterior algebra: This is the quotient of T*V by the ideal I(S) generated by
S={veuwt+wevv,weV} (6.54)
It is denoted A®V, and as a vector space is
AV = BR AV (6.55)
with product given by exterior product of forms
(Vi A Avg) - (Wi A= Awg) :==v1 A Avg Awyp A== Awy (6.56)
When V is finite dimensional this algebra is finite dimensional.

3. Clifford algebra: Let @ be a symmetric quadratic form on V, and we assume that
V is a vector space over a field of characteristic not equal to two. Then the Clifford
algebra C¢(Q)) is the algebra defined by T'V/I(S) where I(S) is the ideal generated
by

S={vewt+wev—-2Q(v,w)l|v,weV} (6.57)

This is an extremely important algebra in physics. For the moment let us just note
the following elementary points: If we choose a basis {e;} for V and Q(e;, e;) = Qy;
then we can think of C¢(Q) as the algebra over k generated by the e; subject to the
relations:

€€ + eje; = Qij (6-58)

If @ can be diagonalized then we can choose a basis and we write

€i€j + €j€; = qi5ij (659)
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Strictly speaking, when one speaks of a “Clifford algebra” it is understood that @
is nondegenerate so the ¢; are all nonzero. The above construction makes sense for
any symmetric quadratic form. If @ = 0 we obtain what is known as the Grassmann
algebra. If () is degenerate but nonzero one can separate the two cases and take a

tensor product since we have a canonical isomorphism !

ClQ1 ® Q2) = CUQ1)RCUQ2) (6.60)

To go further it depends quite a bit one what field we are working with. If k = C
and the ¢; # 0 we can change basis so that

eie; +eje; = 251‘]‘ (661)

This is, of course, the familiar algebra of “gamma matrices” and the Clifford algebras
are intimately related with spinors and spin representations, and a choice of gamma
matrices is a choice of representation of C'¢(Q). If kK = R the best we can do is choose
a basis so that

eie; +eje; = 2771(51] (662)

where n; € {£1}. We note that if V' is finite-dimensional then, as a vector space

CUQ) = af_ NV (6.63)

but this isomorphism is completely false as algebras. (Why?) Clifford algebras are
discussed in great detail in Chapter 10. For much more information about this crucial
case see

1. The classic book: C. Chevalley, The algebraic theory of spinors

2. The chapters by P. Deligne in the AMS books on Strings and QFT for mathe-
maticians.

3. Any number of online lecture notes. Including my own:

http://www.physics.rutgers.edu/~gmoore/695Fall2013/CHAPTER1-QUANTUMSYMMETRY-
OCTS5.pdf (Chapter 13)

http://www.physics.rutgers.edu/~gmoore/PiTP-LecturesA.pdf (Section 2.3)

4. Universal enveloping algebra. Let V be a Lie algebra. (See Chapter 8(7) below.)
Then U(V'), the universal enveloping algebra is TV/I where I is the ideal generated
by v@w—w® v — [v,w].

Remarks
1. Explain coalgebra structures.
2. Explain about A,, and L, algebra.

3. Koszul duality for quadratic algebras

176 do this right we need to regard the Clifford algebra as a Zy-graded, or super-algebra. Then we must
take the graded tensor product. See the references at the end of this remark for further explanation.
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6.2.1 An Approach To Noncommutative Geometry

One useful way of thinking about the symmetric algebra is that S®VV is the algebra of
polynomial functions on V. Note that there is a natural evaluation map

SFVYXV = & (6.64)

defining a polynomial function on V. To make this quite explicit choose a basis {v;} for V
so that there is canonically a dual basis {0’} for VV. Then an element of S¥(VV) is given
by a totally symmetric tensor Tj,..; 9% - - - 9%, and, when evaluated on a general element
z'v; of V we get the number

Tyoip '™ - - - (6.65)

so the algebraic structure is just the multiplication of polynomials.
Now, quite generally, derivation of an algebra A is a linear map D : A — A which
obeys the Leibniz rule
D(ab) = D(a)b+ aD(b) (6.66)

In differential geometry, derivations arise naturally from vector fields and indeed, the gen-
eral derivation of the symmetric algebra S*(V") is given by a vector field

D= Z fix) aii (6.67)

Now these remarks give an entree into the subject of noncommutative geometry: We
can also speak of derivations of the tensor algebra T*V. Given the geometrical interpreta-
tion of S*V it is natural to consider these as functions on a noncommutative manifold. We
could, for example, introduce formal variables x* which do not commute and still consider
functions of these. Then, vector fields on this noncommutative manifold would simply be
derivations of the algebra. In general, if noncommutative geometry the name of the game
is to replace geometrical concepts with equivalent algebraic concepts using commutative
rings (or fields) and then generalize the algebraic concept to noncommutative rings.

Remarks:

1. A very mild form of noncommutative geometry is known as supergeometry. We
discuss that subject in detail in Section §23 below. For now, note that our discussion
of derivations and vector fields has a nice extension to the exterior algebras.

7. Kernel, Image, and Cokernel
A linear transformation between vector spaces (or R-modules)
T:V =W (7.1)

is a homomorphism of abelian groups and so, as noted before, there are automatically three
canonical vector spaces:

kerT :={v:Tv=0} C V. (7.2)
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im7 = {w: Jv w="Tv} CW. (7.3)

and
im7T = V/kerT (7.4)

One defines exact sequences and short exact sequences exactly as for groups.
In linear algebra, since the target W is abelian we can make one new construction not
available for general groups. We define the cokernel of T to be the vector space:

cokT := W/imT. (7.5)
Remarks:

1. If V,W are inner product spaces then cokT = kerT!. (See definition and exercise
belOW.) &Should say more

here, and explain
. . . . how cokernels are
2. Classical Error-Correcting Codes. In the theory of classical error correcting codes a  relevant. How to
. . . . . construct generator
linear [n, k] code is a k-dimensional subspace C C F3. The codewords have n bits trom parity check
. . . . and vice versa using
and there are k independent bits with the potential to encode 2¥ messages. AS an orthogonal vectors.
&

example: The most elementary way to make sure you are not misunderstood is to
repeat yourself. The most elementary way to make sure you are not misunderstood is
to repeat yourself. The most elementary way to make sure you are not misunderstood
is to repeat yourself. The repetition code on one bit is an [r, 1] code where r is the
number of repetitions. It sends the bit 0 to (0,...,0) and 1 to (1,...,1). In general,
the [n, k] code can be thought of as being determined by a linear map:

G :Fk - F? (7.6)

Choosing a standard basis for F§ and F3 the code is determined by a matrix G €
Mat,, «(F2) called the generator matrix. It is often useful to think of C as the kernel
of a linear transformation

H:TFy — Fy* (7.7)

so that the sequence

0 % Fr 2ok s (7.8)

is exact. Again, choosing a standard basis we have a matrix H € Mat(,,_p)x, (F2)
such that H is of rank (n — k) and HG = 0. The matrix H is known as the parity
check matriz. 1t is quite useful because if there is an error in transmission and the
intended message m € F5 is in fact ' = G(m) + e, where e is an error then we can
sometimes diagonose the error and even correct it. To diagnose the error we apply
the parity check operator so that Hy = He. If Hy' # 0 we can be sure that an
error has occured, so that Hy/' is called the error syndrome. 2 In good cases we can

120f course, it is possible that and error e € C has occurred. Part of the goal of constructing good
error-correcting codes is to make the vectors in C “extremely sparse” so that it is very unlikely to have
eeC.
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even find e and subtract it to get ¥’ — e = G(m) and then deduce m. For example,
if the codewords are “far apart” and e is “small” then there will be a unique vector
y € C which is closest to 3. Here the proper notion of distance is the Hamming
distance. If we know the generator matrix G then to construct H we need not just a
complementary subspace to Im(G) but the orthogonal one. If H is of the form

H = (A In,k) (7.9)

I
G = (_2) (7.10)

(this is valid over any field, such as Fy). For this, and much more, consult 13

then

Exercise
a.) If
0—-Vi—=V,—=V3—=0 (7.11)

is a short exact sequence of vector spaces, then V3 = V5 /V].

b.) Show that a splitting of this sequence is equivalent to a choice of complementary
subspace to Vi in Va.

Exercise The massless vectorfield propagator

Let k,,u=1,...,d be a nonvanishing vector in R? with its canonical Euclidean metric.
a.) Compute the rank and kernel of

M, (k) = kyuky — 8,k (7.12)

In gauge theory, when we have restricted to the space of planewaves A#(k:)eik'm the
kernel of M, (k) represent the gauge modes. The quotient represents the gauge invariant
information. For computations it is preferable to work with a subspace rather than a
quotient, so we choose a gauge to invert the propagator. Of course, the complementary
space is not unique. That is why there is a choice of gauge.

b.) Compute an inverse on the orthogonal complement (in the Euclidean metric) of
the kernel.

13Njielsen and Chuang, Quantum Computation and Quantum Information, Cambridge, section 10.4.1
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Exercise
Show that if T': V' — W is any linear operator then there is an exact sequence

0= kerT =V 5 W — cokT — 0 (7.13)

7.1 The index of a linear operator

If T:V — W is any linear operator such that kerT and cokT are finite dimensional we
define the index of the operator T to be:

Ind(7T) := dimcokT — dimkerT (7.14)
For V and W finite dimensional vector spaces you can easily show that
IndT = dimW — dimV (7.15)

Notice that, from the LHS, we see that it does not depend on the details of T'!
As an example, consider the family of linear operators Ty : v — Av for A € C. Note
that for A #0
kerT = {0} cokT = V/V = {0} (7.16)

but for A =0
kerT = cokT =V (7.17)

Both the kernel and cokernel change, but the index remains invariant.
As another example consider the family of operators Ty : C?> — C? given in the

T\ = <3 i) (7.18)

kerTy = {0}  cokTy = C%/C% = {0} (7.19)

kerTp = C - (é) cokTy = C?/C - (é) (7.20)

and again the index is invariant.

standard basis by:

Now, for A # 0

but for A =0

In infinite dimensions one must be more careful. Clearly, one cannot define the index
to be dimW — dimV'. However, there is a special class of operators on infinite-dimensional
Hilbert spaces for which dimcok(7") and dimker(7’) are in fact finite-dimensional. These,
(with some extra technical constraints) are known as Fredholm operators. The index of
a Fredholm operator is then defined as dimcok(T") — dimker(7") and it turns out to be a
very interesting object. One important theorem in index theory is then that if T} is a
continuous family of Fredholm operators (where one defines a topology on the space of
Fredholm operators using the norm topology from operator algebra theory) then the index
is continuous, and hence, being an integer, is independent of \.
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The index of an operator plays an essential role in modern mathematical physics. To
get an idea of why it is important, notice that in the finite-dimensional case, the RHS of
the above formula for the index does not refer to the details of T', and yet provides some
information on the number of zero eigenvalues of T and T'f. One of the great achievements
of 20th century mathematics is the Atiyah-Singer index theorem and its many variants. A
special case of the theorem gives the index for important geometrical operators such as the
Dirac operator coupled to metrics and gauge fields defined on general (compact) manifolds.
The zero-modes of these operators often have great physical significance, but solving the
Dirac equation explicitly is completely out of the question. The index theorem expresses
the index in terms of certain topological invariants, and these topological invariants are
often readily computable.

Exercise
Compute the index of the family of operators:

u u u?
Tu= (sin(u) sin(u) Sin2(u)> (721)

Find special values of u where the kernel and cokernel jump.

Exercise

Consider the usual harmonic oscillator operators a,al acting on a separable Hilbert
space. (See below.) Compute the index of a and af.

Consider the families of operators T' = Xa and T = Xa' for A € C. Is the index
invariant?

References on the Atiyah-Singer theorem:
For physicists: Eguchi, Gilkey, Hanson, Physics Reports; Nakahara.
For mathematicians: Michelson and Lawson, Spin Geometry

8. A Taste of Homological Algebra

>k kosk sk sk sk okok kR kokoskoskkok

NEED SOME INTRO. COHOMOLOGY AND HOMOLOGY MEASURE OBSTRUC-
TIONS. SOME HOMOLOGICAL ALGEBRA HAS APPEARED IN PHYSICS IN THE
PAST 20 YEARS.

There are many, many, textbooks on homological algebra. It is also generally covered
in textbooks on algebraic topology. Among the many, one of the clearest and easiest to
read is
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J.W. Vick, homology theory: an introduction to algebraic topology, Academic Press
ok ok Rk KRRk K

A module M over a ring R is said to be Z-graded if it is a direct sum over modules
A4-::GBn€ZA4n (8.1)

Physicists should think of the grading as a charge of some sort in some kind of “space of
quantum states.”
If the ring is Z-graded then also

and moreover R" - R™ C R™™. In this case it is understood that the ring action on the
module is also Z-graded so
R" x M"™ — M (8.3)
ok kR kKK o

EXAMPLES:
1. One good example are the differential forms on a manifold. The ring can be taken
to be the ring of smooth functions on a manifold X and M"™ = Q"(X) are the smooth

differential forms on X.
Skosk sk skosk sk skosk sk sk sk skoskoskosk sk sk

Definition Let M;, Ms be two Z-graded R-modules. We say that an R-module ho-
momorphism ® : My — Ms is of degree k if

O M — MytF (8.4)

for all n € Z.

Put differently, we can introduce an operator Cy; which acts by multiplication by n on
M™. In physical examples, it might be some kind of conserved charge on spaces of states.
For example, n might be “fermion number” of some quantum states. Then ® : M} — M
is of degree k if

Cr,® — ®Cpp, = kP (8.5)

>kskoskoskoskoskoskoskoskoskoskoskoskoskoskoskosk

EXAMPLES

Kkook sk ok kokook sk ok kokok skokokok

A cochain complex is a Z-graded module together with a linear operator usually called
d: M — Mor@Q:M — M where Q*> = 0 and Q is “of degree one.” What this means
is that @ increases the degree by one, so @ take M™ into M™T!. A degree one operator d
that squares to 0 is often called a differential.

A cochain complex is usually indicated as a sequence of modules M™ and linear maps
dm:

dn—l an

Mn—l M"

M (8.6)
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with the crucial property that
VneZ d'd"'=0 (8.7)

The sequence might be infinite or finite on either side. If it is finite on both sides then
M"™ = 0 for all but finitely many n.

It is important to stress that the cochain complex is not an exact sequence. Indeed,
we can characterize how much it differs from being an exact sequence by introducing its
cohomology:

H(M,d) := kerd/imd (8.8)

This definition makes sense, because d?> = 0. Because the complex is Z-graded, and d has
degree one the cohomology is also Z-graded and we can define

H"(M,d) := kerd" /imd" ! (8.9)

Thus, the cohomology of a cochain complex is a Z-graded Abelian group.

Similarly, there is a notion of a chain complexr and its corresponding homology. Now
we have a Z-graded module M over R and now we have an operator, again called the
differential and denoted O of degree —1 which squares to zero 9> = 0. The only difference
from the cochain complex is that the degree is —1 and not +1. Denoting the components
of M of degree n by M,, we now have

Mn—l Mn Mn+l < (810)

an 8n+1

and again 0,,0,,+1 = 0. The homology of the chain complex is the Abelian group kerd/imo.
Again it is Z-graded, and the component of degree n is

H,(M,,0) = kerd,/imdy11 (8.11)

Given a cochain complex (M™,d) one can always take the dual complex to obtain a
corresponding chain compler. We define M,, := Hom(M", R) and 9 := d". Similarly, given
a chain complex we can produce a cochain complex. We discuss more about the duality
between chain and cochain complexes in section *** below.

Examples

1. Continuing with our example of differential forms. d : QF(X) — Q¥1(X) is the
exterior derivative.

KRRk

2. To an Abelian group A we can associate (nonuniquely) a cochain complex SO

that A is isomorphic to the homology of this complex
3. Algebraic topology: singular (co-)homology.
4. DeRham cohomology

5. CW homology.
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6. Quiver representations.
7. Supersymmetric quantum mechanics and Morse theory.

8. Derived categories in theories of D-branes

8.1 The Euler-Poincaré principle

Suppose we have a finite cochain complex of vector spaces which we will assume begins at
degree zero. Thus

0 VO dO Vl dl o dn—l

v 0 (8.12)

with /a7 = 0.
Let us compare the dimensions of the spaces in the cochain complex to the dimensions
of the cohomology groups. We do this by introducing a Poincare polynomial

Pye(t) =Y t/dimV7 (8.13)
j=0
Pye(t) = t/dimH’ (8.14)
=0
Now we claim that
Pye(t) — Pe(t) = (1 + )W (1) (8.15)

where W (t) is a polynomial in ¢ with nonnegative integer coefficients.
Proof: Let h7 be the dimension of the cohomology. Then by choosing representatives
and complementary spaces we can find subspaces W/ C V7 of dimension w’ so that

dimV? = 0 4+ °
dimV! = h! + w® 4+ w!
dimV? = h? + w' + w? (8.16)

dimV"™ = h" +w" !

so W(t) = w® +wlt 4+ - + w11
Putting t = —1 we have the beautiful Euler-Poincaré principle:

(—1)'dimV* =Y (—1)'dimH’ (8.17)
> 2

This common integer is called the Fuler characteristic of the complex.

Remark: These observations have their origin in topology and geometry. Equation
(8.17) is related, among many other things, to the fact that one can compute topological
invariants of topological spaces by counting simplices in a simplicial decomposition, or in
other ways associated to (co)chain complexes. One way of getting such complexes, that is
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closely related to physics is via Morse theory. In Morse theory, you put a manifold on a
table as in figure

[NEED A FIGURE: RIEMANN SURFACE ON A TABLE]

If one considers a generic function h : M — R on a compact manifold one can look at
the critical points. These are points p € M where dh(p) = 0. If all the critical points are
nondegenerate the one can speak of the number of independent directions along which A
decreases. This is called the Morse index. It turns out that the free vector space generated
by the critical points defines a complex - the Morse-Smale-Witten complex. Then equation
(8.15) implies the Morse inequalities: The number N; of critical points with j downward
directions is always bigger than the Better number b;: We have N; > b;. Nevertheless
Zj(—l)ij = Zj(—l)jbj = x(M), the Euler character of M. In Witten’s interpretation,
the generators of the complex are the approximate ground states of a quantum system,
while b; measures the true number of ground states (of Fermion number j). The inequality
N; > b; has a very simple physical interpretation: Some approximate groundstates are
lifted due to instanton effects. 14

8.2 Chain maps and chain homotopies

Suppose (C, d¢) and (D, dp) are two cochain complexes. A chain map is a homomorphism
of R-modules, f : C' — D, of degree zero that commutes with the differentials. That is,

the diagram:

c-%. ¢ (8.18)

f f
Op

commutes. Even more explicitly: “degree zero” means f : C,, — D, is a homomorphism
of R-modules, for every n, that is, if preserves the degree and moreover f0c, = Opnf.
This defines a “morphism of complexes”
Given a chain map, one automatically has a homomorphism of Abelian groups

fx : HJ(C,0c) — Hy«(D,0p) (8.19)
defined by
fe(ld]) := [f(c)]. (8.20)
Of course, there are entirely analogous definitions for cochain complexes.
xRk Rk kK
PULLBACK AND PUSHFORWARD
Kok kR SR okk R KoKk R kokok >k

The connection of Morse theory to supersymmetric quantum mechanics was discovered by Witten in
a classic paper, “Supersymmetry and Morse theory.” Witten’s interpretation has had enormous impact
on both physics and mathematics subsequently. For a recent exposition of the main ideas, together with
some extra details not spelled out in the original paper the reader might wish to consult chapter 10 of
https://arxiv.org/pdf/1506.04087.pdf.
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Exercise
Show that (8.20) is well-defined.

Definition Suppose that fi, fo : C' — D are chain maps. We say that an R-module
homomorphism 7" : C' — D of degree —1 so that

dpT — Tde = fi — fo (8.21)

is a chain homotopy between fi1 and fo
In diagrams we have

n—1 n

d d
Cnfl C cn C Cn+1 ... (822)

b

pn—1 D Dn D, pntl

A key fact is that if there exists a chain homotopy between f; and fo then, on the
homology, we have (f1). = (f2)«. After all

(f1)([d]) == [fi(e)]
+dpT(c) = T(dc(e))] (8.23)

where we pass to the third line because d¢(c) = 0 and [z + dp(y)] = [z] for any = and y.
An important special case of the above is where C' = D and f; = Id, or indeed any
invertible map. and fo = 0. Then, it follows that the cohomology vanishes. This is a very
useful technique for proving that obstructions vanish.
GIVE EXAMPLE.
REMARKS: NEED TO EXPLAIN WHAT THIS HAS TO DO WITH HOMOTOPY.
EXAMPLES:

8.3 Exact sequences of complexes

Define SES of complexes. Then give the LES and describe the connecting homomorphism.

8.4 Left- and right-exactness

Suppose '? that A, B, C are Abelian groups in an exact sequence:

0 A—=B-—"=C 0 (8.24)

and let G be any Abelian group then we can ask what happens to the exact sequence when
we apply the functors A — Hom(A,G) and A — A ® G. In general the exactness of the
sequence is only partially preserved.

15We are following a nice brief discussion in Bott and Tu, Differential Forms in Algebraic Topology,
Springer GTM 82
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We claim that
0 — Hom(C, G) —=~ Hom(B, G) —~= Hom(4, G) (8.25)

Here, if f : A — B is a group homomorphism we can define f*: Hom(B,G) — Hom(A, G)
by f*(¢) := ¢ o f. Note carefully that the map ¢* is not necessarily surjective so we
are missing an arrow — 0 at the end of (8.25). In the jargon we say that the functor
A — Hom(A, G) is left-ezact.

Similarly, we claim that:

A0G-2LBec L oG —0 (8.26)
is exact, but again, note that we do not necessarily have injectivity of : ® 1. In the jargon
we say that the functor A — A® G is right-exact.

Ezxt and Tor are functors that measure the failure of the exactness of the above se-
quences.
Let C be any Abelian group. Then it has a free resolution:

0 R——=F-—"=C 0 (8.27)

where F' is a free Abelian group. We just choose a set of generators for C' and let F' be
the free Abelian group on those generators. Then [see Jacobson, sec. 3.6] any subgroup of
a free Abelian group is free so R is a free Abelian group as well. Now we apply the above
discussion. We define

Ext(C, G) := cok(:*) = Hom(R, G)/im/* (8.28)
Tor(C,G) :=ker(¢t® 1) (8.29)

Here is how this works in one of the simplest cases. We take C' = Z/mZ. So we can take
R=7Z7Zand F =Zbut ¢ : R — F is multiplication by m, that is ¢(z) = mz. Now let G = Z.
Then Hom(C, G) = 0 and Hom(F, G) = Hom(Z,Z) = Z and Hom(R, G) = Hom(Z,Z) = Z.
Now, what is t* 7 It turns out to be multiplication by m once again, so the cokernel is
Z/mZ, so

Ext(Zmm,Z) = L, (8.30)

In this way, with a little patience, you can prove
Ext(Z/mZ,7) = Z./mZ
Ext(Z,G) =0
Ext(Z/mZ,Z/nZ) = Z]gcd(m,n)Z
Ext(Z/nZ,G) = G/nG

(8.31)

Kk ok sk ok okok ok sk ok okok ok ok sk kok ok sk ok kokosk sk ok kokok skok

Explain how Ext(A,G) classifies extensions. Hence the name.
Incorporate remarks from Moore-Segal 2.7.1; Bredon pp. 271-280.
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Let us consider a simple example of how Tor can arise. Again, we take C' = Z/mZ, so
R =7 and F =7 and ¢ : R — F is multiplication by m, that is ¢(z) = mz. Now taking
G = 7Z/nZ, equation (8.26) becomes

787,287 & T 25 Ly @ Ly — 0 (8.32)

So we need to work out the kernel of the homomorphism Z,, — Z, given by ¢(z) = mz.
That is, we should solve for x in
max =0 mod n (8.33)

If n=g-pand m =g-q with (p,q) = 1 then this is equivalent to
gr = Omodp (8.34)
but ¢ is invertible modulo p so x = Omodp so the kernel is

{p+nZ,2p+nZ,...,p-%—l—nZ} (8.35)

and so ker(: ® 1) =2 Z/gZ where g = ged(m,n), and
Tor(Zn, Zom) = L m) (8.36)

One can show that for Tor we have:

Tor(A, G) = Tor(G, A)
Tor(Z/mZ,7Z) =0
Tor(Z,Z/mZ) =0 (8.37)
)=0
)

Tor(Z/mZ,7/nZ) = Z]ged(m, n)Z

Exercise A — Hom(A, G) is contravariant and left-exact
Prove (8.25). 16

Exercise A — A® G is covariant and right-exact

16 Answer First, note that if 7%(¢) = 0 then ¢(m(b)) = 0 for every b € B. But every element ¢ € C' is
of the form m(b) for some b therefore for every ¢ € C' we have ¢(c) = 0 therefore ¢ = 0. Therefore 7" is
injective. Next, if t*(¢) = 0 for ¢ € Hom(B, G) then ¢(c(a)) = 0 for every a € A. Then we can choose a
section (not a splitting) s : C' — B. Note that we can define ¢ € Hom(C, G) by ¢(c) = ¢(s(c)). Of course,
two sections will differ by s(c) = s'(c) + ¢(f(c)) for some function f : C — A, but since ¢(c(f(c)) = 0 the

ambiguity does not matter and hence ¢ = 7 (¢).
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Prove equation (8.26). 17

Exercise Divisible Groups
Definition: A group G is said to be divisible if for every g € G and every nonzero
integer n there is a ¢’ with ng’ = g. Sometimes, such groups are said to be injective.
Thus, for example, R and U(1) are divisible, but Z is not.
a.) Show that if
0-G—=>1—-J—=0 (8.38)

with I, .J divisible groups then for a finite abelian group A:
0 — Hom(A,G) — Hom(A,I) - Hom(A, J) — Ext(A,G) — 0 (8.39)

b.) Apply part (a) to 0 - Z — R — U(1) — 0 to obtain Ext(A,Z) = Hom(A4,U(1)),
the Pontryagin dual of A.
c.) Show that if G is divisible then Ezt(A, G) = 0 for all abelian groups A.

9. Relations Between Real, Complex, And Quaternionic Vector Spaces

Physical quantities are usually expressed in terms of real numbers. Thus, for example, we
think of the space of electric and magnetic fields in terms of real numbers. In quantum
field theory more generally one often works with real vector spaces of fields. On the other
hand, quantum mechanics urges us to use the complex numbers. One could formulate
quantum mechanics using only the real numbers, but it would be terribly awkward to do
so. Quantum mechanics teaches us that complex vector spaces are a fundamental part
of reality. In physics and mathematics it is often important to have a firm grasp of the
relation between complex and real structures on vector spaces, and this section explains
that relation in excruciating detail.

9.1 Complex structure on a real vector space

Definition Let V be a real vector space. A complex structure on V is an R-linear map
I:V — V such that I? = —1.

Choose a squareroot of —1 and denote it by i. If V is a real vector space with a
complex structure I, then we can define an associated complex vector space, which we will

17 Answer: Choose a section s : C' — B for 7. Then any element > ¢ ®gi € C®G is in the image
of 3. s(ci) ® gi € B® G. Now suppose that (7 ® 1)(3°, b ® gi) = >, 7(bi) ® gi = 0. Then, on the
one hand s(m(b;)) — bs = ¢(a;) for some a; and hence Y . s(7(bi)) @ gi = >, t(ai) @ gi + Y, bi @ gi. But
22 8(m(bi) ©gi = (s@1) (22, m(bi) ®gi) = 0. Therefore 3, b; ®gi = — 32, 1(ai) ®gi = @1)(= X2, ¢i ®gi)-
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denote by (V,I). We take (V,I) to be identical with V, as sets, but define the scalar
multiplication of a complex number z € C on a vector v by

zvi=a-v+I1B-v)=a-v+F-1(v) (9.1)

where z = a + i with «a, 5 € R, and we are stressing scalar multiplication on vectors by
putting in a -. We will usually omit the -.

Remark: If V7 and V5 are real vector spaces with complex structures I; and I» then a
complex linear map

T : (Vl,fl) — (VQ,IQ) (92)

is a real linear map T : V3 — V5 such that

Tol,=ILoT. (9.3)

We now come to an important point:

A finite-dimensional real vector space admits a complex structure iff it is even dimen-
sional.

To prove this, note that for any nonzero vector v € V, the vectors v and I(v) are
linearly independent over R. To prove this, suppose that on the contrary there are nonzero
scalars o, f € R such that

av+ BI(v) =0 (9.4)

Then applying I to this equation and using 12 = —1 we get

pv—al(v)=0 (9.5)
Multiply (9.4) by « and (9.5) by 8 and add the equations to get

(&®+B*v =0 (9.6)

Since v # 0 and «, 3 are real we learn that « = § = 0. It follows that if V is finite
dimensional then its dimension must be even and there is always a real basis for V in

which I takes the form
0 -1
9.7
(1 O ) ©0.7)

where the blocks are n x n for an integer n = %dimRV. Conversely, if V' is even dimensional
consider the above matrix with respect to any basis.

Note that, if I is a complex structure on V, then so is SIS™! for any invertible real
linear map S : V' — V. In fact, all the complex structures are related to the standard one
above by a change of basis:
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Lemma If ] is any 2n X 2n real matrix which squares to —1s,, then there is S € GL(2n,R)

such that
= 1lp := . 9

We leave the proof as an exercise below.
Note carefully that, while v and I(v) are linearly independent in the real vector space
V', they are linearly dependent in the complex vector space (V, I) since

v+ (=1)-I(v) =0 (9.9)

Indeed, our lemma also shows that if V' is finite dimensional and has a complex structure
then the dimension of the complex vector space (V,I) is:

1
dime(V, I) = §dimRV (9.10)
Example Consider the real vector space V = R2. Let us choose

0—1
I= (1 0) . (9.11)

Then multiplication of the complex scalar z = x + iy, with z,y € R on a vector <a1> e R?
a2

(z + iy) - <a1> = (alx - “29> (9.12)
as a1y + asx

By equation (9.10) this must be a one-complex dimensional vector space, so it should be

can be defined by:

isomorphic to C as a complex vector space. Indeed this is the case. Define U : (V,I) — C
by

v <‘“> — a1 + ias (9.13)

a2

Then one can check (exercise!) that this is an isomorphism of complex vector spaces. The
main point to check is that W o I = i¥ (this is the condition (9.3) above).

Quite generally, if T is a complex structure then so is I = —I. So what happens if we
take our complex structure to be instead:

- (01
I= (_1 0) ? (9.14)

Now the rule for multiplication by a complex number in (V, ) is

(z + iy) - <a1> = < @z + azy ) (9.15)
as —a1y + asx
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One can check that W : (V,I) — C defined by

0 <a1> = ap — iag (9.16)

a2

is also an isomorphism of complex vector spaces. (Check carefully that W(za) = 2¥(a). )

Now, up to isomorphism there is only one one-dimensional complex vector space, so
there must be an isomorphism of (V,I) with (V, I ) as complex vector spaces. We now
describe it carefully: Note that if we introduce the real linear operator

10
C:= (0 _1) (9.17)

crc~'=cI1c =-1 (9.18)

then C% =1 and

Note that C does not define a C-linear transformation (V,I) — (V,I). Rather, if we define
C:(V,I)— (V,I) by
C: (‘“) — <“1 ) (9.19)
ag —an

Col=1I0oC (9.20)

then you can check that

meaning that C is an isomorphism of the two complex vector spaces. (Recall equation

(9.3).)

What can we say about the set of all complex structures on R2? We have already seen
below that there is a transitive action of GL(n,R) on the space of complex structures by
(matrix) conjugation. A useful theorem (see remark below) says that every S € GL(2,R)

1z (A O cos(f)  sin()
S = <0 1> <0 )\2) (—ﬁsin(H) §cos(9)> (9.21)

with x € R, A1, A2 > 0, § € R/277Z and, finally, { € {£1} is a sign that coincides with the
sign of det(S) and tells us which of the two connected components of GL(2,R) S sits in.

can be written as:

We then compute that

-1 _ 1z 0 f)\l/)\g 1 —=x
Sho5™" = (0 1) (—gxg/xl 0 > (0 1 )
[ —ra a4 2%a
|\ —a T

(where av = €X2 /A1 so @ € R* and = € R). The most general complex structure is uniquely

(9.22)

written in this form, and so the space of complex structures is a two-dimensional manifold
with two connected components.
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In section 9.6 below we describe the generalization of this result to the space of complex
structures on any finite dimensional real vector space.

Remarks:

1. The decomposition (9.21) is often very useful. Indeed, it generalizes to GL(n,R),
where it says we can write any g € GL(n,R) as ¢ = nak where k € O(n), a is
diagonal with positive entries, and n = 1 4 ¢ where ¢ is strictly upper triangular.
This is just a statement of the Gram-Schmidt process. See section 21.2 below. This
kind of decomposition generalizes to all algebraic Lie groups, and it is this more
general statement that constitutes the “KAN theorem.”

2. It is often useful to define complex structures compatible with a metric. “Compatible”
means that || I(v) ||>=|| v ||?>. In other words, I is an orthogonal transformation. For
the example of R? we take the standard Euclidean norm:

u () = a? + a3 (9.23)
ag

Then, I € O(2). One easily checks, by explicit multiplication, that if S is an orthog-
onal transformation then

SIpS™! = SIHS™ = (detS) Iy (9.24)

so there are precisely two complex structures compatible with the Euclidean norm:
IO and —I().

Exercise Canonical form for a complex structure

Prove equation (9.8) above. ®

18 Answer: Proceed by induction. If V # 0 then there is a nonzero vector v € V and hence (v, I(v)) C V
is a nonzero two-dimensional subspace. If dimgV = 2 we are done. If dimgV = 2n + 2 and we assume the
result is true up to dimension 2n then we consider the quotient space

V/(v, I(v)) (9.25)

and we note that I descends to a map I on this quotient space and by the induction hypothesis there is a
basis [w1], ..., [wan] for V/{v, I(v)) such that

I([wi]) = [wn+i]

- ] (9.26)
I([wn4]) = —[wi] i=1,...,n
Now, choosing specific representatives w; we know there are scalars o, ..., 8% such that
I(w;) = Wnps + afv + B (v
)= ! il() _ (9.27)
I([wngi]) = —w; + asv + B51(v) i=1,...,n
and consistency of these equations with I? = —1 implies o4 = £¢ and 85 = —a!. Now check that

Wi = w; + ail(v) and Wn4i = Wnti + /3{](1}) is the suitable basis in which I takes the desired form.
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9.2 Real Structure On A Complex Vector Space

Given a complex vector space V can we produce a real vector space? Of course, by
restriction of scalars, if V' is complex, then it is also a real vector space, which we can call
Vk. V and Vi are the same as sets but in Vg the vectors v and v, are linearly independent
(they are clearly not linearly independent in V!). Thus:

dimg Vg = 2dimcV. (9.28)

There is another way we can get real vector spaces out of complex vector spaces. A
real structure on a complex vector V' space produces a different real vector space of half
the real dimension of Vi, that is, a vector space of real dimension equal to the complex
dimension of V.

Definition Let V7, V5 be complex vector spaces. An antilinear map 7 : Vo — V5 is a
map that satisfies:

L To+d)=Tw)+T®),
2. T(av) = a*T (v) where o € C and v € V.
Note that 7 is a linear map between the underlying real vector spaces (V1)r and (V2)g.

Remark: Antilinear operators famously appear in quantum mechanics when dealing with
symmetries which reverse the orientation of time. In condensed matter physics they also
appear as “particle-hole symmetry operators.” (This is a little confusing since in relativistic
particle physics the charge conjugation operator is complex linear.)

Definition Suppose V is a complex vector space. Then a real structure on V is an
antilinear map C : V — V such that C2 = +1.

If C is a real structure on a complex vector space V' then we can define real vectors to
be those such that

Clv)=w (9.29)

Let us call the set of such real vectors V. This set is a real vector space, but it is not a

complex vector space, because C is antilinear. Indeed, if C(v) = +v then C(iv) = —iv. If
we let V_ be the imaginary vectors, for which C(v) = —v then we claim

V=V V_ (9.30)

The proof is simply the isomorphism

v <U+g(v)> ® <v_26(v)> (9.31)
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Figure 3: The real structure C has fixed vectors given by the blue line. This is a real vector space
determined by the real structure C.

Moreover multiplication by i defines an isomorphism of real vector spaces: Vi = V_. Thus
we have

dimgV, = dimcV (9.32)

Example Take V =C, and let ¢ € R/277Z and define:
C:a+iy — ¥ (x —iy) (9.33)

The fixed vectors under C consist of the real line at angle ¢/2 to the z-axis as shown in
Figure 3. Note that the lines are not oriented so the ambiguity in the sign of e’/ does
not matter.

Once again, note that there can be many distinct real structures on a given complex
vector space. In our case, the space of distinct real structures is the space of real unoriented
lines in R? and this is known as the RP!. In general, the space of real structures is discussed
in Section 9.6 below.

In general, a complex vector space V equipped with a basis (over C) has a canonically
associated real structure. Indeed suppose {v;} is a basis for V, then we can define the real
structure:

C(Z Zi”i) = 205 (9.34)

and thus
Ve ={) awile; € R} (9.35)

fig:REALVECTOE

Exercise Antilinear maps from the real point of view
Suppose W is a real vector space with complex structure I giving us a complex vector
space (W, I).
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Show that an antilinear map 7 : (W,I) — (W,I) is the same thing as a real linear
transformation 7" : W — W such that

TI+IT =0 (9.36)

That is, an anti-linear map, from the real point of view is just an R-linear map 71" that
anticommutes with 1.

9.2.1 Complex Conjugate Of A Complex Vector Space

There is another viewpoint on what a real structure is which can be very useful. If V is
a complex vector space then we can, canonically, define another complex vector space V.
We begin by declaring V to be the same set. Thus, for every vector v € V, the same
vector, regarded as an element of V is simply written . However, V is different from V as
a complex vector space because we alter the vector space structure by altering the rule for
scalar multiplication by a € C:

a-vi=af v (9.37)

where o* is the complex conjugate in C.

Of course V = V.

Note that, given any C-linear map T : V' — W between complex vector spaces there
is, canonically, a C-linear map

T:V-W (9.38)
defined by

T(v) :=T(v) (9.39)

With the notion of V' we can give an alternative definition of an anti-linear map: An
anti-linear map 7 : V — V is the same as a C-linear map T : V — V, related by

T(v) =T(v) (9.40)

Similarly, we can give an alternative definition of a real structure on a complex vector

space V as a C- linear map
C:V-=V (9.41)

such that CC' =1 and CC = 1, where C : V — V is canonically determined by C as above.
In order to relate this to the previous viewpoint note that C : v +— C(9) is an antilinear
transformation V' — V which squares to 1.

Exercise
A linear transformation T : V' — W between two complex vector spaces with real
structures C'y and Cyy commutes with the real structures if the diagram

T

Vv = W
1 Cy ) NG, (9.42)
v Low
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comimutes.
Show that in this situation T" defines an R-linear transformation on the underlying real
vector spaces: T4 : Vi — W,.

Exercise Complex conjugate from the real point of view

a.) Show that every complex vector space is isomorphic to a complex vector space of
the form (W, I) where W is a real vector space and I is a complex structure on W.

b.) Suppose W is a real vector space with complex structure I so that we can form
the complex vector space (W, I). Show that

W, I) = (W,—I) (9.43)

9.2.2 Complexification

If V is a real vector space then we can define its complezification V¢ by putting a complex
structure on V & V. This is simply the real linear transformation

I: (7)1,7)2> — (—'I)Q,'Ul) (9.44)

and clearly I? = —1. This complex vector space (V @V, I) is known as the complexification
of V. Another way to define the complexification of V' is to take

Ve .=V ®rC. (9.45)

Note that we are taking a tensor product of vector spaces over R to get a real vector space.
Since C is two-dimensional as a real vector space V¢ has twice the (real) dimension of V.
But now V ®gr C has a natural action of the complex numbers:

z-(v®2)i=v®2 (9.46)

making V¢ into a complex vector space. In an exercise below you show that the two
definitions of complexification we have just given are in fact equivalent.
Note that
dimcVe = dimgV (9.47)

Note that V¢ has a canonical real structure. Indeed
Ve=V®rC (9.48)
and we can define C': V¢ — V¢ by setting

C:vel—o®l (9.49)
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and extending by C-linearity. Thus

Cloez)=C(z-(v®1)) def of V¢
=z C((U_@ 1)) C — linear extension (9.50)
=z-(v®1)
=v® 2" definition of scalar action onVg

Finally, it is interesting to ask what happens when one begins with a complex vector
space V and then complexifies the underlying real space Vg. If V' is complex then we claim
there is an isomorphism of complex vector spaces:

(R)c2VaeV (9.51)

Proof: The vector space (Vr)c is, by definition, generated by the space of pairs (v, v2),
v; € Vg with complex structure defined by I : (v1,v2) — (—v2,v1). Now we map:

i (v1,v2) = (V1 + iv2) & (v — iv2) (9.52)
and compute
(z + Iy) - (v1,v2) = (zv1 — Yvg, TV2 + Yv1) (9.53)
o
Yz (v,v2) = (x+ay) - (v +ive) B (x —1y) - (v —ivy) =2-V+Z-0 (9.54)

Another way to look at (9.51) is as follows. Suppose the complex vector space V'
is of the form (W, I) with W a real vector space and I a complex structure on W. Now
(W, I)r = W. Now consider Vg @rC = WRr®|IC. There are now two ways of multiplying
by a complex number z = x + 7y: We can multiply the second factor C by z or we could
operate on the first factor with x+1y. We can decompose our space V ®grC into eigenspaces

where I = 44 and I = —i using the projection operators
1 .
PL = 5(1 FI®i) (9.55)

the images of these projection operators have complex structures, and are isomorphic to
V and V as complex vector spaces, respectively:

(W, Dr)c = W, 1) & (W, 1) (9.56)

Exercise Fquivalence of two definitions
Show that the two definitions (9.44) and (9.45) define canonically isomorphic complex
vector spaces.
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Exercise
Show that
CerC=CasC (9.57)

C®cCC (9.58)

as algebras.

Exercise

Suppose V is a complex vector space with a real structure C and that V, is the real
vector space of fixed points of C.

Show that, as complex vector spaces

V =V, ®C. (9.59)

9.3 The Quaternions

Definition The quaternion algebra H is the associative algebra over R with generators
i,], € satisfying the relations

P=-1 j=-1 #=-1 (9.60)
tE=14 (9.61)

Note that, as a consequence of these relations we have
JHji=it+ti=j+8 =0 (9.62)

The quaternions form a four-dimensional algebra over R. As a vector space we can
write
H =Ri+Rj+ Rt + R = R* (9.63)

where the expression between = and =2 is an internal direct sum. The algebra is associative,
but noncommutative. It has a rich and colorful history. See the remark below.
Note that if we denote a generic quaternion by

q=zi+ o)+ a3t + x4 (9.64)
with z1,...,24 € R, then we can define the conjugate quaternion by the equation
q:=—x1i — Toj — w3t + 14 (9.65)
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Now using the relations we compute
4
@=q0= wury € Ry (9.66)
pn=1

This defines a norm on the quaternion algebra:

Iq?=q7=dq (9.67)

The norm satisfies an important and slightly nontrivial identity:

lqaz 7= qv 1] a2 |17 (9.68)

See the exercises below.

If follows that the unit quaternions, i.e. those with || ¢ ||[= 1 form a nonabelian group.
(Exercise: Prove this!) In the exercises below you show that this group is isomorphic to
SU(2).

One fact about the quaternions that is often quite useful is the following. There is a
left- and right-action of the quaternions on itself. If q is a quaternion then we can define
L(q): H — H by

L(q) :q' = qq' (9.69)

and similarly there is a right-action
R(q):q" —d'q (9.70)

The algebra of operators L(q) is isomorphic to H and the algebra of operators R(q) is
isomorphic to H°PP, which in turn is isomorphic to H itself. Now H is a four-dimensional
real vector space and L(q) and R(q) are commuting real-linear operators. Therefore there
is an inclusion

H ®@g HPP < Endg(H) = End(R?) (9.71)

Since H ®g H°PP has real dimension 16 this is isomorphism of algebras over R.

Remarks:
1. It is very interesting to compare C and H.

e We obtain C from R by introducing a squareroot of —1, which we can denote
as i, but we obtain H from R by introducing three independent squareroots of
—1, which are traditionally denoted as i,j, .

e (C is associative and commutative, while H is associative, but noncommutative.

e There is a conjugation operation z — z and ¢ — ¢ so that zz € Ry and
qq = qq € Ry and is zero iff z =0 or ¢ = 0, respectively.

e The set of all square-roots of —1 in C is {#i} is a sphere S°. The set of all
square-roots of —1 in H is a sphere S2.
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e The group of unit norm elements in C is the Abelian group U(1). The group of
unit norm elements in H is the non-Abelian group SU(2).

2. A little history

There is some colorful history associated with the quaternions which mathematicians
are fond of relating. My sources for the following are

1. E.T. Bell, Men of Mathematics and C.B. Boyer, A History of Mathematics.

2. J. Baez, “The Octonions,” Bull. Amer. Math. Soc. 39 (2002), 145-205. Also
available at http://math.ucr.edu/home/baez/octonions/octonions.html

The second of these is highly readable and informative.

In 1833, W.R. Hamilton presented a paper in which, for the first time, complex
numbers were explicitly identified with pairs (z,y) of real numbers. Hamilton stressed
that the multiplication law of complex numbers could be written as:

(x,y)(u,v) = (zu — vy, ve + yu)

and realized that this law could be interpreted in terms of rotations of vectors in the

plane.

Hamilton therefore tried to associate ordered triples (x,y, z) of real numbers to vec-
tors in R? and sought to discover a multiplication law which “expressed rotation” in
R3. It seems he was trying to look for what we today call a normed division algebra.
According to his account, for 10 years he struggled to define a multiplication law —
that is, an algebra structure — on ordered 3-tuples of real numbers. 1 suspect most
of his problem was that he didn’t know what mathematical structure he was really
searching for. This is a situation in which researchers in mathematics and physics
often find themselves, and it can greatly confound and stall research. At least one of
his stumbling blocks was the assumption that the algebra had to be commutative.

Then finally — so the story goes — on October 16, 1843 he realized quite suddenly
during a walk that if he dropped the commutativity law then he could write a consistent
algebra in four dimensions, that is, he denoted ¢ = a + bi + ¢j + dt and realized that
he should impose

i? =% = ¢ = ijt (9.72)
He already knew that i> = —1 was essential, so surely j2 = €2 = —1. Then i% = ij¢
implies i = jt. But for this to square to one we need j¢ = —¢. Apparently he

carved these equations into Brougham Bridge while his wife, and presumably, not
the police, stood by. He lost no time, and then went on to announce his discovery
to the Royal Irish Academy, the very same day. Hamilton would spend the rest of
his life championing the quaternions as something of cosmic significance, basic to
the structure of the universe and of foundational importance to physics. That is
not the general attitude today: The quaternions fit very nicely into the structure
of Clifford algebras, and they are particularly important in some aspects of four-
dimensional geometry and the geometry of hyperkahler manifolds. However, in more
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general settings the vector analysis notation introduced by J. W. Gibbs at Yale has
proved to be much more flexible and congenial to working with mathematical physics
in general dimensions.

The day after his great discovery, Hamilton wrote a detailed letter to his friend John
T. Graves explaining what he had found. Graves replied on October 26th, and in his
letter he said:

“ There is still something in the system which gravels me. I have not yet any clear
views as to the extent to which we are at liberty arbitrarily to create imaginaries, and
to endow them with supernatural properties. ... If with your alchemy you can make
three pounds of gold, why should you stop there? 7

By Christmass Graves had discovered the octonions, and in January 1844, had gone
on to a general theory of “2™
hitch.”

-ions” but stopped upon running into an “unexpected

Later, again inspired by Hamilton’s discovery of the quaternions, Arthur Cayley
independently discovered the octonions in 1845.

See Chapter 7 below for a discussion of the octonions.

3. What Hamilton and Graves discovered are special cases of a general construction
is known as the c-double or Cayley-Dickson process. Given an algebra A with an
involutive anti-homomorphism j : v — @ we form the vector space A@ = A @ A.
The new algebra structure is defined by a choice of a nonzero element ¢ € A and the

new product is ¥

(v1,v2) - (w1, w2) = (Viw] + CWaV2, W2v] + VW) (9.73)

Since j(v) = v is linear over k, the new algebra product is bilinear, and therefore
A ig itself an algebra. The octonions are obtained using A = H with ¢ = —1. At
each stage of the process the algebraic structure becomes more complicated.

Exercise Due Diligence
Show that (9.60) and (9.61) imply (9.62). 2°

Exercise Quaternionic Conjugation And The Opposite Quaternion Algebra

9There is a choice of convention here. The standard text by Schaefer, p.45 uses a different convention.
We are following Jacobsen.

20 Apswer: Substitute € = ij into the equation £2 = —1. Multiply this equation on the left by i and on the
right by j and use (9.60). A similar manipulation applies to the other equations.
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a.) Show that quaternion conjugation is an anti-automorphism, that is:
192 = q2 q1 (9.74)

b.) Show that HC°PP = HL.

Exercise Identities On Sums Of Squares
a.) If z; and zy are complex numbers then

|21 |22]* = |2122]? (9.75)

Show that this can be interpreted as an identity for sums of squares of real numbers
z,Yy,Ss,t:
(2% 4+ 32)(s? + 1) = (xs — yt)> + (ys + xt)? (9.76)

b.) Show that

I

a1 1P @ II>=] ¢1g2 |12 (9.77)

and interpret this as an identity of the form

4 4 4
Z(xu)z Z(?/u)z = Z(Zu)2 (9.78)
pn=1 pn=1 pn=1
where z, is of the form
4
2y = Z AuvATrYx (9.79)
v, =1

Find the explicit formula for z,.

Exercise A Matriz Representation Of The Quaternions
a.) Show that

i —vV—1lo" o /16> t— —/—16° (9.80)

defines a set of 2 x 2 complex matrices satisfying the quaternion algebra. Under this
mapping a quaternion ¢ is identified with a 2 x 2 complex matrix

q—plg) = ('Z _w> (9.81)
w z

with z = —i(z3 +iz4) and w = —i(x1 + iz2).
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b.) Show that the set of matrices in (9.81) may be characterized as the set of 2 x 2
complex matrices A so that

A* = JAJ ! g= ("1 (9.82)
10

If we introduce the epsilon symbol €*? which is totally antisymmetric and such that '2 = 1
(this is a choice) then we can write the condition as

(An)" =P A (9.83)

Exercise Quaternions And Rotations

a.) Using the fact that ¢q§ = qq is a real scalar show that the set of unit-norm elements
in H is a group. Using the representation (9.81) show that this group is isomorphic to the
group SU(2).

b.) Define the imaginary quaternions to be the subspace of H of quaternions such that
g = —q. Denote this as S(H). Show that (H) =2 R3, and show that S(H) is in fact a real
Lie algebra with

[91, 2] == @192 — 21 (9.84)
Using (9.81) identify this as the Lie algebra of SU(2): $(H) = su(2). (Recall that su(2) is
the real Lie algebra of 2 x 2 traceless anti-Hermitian matrices.)
c.) Show that det(p(q)) = ¢ = x4z, and use this to define a homomorphism

p:SU(2) x SU(2) — SO(4) (9.85)
d.) Show that we have an exact sequence 2!
1—Zy— SU((2) xSU(2) - SO(4) = 1 (9.86)

where ¢ : Zy — SU(2) x SU(2) takes the nontrivial element —1 to (—1g,—13).
e.) Show that under the homomorphism p the diagonal subgroup of SU(2) x SU(2)
preserves the scalars and acts as the group SO(3) of rotations of S(H) = R3.

2! Answer: We use the homomorphism p : SU(2) x SU(2) — SO(4) defined by p(q1,q2) : ¢ — q1¢ggz. To
compute the kernel we search for pairs (¢1, ¢2) of unit quaternions so that ¢gi1ggz = ¢ for all ¢ € H. Applying
this to ¢ = 1 gives ¢1 = g2. Then applying it to ¢ = i,j, ¢ we see that g1 = g2 must be a real scalar. The
only such unit quaternions are ¢; € {£1}. To check the image is entirely in SO(4) you can check this for
diagonal matrices in SU(2) x SU(2) and then everything conjugate to these must be in SO(4), so the image
is a subgroup of SO(4) of dimension six and therefore must be all of SO(4).

/.
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Exercise Unitary Matrices Over Quaternions And Symplectic Groups
a.) Show that the algebra Mat,, (H) of n x n matrices with quaternionic entries can be
identified as the subalgebra of Mats, (C) of matrices A such that

A* = JAJ ! J= (0 _1"> (9.87)
1, 0
b.) Show that the unitary group over H:
U(n,H) := {u € Mat,,(H)|u'u =1} (9.88)
is isomorphic to
USp(2n) := {u € U(2n,C)|u* = JuJ '} (9.89)

To appreciate the notation show that matrices u € USp(2n) also satisfy
u'" Ju = J (9.90)

which is the defining relation of Sp(2n,C).

Exercise Complex structures on R*
a.) Show that the complex structures on R* compatible with the Euclidean metric can
be identified as the maps
q+— ng n?=—1 (9.91)

OR
g qn n?= -1 (9.92)

b.) Use this to show that the space of such complex structures is S2 IT 52,

Exercise Regular Representation

Compute the left and right regular representations of H on itself as follows: Choose a
real basis for H with v; =i,v9 =j,v3 = €,v4 = 1. Let L(q) denote left-multiplication by a
quaternion q and R(q) right-multiplciation by q. Then the representation matrices are:

L(a)va :=q - va := L(q)pavs (9.93)
R(q)va == va - q := R(q)pavs (9.94)
a.) Show that:
000 1
00-10
L(i) = 95
O=10100 (9.95)
-10 0 0
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0 010
0 001
L(j) = 9.96
0=1" 0 oo (9.96)

0 -100

(9.97)

SO O = O

o O O
o O O

O = O O

0 0 01
. 0 010
RO=| 0 o0 (9.98)

-1 0 00
0 -1
0 0

9.99
. (999)

O = O O
[en}
O O = O

-1 0

0100
-10 0 0
R(E) = 9.100

® 0001 ( )

00-10

b.) Show that these matrices generate the full 16-dimensional algebra My (R). This is
the content of the statement that

H ®g HPP = End(R?) (9.101)

Exercise 't Hooft symbols and the regular representation of H
The famous 't Hooft symbols, introduced by ’t Hooft in his work on instantons in
gauge theory are defined by

a?c:llz = :l:(si,u(sl/4 + 51'1/5;1,4 + €ipv (9102)
where 1 < p,v < 4,1 <7 < 3 and €, is understood to be zero if u or v is equal to 4.
(Note: Some authors will use the notation nfw, and some authors will use a different overall
normalization.)
a.) Show that
att=R@G) at?=R(G) o™ =R (9.103)

a~l=—Li) a?=-L(G) a3 =-L (9.104)
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b.) Verify the relations

[ai,i :I:,j] — _9giikytk

[ai7i7 aﬂF,j] =0

, QX

(9.105)

c.) Let so(4) of 4 x 4 denote the real Lie algebra of real anti-symmetric matrices. It
is the Lie algebra of SO(4). Show that it is of dimension 6 and that every element can be
uniquely decomposed as L(q1) — R(q2) where ¢1, g2 are imaginary quaternions.

d.) Show that the map

S(H) & S(H) — so(4) (9.106)

1D g2 = L(q1) — R(g2) (9.107)
defines an isomorphism of Lie algebras
su(2) @ su(2) = so(4) (9.108)

e.) Using (b) and (9.81) show that the above isomorphism of Lie algebras can be

expressed as a mapping of generators

VI

1
L a0 —att

i ! (9.109)

-1 . 1 .

0® \/;az > 507”

f.) Now show that
{aF, atd) = 251 9.110)
and deduce that:
atiatd = 54 _ ik b

a ol = g kR (9.111)

g.) Deduce that the inverse isomorphism to (9.108) is

T — (—V—1Tr(a™'T)o") & (—v/—1Tr(a'T)o") (9.112)

Exercise Quaternions And (Anti-)Self-Duality
a.) Introduce the 4d epsilon tensor €,,, with €234 = +1. Show that the rank-two
antisymmetric tensors oz:[,’f for fixed i are self-dual and anti-self-dual in the sense that

| :
0 = S0y, (9.113)
Q) = 5y, (9.114)
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b.) On so(4), which, as a vector space, can be identified with the space of two-index
anti-symmetric tensors define

1
(*T)/u/ = §€puApT>\p (9.115)

Show that the linear transformation x : s0(4) — s0(4) satisfies +> = 1. Therefore
+ 1
P = (1) (9.116)

are projection operators. Interpret the isomorphism (9.108) as the decomposition into
self-dual and anti-self-dual tensors.

c.) If T is an antisymmetric tensor with components 7}, then a common notation is
P*(T) = T*. Check that

1
= 5(T12 + Tay) = +T5;
1
TS = §(T13 + Tyo) = +T5 (9.117)
1
T = 5(T14 + To3) = +T5

We remark that the choice €1234 = +1, instead of €234 = —1 is a choice of orientation
on R*. A change of orientation exchanges self-dual and anti-self-dual.

d.) Recall the notation that v, € H is the natural basis of quaternions i,j,€,1. Show
that Uy = Uy — VU, are anti-self~-dual and v;'l, = Vv, — Vv, are self-dual.

Exercise More about SO(4) matrices
Show that if w1234 are real then

L4 —X3 T2 I

L(zg+ m1i+ 20) + 2gb) = | 73 T4 T2 (9.118)
—To I Ty XT3
—X1 —T9 —T3 T4
b.) Show that when z,x, = 1 the matrix L(z4 + 211+ z2j + x38) is an SO(4) rotation.
c.) Similarly
Ya Y3 —Y2 U1
Rlya +yri+yoi+yst) = [0 90 9192 (9.119)
Y2 Y1 Y4 Y3
—Y1 —Y2 —Y3 Y4

is an SO(4) rotation when y,y, = 1.
d.) Show that the general SO(4) matrix is a product of these.
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e.) Show that, in particular that if we identify £ = io® then

(97 1) = <R(()9) Ria)) (9.120)

p(l,eieas) _ (Rée) R?g)) (9.121)

where p is the homomorphism defined in (9.85) and

R(0) = (cos@ sin@) (9.122)

—sin @ cosf

9.4 Quaternionic Structure On A Real Vector Space

Definition: A quaternionic vector space is a vector space V over k = R together with
three real linear operators I,.J, K € End(V) satisfying the quaternion relations. In other
words, it is a real vector space which is a module for the quaternion algebra.

Example 1: Consider H®" = R%". Vectors are viewed as n-component column vectors
with quaternion entries. Each quaternion is then viewed as a four-component real vector.
The operators I, J, K are componentwise left-multiplication by L(i), L(j), L(¥).

It is possible to put a quaternionic Hermitian structure on a quaternionic vector space
and thereby define the quaternionic unitary group. Alternatively, we can define U(n,H)
as the group of n x n matrices over H such that uu’ = ufu = 1. In order to define the
conjugate-transpose matrix we use the quaternionic conjugation ¢ — ¢ defined above.

Exercise A natural sphere of complex structures
Show that if V' is a quaternionic vector space with complex structures I,.J, K then
there is a natural sphere of complex structures given by

I =ua1l+x2] + 23K el ai=1 (9.123)

9.5 Quaternionic Structure On Complex Vector Space

Just as we can have a complex structure on a real vector space, so we can have a quater-
nionic structure on a complex vector space V. This is a C-anti-linear operator K on V
which squares to —1. Once we have K2 = —1 we can combine with the operator I which
is just multiplication by v/—1, to produce J = KI and then we can check the quaternion
relations. The underlying real space Vg is then a quaternionic vector space.
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Example 2: The canonical example is given by taking a complex vector space V and
forming
W=VaV (9.124)

The underlying real vector space Wr has quaternion actions:

I:(v1,v2) = (iv,iv2) = (iv1, —iva) (9.125)
J: (Ul,@) —> (—UQ,W) (9.126)
K : (v1,03) = (—ivg, —ivy) (9.127)

Remarks

1. Tensor Products Of Quaternionic Vector Spaces. Let V7, V5 be complex vector spaces

with a quaternionic structure. Note that V; ®c V2 is not (naturally) a quaternionic
vector space, but rather a vector space with a real structure. The reason is that,
if K1, Ky are the anti-linear operators defining the quaternionic structure on Vi, Vs,
respectively, then K1 ® K> is again anti-linear, but squares to +1, not —1. Similarly,
if Vi,...,V, are quaternionic vector spaces then V; ®c Vo ®¢ - - - ®c V,, has a natural
quaternionic structure if n is odd and a natural real structure if n is even.

2. A representation p : G — GL(V), where V is a real vector space, is said to be a
quaternionic representation if p(g) commute with I, J, K for all g. A good example
of a quaternionic representation is the provided by the fundamental representation
V of SU(2). Let V = C? be the defining 2-dimensional representation of SU(2). We
can identify

Ve 2RY~H (9.128)
and then the SU(2) action is the U(1,H) left action on H. This becomes manifest if
we identify H with the space of 2 X 2 complex matrices:

(Z _Zw> (9.129)
b = <Z> (9.130)

Now, the action of I, J, K commuting with the p(u) is clearly given by —R(i), —R(j),

with i € V identified with

and —R(), respectively. More generally, the H action commuting with the SU(2)
action on the representation is given by right-multiplication by q with q € H.

3. Tt follows that, if V is the fundamental representation of SU(2), then V®" is a real
representation for n even and is a quaternionic representation for n odd. As we saw
from the Clebsch-Gordon decomposition, V™ = V(n/2) ¢ ---. Thus we conclude
that the spin j representation is real for j integral and quaternionic for j half-integral.
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4. Kramers’ theorem. We can return to Kramers’ theorem: If there is a time-reversing

symmetry in quantum mechanics and 72 = —1 then T defines a quaternionic struc-
ture. But the complex dimension of a quaternionic vector space is necessarily even.
This is the Kramers degeneracy.

9.5.1 Complex Structure On Quaternionic Vector Space

Recall that a quaternionic vector space is a real vector space V with an action of the
quaternions. So for every ¢ € H we have T'(¢) € Endg (V') such that

T(q1)T(q2) = T(q192) (9.131)

In other words, a representation of the real quaternion algebra.
If we think of V' as a copy of H" with the quaternionic action left-multiplication by ¢
componentwise, so that
0 qq1
@ || =] : (9.132)
an q4n
then a complex structure would be a left-action by any GL(n,H) conjugate of T'(i). If we
wish to preserve the norm, then it is a U(n, H) conjugate of T'(i).
A complex structure then describes an embedding of C™ into H" so that we have an

isomorphism of

H" =~ C" & C" (9.133)

as complex vector spaces.

9.5.2 Summary
To summarize we have described four basic structures we can put on vector spaces:

1. A complex structure on a real vector space W is a real linear map I : W — W with
I? = —1. That is, a representation of the real algebra C.

2. A real structure on a complex vector space V is a C-anti-linear map K : V — V with
K? = +1.

3. A quaternionic structure on a complex vector space V is a C-anti-linear map K :
V — V with K? = —1.

4. A complex structure on a quaternionic vector space V is a representation of the real
algebra H with a complex structure commuting with the H-action.

9.6 Spaces Of Real, Complex, Quaternionic Structures

This section makes use of the “stabilizer-orbit theorem.” See the beginning of section 3.
We saw above that if V' is a finite-dimensional real vector space with a complex struc-

ture then by an appropriate choice of basis we have an isomorphism V 22 R?", for a suitable

integer n, and I = I. So, choose an isomorphism of V' with R?” and identify with space of
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complex structures on V with those on R?". Then the general complex structure on R?"
is of the form SIpS~! with S € GL(2n,R). In other words, there is a transitive action
of GL(2n,R) on the space of complex structures. We can then identify the space with a
homogeneous space of GL(2n,R) by computing the stabilizer of Iy. Now if

glog™" = 1Io (9.134)

for some g € GL(2n,R) then we can write g in block-diagonal form

g= (é g) (9.135)

and then the condition (9.134) is equivalent to C' = —B and D = A, so that

A B
Stabar2n,r) (o) = {g € GL(2n,R)|g = (—B A>} (9.136)

we claim this subgroup of GL(2n,R) is isomorphic to GL(n,C). To see this simply note

2

the above matrix is A ® laxs + B ® (i0?) and we can diagonalize io?. Explicitly, if we

introduce the matrix

1( 1, 1,
=—— 1
So 2 (—iln 11n> (9.137)
then if g € Stabgr(an,r)(lo) and we write it in block form we have
A—-iB 0
—1
= 1
So 950 ( 0 A+iB> (9.138)
thus the determinant is
det(g) = |det(A +iB)/? (9.139)

and since det(g) # 0 we know that det(A + iB) # 0. Conversely, if we have a matrix
h € GL(n,C) we can decompose it into its real and imaginary parts h = A+iB and embed

into GL(2n,R) via
A B
h 9.140
(40 140

(We could change the sign of B in this embedding. The two embeddings differ by the
complex conjugation automorphism of GL(n,C). )
We conclude that the space of complex structures is a homogeneous space

ComplexStr(R*") = GL(2n,R)/GL(n,C) (9.141)

We could demand that our complex structures are compatible with the Euclidean
metric on R?". Then the conjugation action by O(2n) is transitive and the above embedding
is an embedding of U(n) into O(2n) and

CompatComplexStr(R**) = O(2n)/U(n) (9.142)
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We now turn to the real structures on a finite-dimensional complex vector space. We
can choose an isomorphism V =2 C" and then the general real structure is related to

n

Co : Zziei — Zn: zle; (9.143)
=1

=1

by conjugation: C = g~'Cog with g € GL(n,C). ?? The stabilizer of Cq is rather obviously
GL(n,R), which sits naturally in GL(n,C) as a subgroup. Thus:

RealStr(C") = GL(n,C)/GL(n,R) | (9.144)

’CompatRealStr((C”) = U(n)/O(n) ‘ (9.145)

Let us now consider quaternionic structures on a complex vector space. We iden-
tify these as anti-linear operators J : V. — V that square to —1 and denote the set by
QuatStr(V). Now, GL(V) acts on QuatStr(V) by K + gKg~!'. Moreover, this action
is transitive.  so we just need to determine a stabilizer group. Again, we can fix an
isomorphism V = C?" and we choose an anti-linear operator that squares to —1. Let us

Jo (”i) - <_Z2> (9.146)
Vg vy

where vy, vy € C". Now we compute the stabilizer Jy, that is, the matrices g € GL(2n,C)
1

choose:

= Jo when acting on vectors in C?". In terms of matrices this means:
01 0 -1
=q* 9.147
(-1 0) g (1 0 > g (9.147)

A B
Stabar2n,c(Jo) = {g € GL(2n,C)|g = (—B* A*>} (9.148)

such that gJpg™

which works out to:

Recall our characterization of n x n matrices over the quaternions. It follows that this
defines an embedding of GL(n,H) — GL(2n,C). ?* So

QuatStr(C*") = GL(2n,C)/GL(n, H) (9.149)

Putting the natural Hermitian structure on C?" we could demand that quaternionic struc-
tures are compatible with this Hermitian structure. Then the conjugation action by U(2n)
is transitive and the above embedding is an embedding of USp(2n) into U(2n) and

CompatQuatStr(C?") = U(2n)/USp(2n) (9.150)

22Proof: Given a real structure the fixed point set is a real subspace, but that space has a basis {e;} and
then the real structure is what we wrote above. But all bases are related by GL(n,C).

21t is possible, but tricky to define the notion of a determinant of a matrix of quaternions. It is best to
think of GL(n,H) as a Lie group with Lie algebra Mat, (H), or in terms of 2n X 2n matrices over C, the
group we have written explicitly.
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Finally, in a similar way we find that the space of complex structures on a quaternionic
vector space can be identified with

CompatCmplxStr(H") = USp(2n)/U(n) ‘ (9.151)

Remarks

1. Relation to Cartan involutions. The above homogeneous spaces have an interesting
relation to Cartan involutions. A Cartan involution ?* § on a Lie algebra is a Lie
algebra automorphism so that #? = 1. Decomposing into + eigenspaces we have

g=tep (9.152)
where £ = {X € g|6(X) = X} and p is the —1 eigenspace and we have moreover
[e.¢f=t [ep]=p [pp] =t (9.153)

At the group level we have an involution 7 : G — G so that at the identity element
dr = 6. Then if K = Fix(7) we have a diffeomorphism of G/K with the subset in G
of “anti-fixed points”:

G/K=0:={geqGlr(g) =g '} (9.154)

The above structures, when made compatible with natural metrics are nice examples:

Complex structures on real vector spaces: R?" = C". Moduli space:

O(2n)/U(n) (9.155) ’eq:ClassCartS}

This comes from 7(g) = Ipgl, ' where I is (9.8).

Real structures on complex vector spaces: R” < C". Moduli space

U(n)/O(n) (9.156) ’ eq:ClassCartSj

This comes from 7(u) = u*.

Quaternionic structures on complex vector spaces: C2" = H". Moduli space:

U(2n)/Sp(n) (9.157) ’ eq:ClassCartS;

Viewing Sp(n) as USp(2n) := U(2n) N Sp(2n; C) we can use the involutive automor-
phism 7(g) = I, 'g*Iy on U(2n). The fixed points in U(2n) are the group elements
with glog!" = Iy, but this is the defining equation of Sp(2n,C).

Complex structures on quaternionic vector spaces: C™ — H". Moduli space:

Sp(n)/U(n) (9.158) ’ eq:ClassCartsy

248ee Chapter **** below for much more detail.
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Viewing Sp(n) as unitary n X n matrices over the quaternions the involution is 7(g) =
—igi, i.e. conjugation by the unit matrix times i.
When Cartan classified compact symmetric spaces he found the 10 infinite series of

the form O x O/O , U x U/U, Sp x Sp/Sp, O/O x O, U/U x U, Sp/Sp x Sp and
the above for families. In addition there is a finite list of exceptional cases.

2. The 10-fold way. In condensed matter physics there is a very beautiful classification
of ensembles of Hamiltonians with a given symmetry type known as the 10-fold way.
It is closely related to the above families of Cartan symmetric spaces, as discovered

by Altland and Zirnbauer. See, for example,

http://www.physics.rutgers.edu/~gmoore/695Fall2013/CHAPTER1-QUANTUMSYMMETRY-
OCT5.pdf

http://www.physics.rutgers.edu/~gmoore/PiTP-LecturesA.pdf

Exercise Quaternionic Structures On R4
In an exercise above we showed that the space of Euclidean-metric-compatible quater-
nionic structures on R* is S? I S2. Explain the relation of this to the coset O(4)/U(2).

10. Some Canonical Forms For a Matrix Under Conjugation

10.1 What is a canonical form?

We are going to collect a compendium of theorems on special forms into which matrices
can be put.
There are different ways one might wish to put matrices in a “canonical” or standard
form.
In general we could consider multiplying our matrix by different linear transformations
on the left and the right
A— SlASQ (10.1)

where S1, Sy are invertible.
On the other hand, if A is the matrix of a linear transformation 7" : V' — V then
change of bases leads to change of A by conjugation:

A— SAS™! (10.2)

for invertible S.
On the other hand, if A is the matrix of a bilinear form on a vector space (see below)
then the transformation will be of the form:

A= SAS™ (10.3)
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and here we can divide the problem into the cases where A is symmetric or antisymmetric.
There is some further important fine print on the canonical form theorems: The the-
orems can be different depending on whether the matrix elements in

CoORDQDZ (10.4)

Also, we could put restrictions on S € GL(n,C) and require the matrix elements of S to
be in R, Q,Z. Finally, we could require S to be unitary or orthogonal. As we put more
restrictions on the problem the nature of the canonical forms changes.

Some useful references for some of these theorems:

1. Herstein, sec. 6.10,

2. Hoffman and Kunze, Linear Algebra

10.2 Rank

IfT:V — W is a linear transformation between two vector spaces the dimension of the
image is called the rank of T. If V and W are finite dimensional complex vector spaces it
is the only invariant of 7" under change of basis on V and W

Theorem 1 Consider any n x m matrix over a field k, A € Mat,xm(x). This has a left
and right action by GL(n,k) x GL(m,k). By using this we can always bring A to the
canonical form: Let r denote the rank, that is, the dimension of the image space. Then
there exist g1 € GL(n, k) and go € GL(m, k) so that g1 Ag, ' is of the form:

a.) If r <n,m:
( 1, Orx(mfr) > (105)
O(n—r)xr O(n—r)x(m—r)

b.) If r = n < m then we write the matrix as

<1n onx(m,n)) (10.6)

c.) If r = m < n then we write the matrix as

Lin
10.7

d.) If r = n = m then we have the identity matrix.

That is, the only invariant under arbitrary change of basis of domain and range is the
rank.

The proof easily follows from the fact that any subspace V' C V has a complementary
vector space V" so that V' @ V" = V.

Exercise
Prove this. Choose an arbitrary basis for £ and ™ and define an operator 1" using
the matrix A. Now construct a new basis, beginning by choosing a basis for kerT'.
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Exercise
If M is the matrix of a rank 1 operator, in any basis, then it has the form

M;, = viwg i=1,....n;a=1,...,m (10.8)

for some vectors v, w.

10.3 Eigenvalues and Eigenvectors

Now let us consider a square matric A € Mat,x, (k). Suppose moreover that it is the
matrix of a linear transformation T : V' — V expressed in some basis. If we are actually
studying the operator 7" then we no longer have the luxury of using different transformations
g1, g2 for change of basis on the domain and range. We must use the same invertible matrix
S, and hence our matrix transforms by conjugation

A— STTAS (10.9)

This changes the classification problem dramatically.
When thinking about this problem it is useful to introduce the basic definition: If
T:V — V is a linear operator and v € V is a nonzero vector so that

Tv = \v (10.10)

then A is called an eigenvalue of T and v is called an eigenvector. A similar definition holds

for a matrix. 2°

Example. The following matrix has two eigenvalues and two eigenvectors:

)00
0 ()0

Note that the two equations can be neatly summarized as one by making the eigenvectors

columns of a square matrix:

COC) -G 60 o

and so the matrix of eigenvectors diagonalizes our operator.

5 . . . . . .
25 Alternative terminology: characteristic value, characteristic vector.
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Generalizing the previous example, if T € End(V) and V has a basis {v,...,v,}
of eigenvectors of T" with eigenvalues A;. Then, wrt that basis, the associated matrix is

diagonal:
A 0 0--- 0
0 A2 0.0 (10.14)
...... 0
0 0 0--- Ay

In general, if A is the matrix of 7' with respect to some basis (not necessarily a basis of
eigenvectors) and if S is a matrix whose columns are n linearly independent eigenvectors
then

AS = SDiag{\1,...,\n} = S™1AS = Diag{\1,..., \n} (10.15)

As we shall see, not every matrix has a basis of eigenvectors. Depending on the field,
a matrix might have no eigenvectors at all. A simple example is that over the field Kk = R

01
() o

has no eigenvectors at all. Thus, the following fact is very useful:

the matrix

Theorem 10.3.1. If A € M, (C) is any complex matrix then it has at least one nonvan-
ishing eigenvector.
In order to prove this theorem it is very useful to introduce the characteristic polyno-

mial:
Definition The characteristic polynomial of a matrix A € M, (k) is

pa(z) =: det(zly — A) (10.17)

Proof of Theorem 10.5.1: The characteristic polynomial p4(x) has at least one root,
call it A, over the complex numbers. Since, det(A1, — A) = 0 the matrix A1, — A has a
nonzero kernel K C C™. If v is a nonzero vector in K then it is an eigenvector. #

So - a natural question is -

Given a matrix A, does it have a basis of eigenvectors? Equivalently, can we diago-
nalize A via A — S~1AS ?

INO! YOU CAN'T DIAGONALIZE EVERY MATRIX! |

Definition A matrix = € M, (C) is said to be semisimple if it can be diagonalized.

Remarks:
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1. Note well: The eigenvalues of A are zeroes of the characteristic polynomial.

2. We will discuss Hilbert spaces in Section §13 below. When discussing operators T on
Hilbert space one must distinguish eigenvalues of T" from the elements of the spectrum
of T'. For a (bounded) operator 1" on a Hilbert space we define the resolvent of T' to
be the set of complex numbers A so that A1 — 71" is 1-1 and onto. The complement
of the resolvent is defined to be the spectrum of T. In infinite dimensions there are
different ways in which the condition of being 1 — 1 and invertible can go wrong. The
point spectrum consists of the eigenvalues, that is, the set of A so that ker(A\1 — T')
is a nontrivial subspace of the Hilbert space. In general it is a proper subset of the
spectrum of T'. See section 18.3 below for much more detail.

2. Theorem 10.3.1 is definitely false if we replace C by R. It is also false in infinite
dimensions. For example, the Hilbert hotel operator has no eigenvector. To define
the Hilbert hotel operator choose an ON basis ¢1,¢9,... and let S : ¢; = ;i1
i=1,.... In terms of harmonic oscillators we can represent S as

1

S =
\/CLTCL

al. (10.18)

Exercise
If A is 2 x 2 show that

pa(z) = 22 — 2tr (A) + det(A) (10.19)

We will explore the generalization later.

Exercise
Show that

01
o .

(Note that it does have an eigenvector, of eigenvalue 0.)

cannot be diagonalized.

10.4 Jordan Canonical Form

Although you cannot diagonalize every matrix, there is a canonical form which is “al-
most” as good: Every matrix A € M,,(C) can be brought to Jordan canonical form by
conjugation by S € GL(n,C):

A— STTAS (10.21)
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We will now explain this

Definition: A k x k matrix of the form:

Al 0
01
001
JH = : : (10.22)
0
1
0----0\

is called an elementary Jordan block belonging to A\. We can also write

k—1
T =2+ eiin (10.23)
=1

Example: The first few elementary Jordan blocks are:

A10
JV = = (A 1) I8 =foa1],- (10.24)
0A 00A
Exercise Jordan blocks and nilpotent matrices
Write the Jordon block as
JHE = My + N® (10.25)

Show that (N®))¢ £ 0 for £ < k but (N®)F = 0.

The J )(\k) are the atoms in the world of matrices with complex matrix elements. They
cannot be broken into more elementary parts by similarity transformation. For k > 1 the
Jordan blocks cannot be diagonalized. One easy way to see this is to write:

T A1 = N® (10.26)

It J /(\k) could be diagonalized, then so could the LHS of (10.26). However N®*) cannot
be diagonalized since (N®))¥ = 0, and N*) £ 0. Another proof uses the characteristic
polynomial. The characteristic polynomial of a diagonalizable matrix is pa(x) = [[(z— ;).
Now note that the characteristic polynomial of the Jordan matrix is:

Py (z) = det[z1 — JM) = (& — A (10.27)

Hence if J could be diagonalized it would have to equal SJ/Sk)S_l = Diag{\}. But then
we can invert this to J/(\k) = S71Diag{\}S = Diag{)\}, a contradiction for k > 1.
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Theorem/Definition: Every matrix A € M, (C) can be conjugated to Jordan canonical
form over the complex numbers. A Jordan canonical form is a matrix of the form:

Ay 0
A= | . (10.28)
0 | A
where we have blocks A; corresponding to the distinct roots Ay, ..., As of the characteristic

polynomial p4(z) and each block A; has the form:

k1)

i

%
e

Ay = : (10.29)

k,i
Ji_“)

7

Kt
where J ii]) is the elementary Jordan blocks belonging to A; and

s 4
n— Z Z ki (10.30)

i=1 t=1

Proof: We sketch a proof briefly below. See also Herstein section 6.6.
Note that the characteristic polynomial looks like

P(:c) = det[:cl — A] = H($ _ )\i)m‘

2 (10.31)
=Y
j=1
Remarks
1. Thus, if the roots of the characteristic polynomial are all distinct then the matrix is

diagonalizable. This condition is sufficient, but not necessary, since A1, is diagonal,
but has multiple characteristic values.
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2. The above theorem implies that every matrix A can be put in the form:
A=Ag+ Anilp (10'32)

where Ay, (“the semisimple part”) is diagonalizable and A, is nilpotent. Note that
if D is diagonal then
tr D(N®)* =0 (10.33)

for £ > 0 and hence
tr A" =tr A7, (10.34)

Thus, the traces of powers of a matrix do not characterize A uniquely, unless it is
diagonalizable.

Exercise Jordan canonical form for nilpotent operators
If T : V — V is a nilpotent linear transformation show that there are vectors v1, ..., vy
so that V has a basis of the form:

2 by —1
B = {vy,Tvy, T*v1,..., T "vy;

vy, Tva, . .. ,sz_lvg; (10.35)
vg, Tvg, . .. ,Tbé_lvg}
where dimV = by 4+ --- + by and
T, = j=1,....¢ (10.36)

Exercise The Cayley-Hamilton theorem
If f(x) = ap + a1z + -+ + apa™ is a polynomial in x then we can evaluate it on a
matrix A € Mat,(k):

f(A)=a+aA+--+anA™ € Mat, (k) (10.37)
a.) Show that if ps(x) is the characteristic polynomial of A then
pa(A) =0 (10.38)

b.) In general, for any matrix A, there is a smallest degree polynomial m4(z) such
that ma(x = A) = 0. This is called the minimal polynomial of A. In general ma(x)
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divides pa(z), but might be different from p4(z). Give an example of a matrix such that
ma(z) # pa(). *

Exercise A useful identity
In general, given a power series f(z) = ) <,a,2" we can evaluate it on a matrix
f(A) =>,>0anA". In particular, we can deﬁne_exp(A) and logA for a matrix A by the
power series expansions of exp(z) in x and log(z) in (1 — ).
a.) Show that
detexpA = expTrA (10.39)

Sometimes written in the less accurate form
detM = expTrloghM (10.40)

b.) Suppose M is invertible, and M is “small” compared to M. Show that

Vdet(M +6M) = VdetM |1 + %Tr(M’léM)
(10.41)

—_

4 g(Tr(leaM))? — iTr(M*%M)2 +O((0M)?)

Exercise Jordan canonical form and cohomology
Recall from Section **** that a chain complex has a degree one map Q : M — M
with Q% = 0. If M is a complex vector space of dimension d < oo show that the Jordan

01
(0 o) ® 14, ® Og, (10.42)

form of @ is

where d = 2d; 4 dy. Show that the cohomology is isomorphic to C%.

Exercise Nilpotent 2 x 2 matrices
A matrix such that A™ = 0 for some m > 0 is called nilpotent.
a.) Show that any 2 x 2 nilpotent matrix must satisfy the equation:

A% =0 (10.43)

26 Apswer: The simplest example is just A = A1, for k > 1. For a more nontrivial example consider
A=JP e JP.
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b.) Show that any 2 x 2 matrix solving A% = 0 is of the form:

A= (z yw) (10.44)

2?4 yz = 0. (10.45)

The solutions to Equation (10.45) form a complex variety known as the A; singularity. It

where

is a simple example of a (singular, noncompact) Calabi-Yau variety.
c.) If Ais a2 x 2 matrix do tr A, detA determine its conjugacy class?

Exercise Nilpotent matrices

A matrix such that A™ = 0 for some m > 0 is called nilpotent.

a.) Characterize the matrices for which pa(z) = 2.

b.) Characterize the n x n matrices for which N? = 0.

c.) Characterize the n x n matrices for N* = 0 for some integer k.

Exercise Flat connections on a punctured sphere

The moduli space of flat GL(2,C) connections on the three punctured sphere is equiva-
lent to the set of pairs (M7, M) of two matrices in GL(2, C) up to simultaneous conjugation.
Give an explicit description of this space.

10.4.1 Proof of the Jordan canonical form theorem

We include the proof here for completeness. &Should say exactly
. . P where you use the
Part 1: Decompose the space according to the different characteristic roots: ground field being

Let A € Mat,(C) be a matrix acting on C". Let ma(x) be the minimal polynomial
of A. This is the polynomial of least degree such that m4(A) = 0. Suppose my(x) =
q1(z)q2(x), where g1, g2 are relatively prime polynomials. Then define

Vi={v:q(A)v =0}

(0.0
Vo :={v:q(A)v =0}

We claim C" = V; @ V3, and A acts block-diagonally in this decomposition.
To see this, note that there exist polynomials 71 (z),r2(z) such that

q1(z)r1(x) + ga(w)r2(z) =1 (10.47)
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If u € Vi N Vs then, applying (10.47) with = A to u we get u = 0. Thus

ViNVa = {0} (10.48)

Now, apply (10.47) to any vector u to get:

u=q(A)(r1(A)u) + ga(A)(ra(A)u
B3 (A)) + (A) (ra(A) o)
= u1 D ug
Since g2(A)ur = ma(A)(ri(A)u) = 0 we learn that u; € Vs, and similarly ug € V4. Thus,
any vector u is in the sum Vj 4+ V5. Combined with (10.48) this means

C'=V1 & Va. (10.50)

Finally, Vi, V5 are invariant under A. Thus, A acts block diagonally on V; & V5.

Now, factoring m(z) = [[;(z — A\;)?" into distinct roots we obtain a block decompo-
sition of A on C" = @;V; where (z — \;)”* is the minimal polynomial of A on V;. Consider
A restricted to V;. We can subtract A;1, which is invariant under all changes of basis to
assume that A" = 0.

Part 2: Thus, the proof of Jordan decomposition is reduced to the Jordan decomposi-
tion of matrices M on C" such that the minimal polynomial is M? = 0. 27

We will approach this by showing using induction on dimV that a nilpotent operator
T : V — V has a basis of the form (10.35). The initial step is easily established for
dimV =1 (or dimV = 2). Now for the inductive step note that if 7" is nilpotent and
nonzero then T(V) C V is a proper subspace. After all, if T(V) = V then applying T
successively we would obtain a contradiction. Then, by the inductive hypothesis there
must be a basis for T'(V') of the form given in (10.35).

Now, let us consider the kernel of T'. This contains the linearly independent vectors
TP wy,...,T%v,. We can complete this to a basis for kerT with some vectors wi, . . ., Wyp.
Now, since v; € T(V') there must be vectors u; € V' with T'(u;) = v;. Then, we claim,

2 b
B = {ul,Tul,T ’Ul,...,T 1u1;

ug, Tug, . . . ,Tb2u2;

(10.51)
wg, T'ug, . .., Tbéw;
Wiy vy Win }

is a basis for V. Of course, we have Tbj“uj = 0 and Tw; = 0. First, these vectors are

2THere we follow a very elegant proof given by M. Wildon at
http://www.ma.rhul.ac.uk/ uvah099/Maths/JNFfinal.pdf.
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linearly independent: Suppose there were a relation of the form

0= m(l)ul + K%Tul + -4 IililTbl’u,l
+ /s;gug + R%Tug 4+ 4 /iSQTbQuQ
+ - (10.52)
+ m?w + K%TUK +--+ RI%TWW—F
+&wy + -+ pwy,

Apply T to this equation and use linear independence of the basis for T'(V'), then use linear
independence of the basis for kerT'. Finally, we can see that (10.51) is complete because

dimV = dimkerT + dimim7’

=(4+m)+ (by+ - +b)
(10.53)

l
=> (bj+1)+m
j=1
This completes the argument. &

10.5 The stabilizer of a Jordan canonical form

Given a matrix x € M, (C) it is often important to understand what matrices will commute
with it.

For example, if x € GL(n,C) we might wish to know the stabilizer of the element
under the action of conjugation:

Z(x):={g:9 'xg =2} C GL(n,C) C M,(C) (10.54)

In order to find the commutant of x it suffices to consider the commutant of its Jordan
canonical form. Then the following theorem becomes useful:

Lemma Suppose k, £ are positive integers and A is a k x £ matrix so that

JPA= A (10.55)

Then
1. If Ay # Ao then A = 0.
2. If \{ = Ao = X and k = ¢ then A is of the form
A®)(a) =ag-1+ qu/(\k) + ag(J)(\k))Q +--+ ak;_1(J>(\k))k_1 (10.56)
for some set of complex numbers g, ..., ap_1.
3. If Ay =Xy =X and k < £ then A is of the form

(o A®) (a)) (10.57)
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5

Figure 4: The commutation relation implies that entries in a box are related to those to the left
and underneath in this enhanced matrix, as indicated by the arrows.

4. If Ay = Ao = X and k > £ then A is of the form

(A(Z;(a)> (10.58)

Proof: Write
k¢
i=1 j=1

Then (10.55) is equivalent to

k=1 ¢ kL
()\2 — )\1)14 = Z Z Ai+17jeij — Z Z Ai,j_leij (10.60)
i=1 j=1 i=1 j=2

Now enhance the matrix A;; to flij by adding a row ¢ = k+ 1 and a column j = 0 so that

. Aj 1<i<k1<j</
= (10.61)
0 i=k+1 or j7=0
so (10.60) becomes
o= M)Ay = A1 —Aijo1 1<i<k1<j</ (10.62)

Now consider Figure 4. If \; # Ao then we use the identity in the ¢ = k,j = 1 box to
conclude that Aj; = 0. Then we successively use the identity going up the j = 1 column
to find that A; 1 = 0 for all 2. Then we start again at the bottom of the j = 2 column and
work up. In this way we find A = 0. If Ay = X\ the identity just tells us that two entries
along a diagonal have to be the same. Thus all diagonals with one of the zeros on the edge
must be zero. The other diagonals can be arbitrary. But this is precisely what a matrix of
type A®) () looks like. #
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Remark: Note that the matrix A%*)(a) in (10.56) above can be rewritten in the form
AR = By + BINF) 4 By(NFN2 o gy (N Rk (10.63)
which has the form, for example for k = 5:

Bo B1 B2 B3 B4
0 Bo B1 B2 B3
AG) =10 0 By B1 B2 (10.64)
00 0 BB
0 0 0 0 B

It is clear from this form that the matrix is invertible iff 5y # 0.

A consequence of this Lemma is that for any z € M,,(C) the subgroup Z(x) C GL(n,C)
must have complex dimension at least n. Some terminology (which is common in the
theory of noncompact Lie groups) that one might encounter is useful to introduce here in
its simplest manifestation:

Definition =z is said to be regular if the dimension of Z(x) is precisely n. That is, a
regular element has the smallest possible centralizer.

Exercise Regular and semisimple
Show that x is regular and semisimple iff all the roots of the characteristic polynomial
are distinct. We will use this term frequently in following sections.

10.5.1 Simultaneous diagonalization

A second application of the above Lemma is simultaneous diagonalization:

Theorem: Two diagonalizable matrices which commute [A1, A2] = 0 are simultaneously
diagonalizable.

Proof: If we first diagonalize A; then we get diagonal blocks corresponding to the
distinct eigenvalues \;:

)\111'1 XTr1 0
Al = 0 /\21I‘2><1'2 U (1065)
We have now “broken the gauge symmetry” to GL(r;,C) x GL(r2,C) x ---. Moreover,

since the \; are distinct, a special case of our lemma above says that As must have a
block-diagonal form:

Ay=| 0 AP ... (10.66)
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and we can now diagonalize each of the blocks without spoiling the diagonalization of A;.
[ )

In quantum mechanics this theorem has an important physical interpretation: Com-
muting Hermitian operators are observables whose eigenvalues can be simultaneously mea-
sured.

Exercise Hilbert scheme of points
Warning: This is a little more advanced than what is generally assumed here.
Suppose two N x N compler matrices X1, Xo commute

(X1, Xo] =0 (10.67)
What can we say about the pair up to simultaneous conjugation? If they can be
simultaneously diagonalized then we may write:

SX;57' = Diag{z",....2™M} =12 (10.68)

)

and hence we can associate to (10.67) N points (zgk),zék)) €eC® k=1,2,...,N. In
fact, because of conjugation, they are N unordered points. Thus the set of diagonalizable
X; satisfying (10.67) is the symmetric product Sym®™ (C?).

In general, we can only put X7, Xo into Jordan canonical form. Thus, the “moduli
space” of conjugacy classes of pairs (X1, X2) of simultaneously diagonalizable matrices is
more complicated. This is still not a good space. To get a good space we consider only
the conjugacy classes of “stable triples.” These are triples (X, X2,v) where [X1, X2] =0
and v € CV is a vector such that X" X3?v span C. In this case we get a very interesting
smooth variety known as the Hilbert scheme of N points on C2.

a.) Show that Hilb" (C?) can be identified with the set of ideals I C C[zq, 2] such
that C|z1, 22]/I is a vector space of dimension N.

Hint: Given an ideal of codimension N, observe that multiplication by 21,29 on
Clz1, 22]/I define two commuting linear operators. Conversely, given (Xi, X2, v) define
¢ : Clz1, z2) — CN by o(f) := (X3, X2)v.

b.) Write matrices corresponding to the ideal

I = (Z{V, 29 — (alzl + -+ aNflzivil)) (1069)

The point is, by allowing nontrivial Jordan form, the singular space Sym® (C?) is
resolved to the nonsingular space Hilb" (C?).

Exercise ADHM equations
Find the general solution of the 2 x 2 ADHM equations:
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sec:sips

(X1, X] + [Xo, X3 + it — 515 = ¢

(10.70)
(X1, Xo] +ij =0
modulo U(2) transformations.
11. Sesquilinear forms and (anti)-Hermitian forms
Definition 11.1 A sesquilinear form on a complex vector space V is a function
h:VxV—C (11.1)

which is anti-linear in the first variable and linear in the second. That is: for all v;,w; € V
and o; € C:

h(v, cqwy + agwsy) = agh(v, wr) + agh(v, ws) (11.2)
h(aqv1 + agug, w) = ajh(vy, w) + ajh(ve, w) '

Note that i defines a C-linear map V' x V — C and hence (by the universal property)

factors through a unique C-linear map
h:VeVv —C (11.3)

Conversely, such a map defines a sesquilinear form. Thus, the space of all sesquilinear
forms, which is itself a complex vector space, is isomorphic to (V ® V)*. We write:

Sesq(V) = (Ve V)* (11.4)
Now note that there are canonical maps
Sesq(V) @V — V* (11.5)

Sesq(V)@V — V* (11.6)

given by the contraction V* ® V. — C and V* ® V — C, respectively. Written out more
explicitly, what equation (11.6) means is that if we are given a sesquilinear form h and an
element w € V we get a corresponding element lhg € V* given by

lhp(v) == h(w,v) (11.7)
and similarly, for (11.5), given an element w € V and an h we get an element £}, ,, € (V)*

given by
U o(T) == h(v,w) (11.8)

Definition 11.2
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1. A sesquilinear form is said to be nondegenerate if for all nonvanishing v € V' there
is some w € V such that h(v,w) # 0 and for all nonvanishing w € V' there is some v with
h(v,w) # 0.

2. An Hermitian form on a complex vector space V is a sesquilinear form such that
for all v,w € V:

h(v,w) = (h(w,v))* (11.9)

3. If h(v,w) = —(h(w,v))* then h is called skew-Hermitian or anti-Hermitian.
Remarks

1. If h is nondegenerate then (11.5) and (11.6) define isomorphisms V = V* and V = V*,
respectively. In general there is a canonical anti-linear isomorphism V' = V' and hence
also a canonical antilinear isomorphism V* = (V)*. However, as we have stressed,
there is no canonical isomorphism V' = V*. What the above definitions imply is that

such an isomorphism is provided by a nondegenerate sesquilinear form.

2. In particular, an anti-linear isomorphism V = V* is provided by a nondegenerate
Hermitian form. This is used in quantum mechanics in the Dirac bra-cket formalism

where the anti-linear isomorphism V' — V* is denoted

W) = (Y] (11.10)

So say this more precisely in the above language: If v € V' is denoted |¢) and w € V' is
denoted |x) then, given an underlying nondegenerate sesquilinear form we can write

h(v,w) = ly5(w) = (P|x) (11.11)

If the underlying sesquilinear form is hermitian then (¢|¢)) will be real. In fact, since
probabilities are associated with such expressions we want it to be positive. This

leads us to inner product spaces.

Exercise
Show that the most general Hermitian form on a complex vector space, expressed wrt

h(z ziei,ijej) = szhijwj (1112)

]

a basis ¢; is

where (hj;)* = hj;. That is, h;; is an Hermitian matrix.

12. Inner product spaces, normed linear spaces, and bounded operators

12.1 Inner product spaces

Definition 11.3 An inner product space is a vector space V over a field k (k =R or k=C
here) with a positive Hermitian form. That is we have a k-valued function

(,): VXV =k (12.1)
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satisfying the four axioms:
L) (z,y+2) = (z,y) + (2, 2)
ii.) (z,ay) = a(z,y) a €k
iii.) (x,y) = (y,z)*
iv.) Vz, the norm of x:
|z |*= (z,2) > 0 (12.2)

and moreover (z,z) =0+ z = 0.

Axioms (i), (ii),(iil) say we have a symmetric quadratic form for £ = R and an Hermitian
form for £k = C. The fourth axiom tells us that the form is not only nondegenerate, but
“positive.” 28 In quantum mechanics, we usually deal with such inner products because of
the probability interpretation of the values (1, ). Probabilities should be nonnegative.

Example 1: C" with

(#,9) =)'y (12.3)

Example 2: R”, here £ =R and
(&,9) =Z-§= 'y (12.4)
Example 3: Ca, b]= the set of complex-valued continuous functions on the interval [a, b].

b
mm:/fwwwm (12.5)

Definition 11.4: A set of vectors {z;} in an inner product space is called orthonormal 2°
if (l‘i,$j) == 513

Theorem 11.1: If {x;};—1, n is an ON set then

N N
la IP=Y" I, z) P+ || 2 = Y (i, 2)a; | (12.6)
i=1 =1

Proof: Note that > (z;, z)z; and  — ) (x;, z)x; are orthogonal. é#

Theorem 11.2: (Bessel’s inequality)

N
Il (=) [(@, @) (12.7)
i=1

28The term “positive” is standard usage, although “nonnegative” would be more logical.
29We often abbreviate to ON
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Proof: Immediate from the previous theorem.

Theorem 11.3: (Schwarz inequality)

Fz (- Ty 1= [z, )] (12.8)

Proof: It is true for y = 0. If y # 0 then note that {y/ || v ||} is an ON set. Apply
Bessel’s inequality é#

12.2 Normed linear spaces

A closely related notion to an inner product space is

Definition: A normed linear space or normed vector space is a vector space V (over k = R
or k = C) with a function || - [|: V' — R such that

i) [[v][>0,VveV

ii.) |v]|=0iff v =0

i) [l av = Jaf [ v |

iv.) o+ w <l vl +]w]

An inner product space is canonically a normed linear space because we can define

| v|=++(v,v) (12.9)

and verify all the above properties. However, the converse is not necessarily true. See the
exercise below. The canonical example of normed linear spaces which are not inner product
spaces are the bounded operators on an infinite-dimensional Hilbert space. See below.

Exercise Another proof of the Schwarz inequality
Note that || z — Ay [|>> 0. Minimize wrt .

Exercise Polarization identity and the parallelogram theorem
a.) Given an inner product space V', prove that the inner product can be recovered
from the norm using the polarization identity:

(z,y) = %[(H ety lP = le—ylP) =il o+l - o -yl (12.10)

which is also sometimes written as

Ay, x) = Zik(x+iky,$+iky) (12.11)

4
k=0
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b.) Prove that conversely a normed linear space is an inner product space if and only
if the norm satisfies the parallelogram law:

lz+y >+ z—ylP=2lz|*+2 ]y (12.12)

Warning: This is hard. Start by proving additive linearity in y.
c.) Give an example of a normed linear space which is not an inner product space.

12.3 Bounded linear operators

Definition: A bounded linear transformation of a normed linear space (Vi,| - |1) to
(Va, || - I]2) is a linear map T : V3 — V5 such that 3C' > 0 with

[ Tv [l2< C [l vl (12.13)
for all v € V4. In this case, we define the norm of the operator

| T [|= supjyj,=1 || Tv [|2= infC (12.14)

Theorem: For a linear operator between two normed vector spaces
T: (Vi) = (Vas Il - [l2) (12.15)

the following three statements are equivalent:

1. T is continuous at = = 0.
2. T is continuous at every x € V.

3. T is bounded

Proof: The linearity of T shows that it is continuous at one point iff it is continous
everywhere. If T' is bounded by C' then for any € > 0 we can choose § < ¢/C and then
| z ||< ¢ implies || T(z) ||< e. Conversely, if T is continuous at z = 0 then choose any
€ > 0 you like. We know that there is a ¢ so that || z ||< § implies || T'(x) ||< €. But this
means that for any = # 0 we can write

[ |l

17 1=y (5.2 Y i< s e (12.16

and hence T is bounded &
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12.4 Constructions with inner product spaces

A natural question at this point is how the constructions we described for general vector
spaces generalize to inner product spaces and normed vector spaces.

1. Direct sum. This is straightforward: If V] and V5 are inner product spaces then so is
Vi @ V5 where we define

(1 @Y1, 21 DY2)vievs = (T1,22)v; + (Y1, ¥2)vs (12.17)

2. Tensor product One can extend the tensor product to primitive vectors in the obvious
way
(l‘l (9 Y1,T2 & y2)V1®V2 = (l’l, xQ)Vl (yh y2)V2 (1218)

and then extending by linearity, so that
(71®y1, 12@Y2+230Y3)viev, = (T1QY1, 120Y2)viov, HT1QY1, T3RY3)viev, (12.19)
3. For Hom(V7, V4) and dual spaces see Section §14.

What about quotient space? If W C V is a subset of an inner product space then W
of course becomes an inner product space. Can we make V/W an inner product space?
Clearly this is problematic since the obvious attempted definition

?
([v1]; [v2])=(v1, v2)v (12.20)
would only be well-defined if if
?
(v1 + w1, v2 + wa)=(v1,v2) (12.21)
for all wyi,we € W and wvy,v9 € V. This is clearly impossible!

Although we cannot put an inner product on V/W one might ask if there is a canon-
ical complementary space inner product space to W. There is a natural candidate, the
orthogonal complement, defined by:

Wt ={yeV|Vz e W, (z,y) = 0} (12.22)

So the question is, do we have
ViW e Wt (12.23)

Note that we certainly have W N W+ = {0} by positivity of the inner product. So the
question is whether V = W + W+, We will see that this is indeed always true, when V is
finite dimensional, in Section §15. In infinite-dimensions we must be more careful as the
following example shows:

Example: Let V = CJ[0, 1] be the inner product space of continuous complex-valued func-
tions on the unit interval with inner product (12.5). Let W C V be the subspace of
functions which vanish on [3, 1]:

W={fec,1]] f(z)=0 <r<1) (12.24)

N |
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v

Figure 5: The function g(z) must be orthogonal to all functions f(x) in W. We can use the
functions f(x) shown here to see that g(z) must vanish for 0 < z < 3.

What is W17 Any function g € W+ must be orthogonal to the function f € W which
agrees with g for z € [0, 2 — €] and then continuously interpolates to f(3) = 0. See Figure
5. This implies that g(z) = 0 for « < , but since g is continuous we must have g(1) = 0.
Thus

Wt={gecl0,1]] gx)=0 0<z<-=} (12.25)

NN

Now, clearly, W + W is a proper subset of V since it cannot contain the simple function
h(z) = 1 for all z. We will see that by making the inner product space complete we can
eliminate such pathology.

13. Hilbert space

In order to do the analysis required for quantum mechanics one often has to take limits. It
is quite important that these limits exist. The notion of inner product space is too flexible.

JAWAt

1_(infty}

Figure 6: A sequence of continuous functions approaches a normalizable, but discontinuous func-
tion.
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For example, C|a,b] is an inner product space, but it is certainly possible to take a
sequence of continuous functions {f,} such that || f,, — fm ||—= 0 for large n,m but f, has
no limiting continuous function as in 6. That’s bad.

Definition: A complete inner product space is called a Hilbert space
Complete means: every Cauchy sequence converges to a point in the space.

Example 1: R” and C" are real and complex Hilbert spaces, respectively.

Counter-Example 2: C[a, b], the continuous complex-valued functions on [a, b] is not a
Hilbert space.

Example 3: Define
b
L*[a,b] = {f : [a,b] = C : |f|%*is measurable and / |f(2))?dx < oo} (13.1)
a

It is not obvious, but it is true, that this defines a Hilbert space. To make it precise we
need to introduce “measurable functions.” For a discussion of this see Reed and Simon.
This is the guise in which Hilbert spaces arise most often in quantum mechanics.

Example 4:

o=}l 0 Y |anl* < o0} (13.2)
n=1

Definition Two Hilbert spaces H1 and Ho are said to be isomorphic if there is an inner-
product-preserving 1-1 linear transformation onto Ha,

U:Hy — Ho (13.3)

such that
Ve,y € Hi: (Ux,Uy)n, = (2, 9)n, (13.4)

Such an operator U is also known as a unitary transformation.
Remark: In particular, U is norm preserving, that is, it is an isometry. By the
polarization identity we could simply define U to be an isometry.

What are the invariants of a Hilbert space? By a general set-theoretic argument it is
easy to see that every Hilbert space H has an ON basis. (For a proof see Reed & Simon
Theorem I1.5). The Bessel and Schwarz inequalities apply. If the basis is countable then
H is called separable.

Theorem: Let H be a separable Hilbert space. Let S be an ON basis. Then
a.) If |S| = N < oo, then H = CV
b.) If |S| = oo then H = (2
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Proof: (Case b): Let {y,} be a complete ON system. Then U : x — {(yn,x)} is a
unitary isomorphism with £5 &

Example 5 Consider L?[0,27]. Then
1
s

is a complete ON system. This statement summarizes the Fourier decomposition:

f@) = catn(x) (13.6)

{¢n(z) = =€} (13.5)

Example 6 L2?(R). Note that the standard plane waves ¢?** are not officially elements
of L?(R). Nevertheless, there are plenty of ON bases, e.g. take the Hermite functions
Hn(ac)e*””2 (or any complete set of eigenfunctions of a Schrodinger operator whose potential
goes to 0o at & — +00) and this shows that L?(R) is a separable Hilbert space. Indeed, all
elementary quantum mechanics courses show that there is a highest weight representation
of the Heisenberg algebra so that we have an ON basis |n), n =0,1,... and

aln) = v/njn — 1) (13.7)
a'lny = vVn+1jn +1) (13.8)

The mapping of normalized Hermite functions to |n) gives an isometry of L?(R) with ¢2.
Remarks

1. Dual space Our various linear algebra operations can be carried over to Hilbert space
provided one uses some care. The direct sum is straightforward. In order for the
dual space H* to be a Hilbert space we must use the continuous linear functions to
define H*. Therefore, these are the bounded operators in the vector space of all linear
operators Hom(#,C). This space is again a Hilbert space, and the isomorphism
H = H* is provided by the Riesz representation theorem, which says that every
bounded linear functional ¢ : H — C is of the form

L(v) = (w,v) (13.9)
for some unique w € H. This is the Hilbert space analog of the isomorphism (11.7).

2. Tensor product. We have indicated how to define the tensor product of inner product
spaces. However, for Hilbert spaces completeness becomes an issue. See Reed+Simon
Sec. I1.4 for details. Of course, the tensor product of Hilbert spaces is very important
in forming Fock spaces.

3. “All Hilbert spaces are the same.” One sometimes encounters this slogan. What
this means is that all separable Hilbert spaces are isomorphic as Hilbert spaces.
Nevertheless Hilbert spaces of states appear in very different physical situations.
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E.g. the Hilbert space of QCD on a lattice is a separable Hilbert space, so is it “the
same” as the Hilbert space of a one-dimensional harmonic oscillator? While there
is indeed an isomorphism between the two, it is not a physically natural one. The
physics is determined by the kinds of operators that we consider acting on the Hilbert
space. Very different (algebras) of operators are considered in the harmonic oscillator
and in QCD. The isomorphism in question would take a physically natural operator
in one context to a wierd one in a different context. So, in the next sections we will
study in more detail linear operators on vector spaces.

Exercise An application of the Schwarz inequality to quantum mechanics

Consider the quantum mechanics of a particle on a line. Show that

((@l2*[9))? < (|2 |¢) (13.10)
by applying the Schwarz inequality to ¥(x) and 2%y (x).

Exercise The uncertainty principle
Apply the Schwarz inequality to 11 = z¢(x) and v = ki)(k) (where ¢ (k) is the
Fourier transform) by using the Plancherel theorem. Deduce the uncertainty principle:

(|2 [¢) (Y[p* ) > i (13.11)

with minimal uncertainty (saturating the inequality) for the Gaussian wavepackets:

P(x) = Ae B’ (13.12)

14. Banach space

The analog of a Hilbert space for normed linear spaces is called a Banach space:
Definition: A complete normed linear space is called a Banach space.

All Hilbert spaces are Banach spaces, but the converse is not true. A key example is
the set of bounded operators on Hilbert space:

Theorem L(#) is a Banach space with the operator norm.

Sketch of proof: L(H) is a complex vector space and the operator norm makes it a normed

linear space (the axioms are easily checked). If {A4,}7° ,; is a Cauchy sequence of operators

in the operator norm then for all x, A,z is a Cauchy sequence of vectors, and hence we

can define Ar = lim,,_,o A,x, and it is not difficult to show that A is a bounded linear

operator and A,, — A in the operator norm. See Reed-Simon Theorem III.2 for details &
Remarks:
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1. In fact, the proof of the above theorem proves more: If Vj, V5 are normed linear
spaces and V4 is complete, that is, if V5 is a Banach space, then £(V7, V3) is a Banach
space, with the operator norm. &S0, state the

theorem in this
generality and let

2. There are several different notions of convergence of a sequence of operators A, i(”’” be a corollary.

between normed linear spaces Vi — Vs, and consequently several different topologies
on the space of linear operators. The operator norm defines one topology. Another is
the “strong topology” whereby A, — A if for all z € V1, lim,,_, || Anx — Az ||= 0.
This is different from the norm topology because the rate at which || A,z — Az ||
goes to zero might depend in an important way on x. There is also an intermediate

“compact-open” topology which can also be useful. &Explain more
here. &

&Also point out
. . .. that C[0, 1] with
15. Projection operators and orthogonal decomposition the sup norm is o
cmnp,ete normead
:tionOperatorS ‘ linear space. So it is

a Banach space, but

As we discussed above, if W C V be a subspace of an inner product space then we can .o an inner

product space. &

define the orthogonal subspace by:

Wt ={y:(z,y) =0 VYzeW} (15.1)

WJ_

Figure 7: Vectors used in the projection theorem. fig:Projectior

Theorem( The projection theorem ) Suppose V' is a Hilbert space and W C V is a closed
subspace. Then:
Vewowt (15.2)

that is, every vector € V can be uniquely decomposed as x = z+w with w € W,z € W+,
Proof: We follow the proof in Reed-Simon:
The first point to establish (and the point which fails if we use an inner product space

which is not a Hilbert space) is that given any = € V there is a unique vector w € W which
is closest to . Let d := inf,cw ||  —w ||> 0. There must be a sequence w, € W with
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lim,, 0 || 2 — wy, ||= d. But then we can write:

1 wn = wi 12 =] (wn = 2) + (2 — w) ||

=2 z—w, H2+2 | —wm HQ_ | 22 — (wn + W) H2
1 (15.3)

=2z —wn | +2 | 2 — w || —4 [l 2 = 5 (wn + wm) 12

<2 z—w, H2+2 Il  — wm, H2 —4?

where in line 2 we used the parallelogram identity. Now we know that the limit of the RHS
is zero, therefore, for all € > 0 there is an N so that for n,m > N the RHS is less than e.
Therefore {w,} is a Cauchy sequence and, since W is closed, limw,, = w € W exists and
minimizes the distance.

Now denote z := z —w, where w is the distance minimizing w € W we have just found.
We need to prove that z is in W+. Let d =|| 2 — w ||. Then for all t € R,y € W

& <||w — (w+ty) [P=[ z — ty [|’= d* = 2tRe(z,y) + £ | y ||? (15.4)
This must hold for all ¢ and therefore,
Re(z,y) =0 (15.5)

for all y. If we have a real vector space then (z,y) =0forally e W = z € W+, so we are
done. If we have a complex vector space we replace t — it above and prove

Im(z,y) =0 (15.6)
Therefore, z is orthogonal to every vector y € W. &
Remarks:

1. The theorem definitely fails if we drop the positive definite condition on (-,-). Con-
sider R? with “inner product” defined on basis vectors e, f by

(e,e) =(f, /) =0 (e, f)=(fe)=1 (15.7)

The product is nondegenerate, but if W = Re then W+ = W.

In general, for any vector space V, not necessarily an inner product space, we can
define a projection operator to be an operator P € End(V) such that P? = P. It then
follows from trivial algebraic manipulation that if we define Q = 1 — P we have

1. ?=Qand QP =PQ =0

2.1=P+Q

Moreover we claim that

V =kerP @ imP (15.8)

Proof: First, for any linear transformation ker7T Nim7 = {0}, so that applies to T' = P.
Next we can write, for any vector v, v = Pv+ (1 — P)v, and we note that (1 — P)v € kerP.

)
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In finite dimensions, P can be brought to Jordan form and the equation P? = P then
shows that it is diagonal with diagonal eigenvalues 0 and 1.

Now, if we are in a Hilbert space V and W C V is a closed subspace the projection
theorem says that every z € V has a unique decomposition z = w 4+ w' in W @ W+,
Therefore, if we define P(x) = w we have a projection operator. Clearly, @ is the projector
to W+. We now note that these projectors satisfy the following relation

(z1, Px2) = (w1 + wi, wy) = (w1, ws) (15.9)

(Pz1,22) = (w1, ws + wQL) = (w1, w2) (15.10)

and so for all 21,29 € H, we have (Px1,x2) = (21, Px3). As we will see below, this means
that P (and likewise @) is self-adjoint. In general, a self-adjoint projection operator is also
known as an orthogonal projection operator.

Conversely, given a self-adjoint projection operator P we have an orthogonal decom-
position V- = W @ W, Therefore, there is a 1-1 correspondence between closed subspaces
of V and self-adjoint projection operators.

As an application we prove

Theorem [Riesz representation theorem|: If £ : H — C is a bounded linear functional then
there exists a unique y € H so that ¢(x) = (y,x). Moreover || £ ||=|| y || so that H* = H.

Proof: If £ = 0 then we take y = 0. If ¢ # 0 then there is some vector not in the
kernel. Now, because /£ is continuous ker? is a closed subspace of H and hence there is an
orthogonal projection P to (kerf)*. Now, the equation £(x) = 0 is one (complex) equation
and hence the kernel should have complex codimension one. That is, P is a projector to a
one-dimensional subspace. Therefore we can choose any nonzero o € (ker/)* and then

(‘TOv‘T)

Ple) = (20, 20)

o (15.11)

is the projector to the orthogonal complement to ker?. If () = 1— P then () is the orthogonal
projector to ker? and hence

x0, T
Ha) = (P(2) + Q) = HP(@) = o) 2 — () (1512
where y = (Ex(ﬁ);) xo. Given this representation one easily checks || ¢ ||=| v || #®

Remarks Thus, there is a 1-1 correspondence between projection operators and closed
linear subspaces. The operator norm defines a topology on the space of bounded operators,
and then the space of projection operators is a very interesting manifold, known as the
Grassmannian. The Grassmannian has several disconnected components, labelled by the
rank of P. Each component has very intricate and interesting topology. Grassmannians
of projection operators on Hilbert space are very important in the theory of fiber bundles.
In physics they arise naturally in the quantization of free fields in curved spacetime and
more recently have played a role both in mathematical properties of the S-matrix of N=4
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supersymmetric Yang-Mills theory as well as in the classification of topological phases of
matter in condensed matter theory.

Exercise
Suppose that I' is an operator such that I'2 = 1. Show that

1
Iy = 5(1 +7) (15.13)
are projection operators, that is, show that: Show that

M =01, Mm=0 I =I1,=0 (15.14)

16. Unitary, Hermitian, and normal operators

Let V, W be finite dimensional inner product spaces. It is important in this section that
we are working with finite dimensional vector spaces, otherwise the theory of operators is
much more involved. See Reed and Simon and below.

Given

T:VW (16.1)

we can define the adjoint operator
W =V (16.2)

by:
Vee WiyeV (Thz,y) == (x,Ty) (16.3)

Here we are using the property that the inner product is a nondegenerate form: To define
the vector Tz it suffices to know its inner product with all vectors y. (In fact, knowing
the inner product on a basis will do.)
If T :V — V and {v;} is an ordered orthonormal basis, then it follows that the
matrices wrt this basis satisfy:
(T = (Ty)" (16.4)

It also follows immediately from the definition that

kerT" = (imT)* (16.5)
Thus, we have the basic picture of an operator between inner product spaces given in
Figure 8
Definition:

If V is an inner product space and T': V' — V is linear then:
1. Tt = T defines an Hermitian or self-adjoint operator.
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V W

Im7T = (Ker(TT))*

Tt
—
Im7TT = (Ker(T))* [
—_—
T

D D

Tt
Ker(T) _CZ; 0 «—| Ker(TT)

Figure 8: Orthogonal decomposition of domain and range associated to an operator T' between
inner product spaces.

2. TTT = T'T = 1 defines a unitary operator.
3. TT' = T'T defines a normal operator.

Put differently, a unitary operator on an inner product space is a norm preserving
linear operator (a.k.a. an isometry) i.e.

vweV [ T@) I*=llv]? (16.6)

It is worthwhile expressing these conditions in terms of the matrices of the operators
wrt an ordered ON basis v; of V. Using (16.4) we see that with respect to an ON basis:

Hermitian matrices H;; satisfy: H;; = H]*Z

Unitary matrices U;; satisfy: >, Uy U ;‘k = 0jj

Remarks

1. Recalling that cokT := W/imT we see that

cokT = kerT' (16.7)

2. For a finite dimensional Hilbert space £(#) is an inner product space with natural
inner product 3°

(A, Ay) = TrAl 4, (16.8)

but this will clearly not work in infinite dimensions since, for example, the unit
operator is bounded but has no trace. In finite dimensions this shows that if Vi, V5
are inner product spaces then so is Hom(V7, V3) in a natural way. In particular, V*
is an inner product space.

30Warning, the norm || A || defined by this inner product is not the same as the operator norm!
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Exercise
a.) If TeTTT = 0, show that T = 0.

Exercise
Let {v;},{0;} be any two ON bases for a vector space V. Show that the operator
defined by U : v; — ©; is unitary.

Exercise Unitary vs. Orthogonal
Show that if U € M,,(C) is both unitary and real then it is an orthogonal matrix.

Exercise Figenvalues of hermitian and unitary operators

a.) The eigenvalues A of Hermitian operators are real A* = A. This mathematical fact
is compatible with the postulate of quantum mechanics that states that observables are
represented by Hermitian operators.

b.) The eigenvalues of unitary operators are phases: [A| = 1.

Exercise The Cayley transform

The Mobius transformation z — w = % maps the upper half of the complex plane
to the unit disk. This transform has an interesting matrix generalization:

a.) Show that if H is Hermitian then
U=1+4iH)(1—iH)™! (16.9)

is a unitary operator.
b.) Show that if U is a unitary operator then H = i(1 — U)(1 + U)~! is Hermitian
provided (1 + U) is invertible.

Exercise
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a.) Show that if H is Hermitian and « is real then U = exp[icH] is unitary.
b.) Show that if H is an Hermitian operator and || H ||< 1 then

Uy =H+iyV1— H? (16.10)

are unitary operators.
c.) Show that any matrix can be written as the sum of four unitary matrices.

17. The spectral theorem: Finite Dimensions
A nontrivial and central fact in math and physics is:

The (finite dimensional) spectral theorem: Let V' be a finite dimensional inner prod-
uct space over C and let H : V — V be an Hermitian operator. Then:

a.) If \y,..., Ay are the distinct eigenvalues of H then there are mutually orthogonal
Hermitian projection operators Py, ..., Py, such that:
H = Z APy, = M Py, @ XAoPy, @ - APy, (17.1) ’eq:spctrldecon

)

L=Py kR a72)

b.) There exists an ON basis of V' of eigenvectors of H.

Idea of the proof:

We proceed by induction on dimV'. The case dimV =1 is clear.

Now suppose dimV = n > 1. By theorem 10.3.1 of section 10.3 H has one nonvanishing
eigenvector v. Consider W = L({v}), the span of v. The orthogonal space W+ is also an
inner product space. Moreover H takes W+ to W=: If z € W then

(Hz,v) = (z, Hv) = AMz,v) =0 (17.3)

so Hx € W+. Further, the restriction of H to W+ is Hermitian. Since dimW+ = dimV —1
by the inductive hypothesis there is an ON basis for H on W+ and hence there is one for
V. #&

In terms of matrices, any Hermitian matrix is unitarily diagonalizable:

H'=H=13U, UU'=1 st :UHU'= Diag{E1,...,E,},E; €R (17.4)

Exercise
Show that the orthogonal projection operators P; for H can be written as polynomials

Py, :H <f_ij) (17.5)

in H. Namely, we can take
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Exercise

Let f(z) be a convergent power series and let H be Hermitian. Then

f(H) = Z FOW) Py, (17.6)

Exercise
Let X,, be the symmetric n X n matrix whose elements are all zero except for the
diagonal above and below the principal diagonal. These matrix elements are 1. That is:

n—1 n
X, = Z €ii+1 + Z €ii—1 (17.7)
=1 =2

where e; ; is the matrix with 1 in row 4 and column j, and zero otherwise.
Find the eigenvalues and eigenvectors of X,.

Exercise
Let H be a positive definite Hermitian matrix. Evaluate

N
lim log(v, H"v)

Nooo N (17:8)

Exercise The Seesaw Mechanism
Consider the matrix

b
i (2)) (179

a.) Assuming H is Hermitian find the eigenvalues and eigenvectors of H.

An important discovery in particle physics of the past few years is that neutrinos have
nonzero masses. One idea in neutrino physics is the seesaw mechanism - there are two
“flavors” of neutrinos with a mass matrix

0 m
(m* M) (17.10)
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where M is real. The absolute values of the eigenvalues give the masses of the two neutrinos.

c.) Find the eigenvalues of (17.10), and give a simplified expression for the eigenvalues
in the limit where |m| < |M]|.

d.) Suppose it is known that |m| = 1TeV = 10°GeV, and a neutrino mass of leV is
measured experimentally. What is the value of the large scale M?

e.) For what values of m, M does the kernel of (17.10) jump in dimension? Verify the
constancy of the index.

17.1 Normal and Unitary matrices
Together with simultaneous diagonalization we can extend the set of unitarily diagonaliz-

able matrices. Recall that a complex n x n matrix A is called normal if AAT = ATA,

Theorem:

1. Every normal matrix is diagonalizable by a unitary matriz.

2. Every normal operator 1" on a finite-dimensional inner product space has a spectral
decomposition

k
T=> wPh, (17.11)
i=1

where y; € C and {P,,} are mutually orthogonal projection operators summing to the
identity.
Proof: Note that we can decompose any matrix as

A=H+ K (17.12)

with HT = H and KT = —K, antihermitian. Thus, iK is hermitian. If A is normal then
[H, K] = 0. Thus we have two commuting hermitian matrices, which can be simultaneously
diagonalized. &

As an immediate corollary we have

Theorem The eigenvectors of a unitary operator on an inner product space V form a
basis for V. Every unitary operator on a finite dimensional inner product space is unitarily
diagonalizable.

Proof: U'U =1 = UUT so U is a normal matrix. &

17.2 Singular value decomposition and Schmidt decomposition

17.2.1 Bidiagonalization

Theorem Any matrix A € M,,(C) can be bidiagonalized by unitary matrices. That is,
there always exist unitary matrices U, V' € U(n) such that

UAVT = A (17.13)

- 118 —



is diagonal with nonnegative entries

Proof: First diagonalize AAT and ATA by U,V, so UAATUT = Dy and VATAVT = Ds,.
Then note that Ter = Tng for all positive integers £. Therefore, up to a permutation,
D1, Dy are the same diagonal matrices, but a permutation is obtained by conjugation with
a unitary matrix, so we may assume D; = Dy. Then it follows that UAVT is normal,
and hance can be unitarily diagonalized. Since we have separate phase degrees of freedom
for U and V we can rotate away the phases on the diagonal to make the diagonal entries
nonnegative. é.

Remarks:

1. By suitable choice of U and V the diagonal elements of A can be arranged in mono-
tonic order. The set of these values are called the singular values of A.

2. This theorem is very useful when investigating moduli spaces of vacua in supersym-
metric gauge theories.

Exercise

Find a unitary bidiagonalization of the Jordan block J )(\2).

17.2.2 Application: The Cabbibo-Kobayashi-Maskawa matrix, or, how bidiag-
onalization can win you the Nobel Prize

This subsubsection assumes some knowledge of relativistic field theory.

&Should give some
examples... &

One example where bidiagonalization is important occurs in the theory of the “Kobayashi-

Maskawa matrix” describing the mixing of different quarks. The SU(3) x SU(2) x U(1)
standard model has quark fields Ug;, Dg; neutral under SU(2) and

(UL
YiL = ( Du) (17.14)

forming a doublet under the gauge group SU(2). Here i is a flavor index running over the
families of quarks. In nature, at observable energies, ¢ runs from 1 to 3. SU(3) color and
spin indices are suppressed in this discussion.

In the Standard Model there is also a doublet of scalars fields, the Higgs field:

¢ = (Z) ¢ = (ﬁo)*) (17.15)

where ¢~ = —(¢1)* and ¢°, ¢+ € C. Both ¢, ¢ transform as SU(2) doublets.
The Yukawa terms coupling the Higgs to the quarks lead to two “quark mass terms”:

—gixDjrd kL + he (17.16)
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and
~GirUjr® WrL + he (17.17)

The matrices g;, and g;, are assumed to be generic, and must be fixed by experiment.

For energetic reasons the scalar field ¢¢ is nonzero (and constant) in nature. (“Develops
a vacuum expectation value”). At low energies, = = 0 and hence these terms in the
Lagrangian simplify to give mass terms to the quarks:

3
> UniMjUL (17.18)
ij=1
and
3 —
> DriM}Dy, (17.19)
ij=1

Here i,j run over the quark flavors, U,U, D, D are quark wavefunctions. MY, MP are
arbitrary complex matrices. We would like to go to a “mass eigenbasis” by bi-diagonalizing
them with positive entries. The positive entries are identified with quark masses.

By bidiagonalization we know that

MP = (VimP V), (17.20)

MY = (VimUvy); (17.21)

where m?” mV are diagonal matrices with real nonnegative eigenvalues and Vi, s = 1,2, 3,4

are four 3 x 3 unitary matrices. It is important that the Vs, are unitary because we want
to use them to redefine our quark fields without changing the kinetic energy terms.

How much physical information is in the unitary matrices Vi,...,V4? We would like
to rotate away the unitary matrices by a field redefinition of the quark fields. The rest of
the Lagrangian looks like (again suppressing SU(3) color and hence the gluon fields):

_ 2 _ 1

Uir(y- 9+ 37 B)Ujr + Djr(y- 9 = 37 B)Djr
) 1 (17.22)

+Yip(v-0+ 67'B+7'A)¢JL

where we just sum over the flavor index and the operator v -0 + ¢y - B with ¢ € R is
diagonal for our purposes. Crucially, it is diagonal in the flavor space. The SU(2) gauge
field A, has off-diagonal components Wﬁt:

A3 W
A, = ® H 17.23

leading, among other things, to the charged current interaction

WrUrv"Dr (17.24)
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Clearly, we can rotate away Vi, V3 by a field redefinition of Djg,U,r (taking the case

of three flavors and giving the quarks their conventional names):
(450) =DnV]

R (17.25)

(a c f)R = UgVy

However, we also need to rotate U;z, and D;y, to a mass eigenbasis by different matrices
Vo and Vy:

d
S = VQDL
L (17.26)
u
c| =WUg
L

Therefore the charged current interaction (17.24) when expressed in terms of mass
eigenstate fields is not diagonal in “flavor space.” Rather, when we rotate to the mass
basis the unitary matrix S = V4V2T enters in the charged current

(aaQLyﬁ s (17.27)

where u, ¢,t,d, s,b are mass eigenstate fields.

The unitary matrix S is called the Kobayashi-Maskawa matrix. It is still not physically
meaningful because that by using further diagonal phase redefinitions that S only depends
on 4 physical parameters, instead of the 9 parameters in an arbitrary unitary matrix.

Much effort in current research in experimental particle physics is devoted to measuring
the matrix elements experimentally.

Reference: H. Georgi, Weak Interactions and Modern Particle Theory.

Exercise
Repeat the above discussion for N quark flavors. How many physically meaningful
parameters are there in the weak interaction currents?

17.2.3 Singular value decomposition

The singular value decomposition applies to any matrix A € M,,x,(C) and generalizes the
bidiagonalization of square matrices. It has a wide variety of applications.
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Theorem Suppose that A € M,,x,(C), which we can take, WLOG so that m < n. Then
there exist unitary matrices U € U(m) and V' € U(n) so that

UAV = (Amm omx(n_m)) (17.28)
where A is a diagonal matrix with nonnegative entries (known as the singular values of A).

Proof: We have already proven the case with m = n so assume that m < n. Enhance A

- A (17.29)
O(n—m)xn

Then bidiagonalization gives U,V € U(n) so that UAV is diagonal. Note that

to

(n—m)xm O(nfm) X (n—m)

UAAW:( Do Omxtomm) ) (17.30)

and hence if we break up U into blocks

~ Ui Ur2
U= 17.31
<U21 U22> ( )

then U = Uy is in fact a unitary matrix in U(m). But then

UAV = (Ame OmX(nfm)> (17'32)
and we can WLOG take A to have nonnegative entires #
Remarks

1. The eigenvalues of D are known as the singular values of A, the the decomposition
(17.28) is known as the singular value decomposition of A.

2. The singular value decomposition can be rephrased as follows: If T': V; — V5 is a
linear map between finite dimensional inner product spaces V7 and V5 then there exist
ON sets {un} C Vi and {w,} C V2 (not necessarily complete) and positive numbers
An, SO that

T=> An(ttn, Jwn (17.33)

17.2.4 Schmidt decomposition

Let us consider a tensor product of two finite-dimensional inner product spaces Vi ® Va.
We will assume, WLOG that dimV; < dimVs. Then a vector v € V3 ® V5 is called separable
or primitive if it is of the form v = v; ® v9 where v1 € V7 and vy € V5. In quantum
information theory vectors which are not separable are called entangled. The reader might
want to keep in mind that Vi, Vs are finite-dimensional Hilbert spaces.
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>:LieMyTeacher ‘

1bsec:FirstLie ‘

>sec:SecondLie ‘

The general vector in Vi ® V5 is a linear combination of separable vectors. Schmidt
decomposition is a canonical form of this linear combination:

dimVl

Theorem Given an arbitary vector v € Vi ® V3 there exist ordered ON bases {u;}; ]

for V; and {wa}dimv2 for Vs, so that

a=1

dimVp
v = Z AUy ® w; (17.34)
=1

Proof: Choose arbitrary ON bases {;} for Vi and {w,} for V5. Then we can expand

dimVy dimVs

v= Y Y Al @i (17.35)

i=1 a=1

where A is a complex m X n matrix. Now from the singular value decomposition we can

write A = UDV, where
D= (A o) (17.36)

and A is an m x m diagonal matrix with nonnegative entries. Now use U,V to change
basis. &

Remark: The rank of A is known as the Schmidt number. If it is larger than one and
v is a quantum state in a bipartite system then the state is entangled.

18. Operators on Hilbert space

18.1 Lies my teacher told me
18.1.1 Lie 1: The trace is cyclic:

But wast! If
TrAB =TrBA (18.1)

then
Tr[A,B] =0 (18.2)

and if we consider qi(z) = zp(z) and py(z) = —i% () on L*(R) then [p,q] = —il and
Tr(1) = oo, not zero!

18.1.2 Lie 2: Hermitian operators have real eigenvalues

But wait!  Let us consider A = ¢"p + pq" acting on L?(R) with n > 1. Since p,q are
Hermitian this is surely Hermitian. But then

A =\ (18.3)
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1bsec:ThirdLie‘

sec:HT-Theorem ‘

is a simple first order differential equation whose general solution is easily found to be

2
¢(x) = /ﬁx_n/2exp[—ﬁxl_n] (184)
where « is a constant. Then,

Im\
(n—1)

This will be integrable for x — +o0o for n > 1 and it will be integrable at x — 0 for

[ (@)[* = |s[*|z["exp]

" (18.5)

ImA < 0 and n odd. Thus it would appear that the spectrum of ¢"p + pq" is the entire
lower half-plane!

18.1.3 Lie 3: Hermitian operators exponentiate to form one-parameter groups
of unitary operators

But wait!  Let us consider p on L2[0,1]. Then expliap] = exp[a-L] is the translation
operator

(expla 7 10)(x) = ¥(x +a) (15.6)

But this can translate a wavefunction with support on the interval right off the intervall
How can such an operator be unitary?!

18.2 Hellinger-Toeplitz theorem

One theorem which points the way to the resolution of the above problems is the Hellinger-
Toeplitz theorem. First, we begin with a definition:

Definition: A symmetric everywhere-defined linear operator, T, on H is an operator such
that
(#,Ty) = (Tx,y) Vo,yeH (18.7)

We can also call this an everywhere defined self-adjoint operator. Then one might find
the Hellinger-Toeplitz theorem a bit surprising:

Theorem: A symmetric everywhere-defined linear operator must be bounded.

In order to prove this one must use another theorem called the “closed graph theo-
rem.” This is one of three closely related theorems from the theory of operators between
Banach spaces, the other two being the “bounded inverse theorem” and the “open mapping

theorem.”

Theorem[Bounded Inverse Theorem|: If T': By — By is a bounded 1-1 operator from
one Banach space onto (i.e. surjectively) another then T—! : By — Bj is bounded (hence
continuous).

Proof: See Reed-Simon.

An immediate consequence of this is the
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Theorem|[Closed Graph Theorem]|: If T': By — B is a linear operator then the graph of
T, defined by
INT) ={z@Tzlx € Bi} C B ® By (18.8)

is a closed subspace of By @ By iff T' is bounded.

Proof: This follows immediately from the bounded inverse theorem: Note that I'(7T') is
a normed linear space. Therefore, if it is closed it is itself a Banach space. Next, the map
I(T) — B; given by © @ Tx — x is 1-1 bounded and continuous. Therefore the inverse
x — x ® Tx is bounded which implies T" is bounded. Conversely, if T' is bounded then it
is continuous so I'(T) is closed. #

Given the closed graph theorem the proof of the Hellinger-Toeplitz theorem is quite
elegant. We need only prove that the graph of an everywhere-defined symmetric operator
T :H — H is closed. Suppose then that x, & Tx, is a Cauchy sequence in I'(T") C H B H.
Since I'(T") C H @ H and since H @ H is a Hilbert space we know that

lim z, ®Tz, =2y (18.9)

n—oo

for some x @y € H & H. Then if y = Tz it will follow that I'(T) is closed. Now we note
that for all z € H:

(z,y) = lim (z,Txy) def. of y
n—oo
= lim (Tz,x T is symmetric
A (T2, n) Y (18.10)
= (Tz,x) def. of =
= (z,Tx) T is symmetric

Therefore y = Tx, so I'(T') is closed, so T is bounded #
Now, many of the operators of interest in quantum mechanics are clearly unbounded,
for example, the multiplication operator ¢ on L?(R) satisfies

| qv 2= / 2 1(a)2de (18.11)

Clearly there are wavefunctions with || ¢ ||= 1 but with support at arbitrarily large z, so
q is unbounded. On the other hand it is equally obvious that ¢ is symmetric. There is no
contradiction with the HT theorem because of course it is not everywhere defined. Indeed,

—1=¢ at large |z| for

suppose 1(z) is a smooth square-integrable function decaying like x
some €. For 0 < e < % the wavefunction z(z) is not square-integrable. Similar remarks
apply to standard operators such as p and Schrédinger operators. These operators are only
partially defined, that is, they are only defined on a linear subspace W C ‘H. We return to

this theme in Section §18.6.

Exercise Puzzle to resolve
Consider H = {9 and define T' € L(H) by

T(en) = tnen (18.12)
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where {t,} is a sequence of nonzero complex numbers with 3_ |t,[? < co.
a.) Show that 7" is an injective bounded operator.
b.) It would seem that this diagonal matrix has an obvious inverse
1 1
T (en) = —en (18.13)
ln
On the other hand, such an operator is obviously unbounded! Why doesn’t this contradict
the Bounded Inverse Theorem?

18.3 Spectrum and resolvent

“trumResolvent

Given a bounded operator T' € L(H) we partition the complex plane into two sets:
Definition:

1. The resolvent set or regular set of T is the subset p(T) C C of complex numbers so
that A1 — T is a bijective, i.e. a 1 — 1 onto transformation H — H.

2. The spectrum of T is the complement: o(T') := C — p(T).

Now there are exactly three mutually exclusive ways the condition that (A1 —T) is 1-1
can go wrong, and this leads to the decomposition of the spectrum:

Definition: The spectrum o(7") can be decomposed into three disjoint sets:
(T) = opoint (T') U Ores(T') U cont (T') (18.14)

1. If ker(A\1 — T') # {0}, that is, there is an eigenvector of 7' in ‘H with eigenvalue A,
then A is in the point spectrum.

2. If ker(A1 —T) = {0} but Im(A1 —T') is not dense, then A\ is in the residual spectrum.

3. If ker(A\1 — T') = {0} and Im(A1 — T') is dense but not all of H, then A is in the

continuous spectrum.

Note that by the bounded inverse theorem, if A € p(T') then the inverse, known as the
resolvent
Ry:=(\1-1T)7" (18.15)

is bounded. Now, for any bounded operator 1" we can try to expand

1 1 = (T\"
Ry = >\1—T:>\<1+;<>\>> (18.16)
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This converges in the norm topology for |A| >|| T ||. One can check that then the series is
an inverse to A1 — 7" and is bounded. It follows that o(7T") is inside the closed unit disk of
radius || 7" ||

Similarly the condition that A\ be in p(T') is an open condition: If X € p(T') then so is
every complex number in some neighborhood of A. Therefore, (7)) is a closed subset of
C. More formally, we can prove:

Theorem: The resolvent set p(T') is open (hence (7)) is closed) and in fact

1

1B Gt o)

(18.17)

Proof: Suppose A\ € p(T). Consider the formal expansion

1 1
T: i
RA(T) AN=T A—=Xo+X—-T
1 1
S Ao -T1- e (18.18)

= Ry (T) |14 Y (h = N (B (T)"
n=1

Therefore, if || Ry, (T) || |\ — Aol < 1 then the series converges in the norm topology. Once

we know it converges the formal properties will in fact be true properties and hence the

series represents Ry (T"), which will be bounded. Hence \ € p(T') for those values #
Remarks:

1. The proof shows that the map A — R)(T') from p(T) to L(H) is holomorphic.

Definition For any everywhere defined bounded operator T' we define the adjoint of T,
denoted Tt exactly as in the finite-dimensional case:

(Tx,y) = (z,T'y) Yo,y € H (18.19)
Remark If A\ € 0.5(T") then \* € O'point(TT). To see this, suppose that im(A1 — 7)) is

not dense. Then there is some nonzero vector y not in the closed subspace im(Al — T") and
by the projection theorem we can take it to be orthogonal to im(Al — 7'). That means

(y, AL =T)z) = (A1 =TN)y,2) = 0 (18.20)
for all , which means that y is an eigenvector of TT with eigenvalue \*. Therefore

O'rrss;(T’)>’< C Opoint (TT) (1821)
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Example Let us return to the shift operator, or Hilbert hotel operator S € L(H) for
H = (%
S:(z1,22,...) = (0,21,29,...) (18.22)

1
Vala

a'. This is bounded and everywhere defined and
a'a
one easily computes the adjoint, which just shifts to the left:

In terms of harmonic oscillators S =

ST (w1, @9,...) — (z2,23...) (18.23)

1

vV ana—i—la.

Applying the remark of (18.16) to our case, where one easily checks || S ||=[| ST ||= 1,
we conclude that both o(S) and o(ST) are contained in the closed unit disk D.
Now, one easily shows that if |[A\| < 1 then

Or, if one prefers, ST =

Ty o= (1,A,02%,..0) (18.24)

is in ¢2 and
ST, = AU, (18.25)

Since the spectrum must be closed it must be that ¢(ST) is the entire closed unit disk D.

On the other hand, let us consider the solutions to
y=(A—-9z (18.26)
In terms of the components this leads to the equations

Y1 = ATy

Y2 = A\T2 — T

(18.27)
Yn = ATp — Tp_1
which is easily solved, at least formally, to give
Ty = )\_Lyn + )\_Qynfl + .4 )\_nyl (1828)

It immediately follows that if y = 0 then x = 0, that is, the kernel of (A1 — S) is {0} and
hence there is no point spectrum for S. Moreover, if |y;| = 1 while yo = y3 = --- = 0 then
xn, = A"y is clearly not normalizable for |A\| < 1. Now let &, be a sequence of positive
numbers monotonically decreasing to zero so that > &2|A|72" does not converge. Then
using the triangle inequality one easily checks that

|Zn| > En] A "Y1 (18.29)

and hence {z,,} cannot be normalizable for |y,| < (&,—1—&,)|A\1""y1|. Therefore im(A1—29)
does not intersect the open ball defined by |y,| < (£,—1 — &.)|A""91|. and hence is not
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dense for |A| < 1. Thus o(S) is the closed unit disk, the point spectrum is zero and the
residual spectrum is D.

Finally, we need to consider the nature of the spectrum of ST when || = 1. Then ¥
is not in the Hilbert space so there is no point spectrum. On the other hand, if im(A1—S T)
were not dense then there would be a y not in its closure and by the projection theorem
we can take it to be orthogonal to im(A1 — ST). But this means (y, (A — ST)z) = 0 for all
x which means (A\*1 — S)y = 0, but we know that S has no eigenvectors. Thus |[\| =1 is
in the spectrum of ST but is neither in the point nor the residual spectrum! We conclude
that im(A1 — ST) is dense, but not equal to H. To exhibit a vector outside the image we
can try to solve y = (A1 — ST)2. The formal solution is

1= AT A A P+ Ay
To = )\_1y2 + /\_2y3 + /\_3y4 + -

- - - 18.30
23 =ATlys + AP+ A s 4 ( )

So, if we take y, = A"/n then y € ¢2 but is not in the image.
In summary we have the table:

Operator | Spectrum | Point Spectrum | Residual Spectrum | Continuous Spectrum
S D 0 D 0
St D Interior(D) 0 Al =1

Theorem Suppose T : H — H is an everywhere defined self-adjoint operator. Then
1. The spectrum o(7") C R is a subset of the real numbers.
2. The residual spectrum oye5(7) = 0.

Proof: The usual proof from elementary quantum mechanics courses shows that the point
spectrum is real: If Tx = Az then

ANz, z) = (2, Tz) = (Tx,x) = X\ (v, ) (18.31)

so A € R.
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Now we show the residual spectrum is empty. We remarked above that oyes(7)* C
Tpoint (TT). But if TT = T then if A € 0yes(T) we must have A\* € opoint(T) and hence A is
real, but this is impossible since the point and residual spectra are disjoint.

Now, let A and p be any real numbers and compute

1 (T=(\+ip)z [P= (z, (T=A+ip)(T-A—ip)z) = (z, (T=X)*+p*)z) = (T-N)az | +4° || « ||

(1832

This shows that if 4 # 0 then T'— (A + i) is invertible. If we let 2 = (T — (A +ip)) "'y
then (18.32) implies that p? || 2 ||?<||  ||>. But this means that

(T = +ip) "yl _ =] 1
Iy |l Fy =

(18.33)

and hence (7" — (A +ip) has a bounded inverse for p # 0. Therefore, A +ip € p(T') for
p# 0 and hence o(T) CR. &
A useful criterion for telling when A € o(T') is the following:

Definition: A Weyl sequence is 3!

and || (A —=T)z, ||— 0.

a sequence of vectors z, € D(T') such that || z, ||= 1

Theorem: [Weyl criterion]
a.) If T has a Weyl sequence then A € o(T).
b.) If A is on the boundary of p(T") then T" has a Weyl sequence.

Proof:
a.) If there is a Weyl sequence and A € p(T') then

L= zn [[= BA(T)YA = T)zn [[<[| BA(T) [l (A = T)2n || 0 (18.34)

which is impossible. Therefore A € o(T).

b.) Suppose A € p(T') — p(T'), then there is a sequence of complex numbers {\,} with
An € p(T) and A, — X such that dist(\,,o(T)) — 0. Therefore, by (18.17) we know
|| Rx, (T) ||/ 400 and therefore there are vectors y,, so that

| B (T)yn |l
|l

/400 (18.35)

Now set z, = Ry, (T)yn. These will be nonzero (since Ry, (7T') is invertible) and hence we
can normalize y,, so that || z, ||= 1. But then

[ A =Tz || =l (A= An)zn + (Ao = T)zn ||
:H ()‘ - )‘n)zn + Yn || (1836)
<A =Xal+ [ yn |- 0

31 We state it so that it applies to unbounded operators with dense domain D(T). See below. For bounded
operators take D(T) = H.
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so {z,} is a Weyl sequence. #

Example Consider the operator on L?[a, b] given by the position operator qi(z) = 29 (z).
Clearly this is a bounded operator || ¢ ||< b. It is everywhere defined and symmetric, hence,

it is self-adjoint. It does not have eigenvectors 32. For any zg € (a,b) we can take good
approximations to the Dirac delta function:
2 1/4 1 22
Vezo = (ﬂ) aac (z=a0)"/e (18.37)

and, on the real line || (¢ — 20)*®Ye s, |2= €2/V/2, s0 (¢ — 79) ! could hardly be a bounded
operator. Thus o(q) = [a, b] and the spectrum is entirely continuous spectrum.

Exercise The C* identity
Show that
I T ||=|| T | (18.38)

Remark: In general, a Banach algebra 2* which has an anti-linear involution so that
(ab)* = b*a* and which satisfies || a*a ||=|| a ||* is known as a C*-algebra. There is a
rather large literature on the subject. It can be shown that every C* algebra is a {-closed
subalgebra of the algebra of bounded operators on Hilbert space.

Exercise
Show that STS = 1 but SST is not one, but rather is a projection operator. That
means that S is an example of a partial isometry.

18.4 Spectral theorem for bounded self-adjoint operators

Now we would like to explain the statement (but not the proof) of the spectral theorem
for self-adjoint operators on Hilbert space - a major theorem of von Neumann.
We begin with an everywhere-defined self-adjoint operator 7' € L(H). As we have
seen, T is bounded and o(7") C R is a disjoint union of the point and continuous spectrum.
The spectral theorem says - roughly - that in an appropriate basis T is just a multi-
plication operator, like ¢ (x) — z1)(z). Roughly, for each A € o(T') we choose eigenvectors

32The “position eigenstates” of elementary quantum mechanics are distributions, and are not vectors in
the Hilbert space.

33A Banach algebra is an algebra which is also a complete normed vector space and which satisfies
|| ab |I<|]l a|l - |0, an inequality which is easily verified for £L(H). So L(H) is an example of a Banach
algebra.
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|9,i) where i indicates possible degeneracy of the eigenvalue and then we aim to write
something like

T~ / . A (Z |¢A,Z~><wm-|> dpr(N) (18.39)

with some measure pp(\) on the spectrum. Clearly, unless we have a discrete point spec-
trum with finite dimensional eigenspaces this representation is at best heuristic. In that
latter case

dpr(X) =) 5(A = An)dA (18.40)

where we sum over the distinct eigenvalues A,,.

In order to give a precise and general formulation of the spectral theorem von Neumann
introduced the notion of a projection-valued measure, which we will now define. First we
need:

Definition: The (Borel) measurable subsets of the real line R is the smallest collection
B(R) of subsets of the real line such that

1. All intervals (a,b) € B(R).
2. B(R) is closed under complement: If £ € B(R) then R — E € B(R).
3. B(R) is closed under countable union.

Remarks:

1. These axioms imply that R € B(R) and 0 € B(R).

2. The good thing about this collection of subsets of R is that one can define a “good”
notion of “size” or measure pu(E) of an element E € B(R) such that u((a,b)) =b—a
and p is additive on disjoint unions. It turns out that trying to define such a measure
u for arbitrary subsets of R leads to paradoxes and pathologies.

3. We say a property holds “almost everywhere” if the set where it fails to hold is of
measure zero.

Definition: A projection-valued measure is a map
P:BR)— L(H) (18.41)
such that

1. P(E) is an orthogonal projection operator for all E € B(R).

2. P() =0 and P(R) = 1.
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3. If E =1I9°, is a countable disjoint union of sets E; € B(R) then
P(E) =s—lim, 00 »_ P(E;) (18.42)
i=1

where the convergence is in the strong topology.
Remarks

1. The meaning of convergence in the strong topology is that a sequence of operators
T, = Tif forallz € H, || Tz — Tz ||— 0.

2. Given a PVM and a nonzero vector € H there is a corresponding ordinary measure
P, on R. We define it on a measurable set E by

(z, P(E)z)
(z,2)

This is a measure because, as is easily verified: P,(0) = 0, P,(R) = 1, P,(F) > 0,

and, if £ =II°, is a countable disjoint union of sets E; € B(R) then

P.(E) = (18.43)

PA(E) = Y Pu(E) (15.44)
=1

3. It will be convenient below to use the notation
Po(3) == Py((—00, X)) (18.45)

This will be a measureable function and the corresponding measure dP,(\) has the
property that

Py(E) = /E dPy(\) (18.46)

Theorem|Spectral Theorem for bounded operators] If 7" is an everywhere-defined self-
adjoint operator on H then
1. There is a PVM Pr so that for all z € H, we have

(z,Tx)

(z, )

_ / APy (\) (18.47)
R

where Pr () is the measurable function associated to Pr via (18.45).
2. If f is a (measurable) function on R then f(7") makes sense and for all z € H, we
have

(z, [(T)z) _
i - /R FONAPr(A) (18.48)

Rough idea of the proof: The basic idea of the proof is to look at the algebra of operators
generated by T'. This is a commutative algebra. For example, it contains all the polynomials
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in T'. If we take some kind of closure then it will contain all continuous functions of T'. This
statement is known as the “continuous functional calculus.” Now, this continuous algebra
is identified with the continuous functions on the compact set X = o(7"). Moreover, given
any = € H we have a linear map Ap : C(X) — R given by

[ Ar(f) = (2, f(T)x) (18.49)

Moreover, the map is positive, meaning that if f is positive then Az (f) > 0. Then a general
theorem - known as the Riesz-Markov theorem - says that any positive linear functional
C(X) — R where X is Hausdorff is of the form f — [, fdu. Therefore, given T and z
there is a corresponding measure 7, and we have

(@ f(T)) = [

o(

fdprg (18.50)
)

Now, using this equation one extends the continuous functional calculus to the Borel func-
tional calculus - namely, now we make sense of operators g(7") where g is not necessarily
continuous, but at least measurable. In particular, if g is a characteristic function it is
discontinuous, but g(7") will be a projection operator. &

Remarks:

1. Note that (18.47) is enough to determine all the matrix elements of 7". This equation
determines (x,Tx) for all z and then we can use the polarization identity:

(z,Ty) = % (z+9),T(x+y) - (= —y),T(z -y))

(18.51)
+i((x —iy), T(x —iy)) —i((z + iy), T'(x + iy))
which can also be written
3
Ay, Tx) = > _i*(x +iFy, T(z +i*y)) (18.52)

k=0

Note that on a real Hilbert space we cannot multiply by 4, but then (y,7x) =
(Tz,y) = (x,Ty) for self-adjoint T" so that it suffices to work just with = &+ y in the
corresponding polarization identity.

2. Equation (18.48) is meant to capture the idea that in the block-diagonalized basis
provided by Pr the operator T is diagonalized.

3. It follows from the definition of a PVM that if || z ||= 1

(@ P(E)) = [ xeWap) = [ ap.y) (18.53)

where xg () is the characteristic function of the set E.
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4. Using the previous remark Using this we can see that, as expected, for a self-adjoint
operator T the PVM Pr has support on the spectrum o(7) in the sense that:
Aeo(T) iff Pr(A—¢e,A+¢€)) #0 for all e > 0.

To prove this suppose first that Pr((Ag — €, Ao + €)) # 0 for all € > 0. Then take
the sets E, = (Ao — %, Ao + %) Since Pr(FE)) is nonzero we can take a sequence of

nonzero vectors z, in the image of Pr(E,) and normalize them to || z, ||= 1. Then
(T = X0)za I =]l (T — Xo)Pr(En)zn |I°

_ /R (A= X0)2xE, (\)dPr., (\) < % (18.54)

so we have a Weyl sequence and hence A € o(T'). Conversely, suppose that Pr((Ao —
€, \o + €)) = 0 for some € > 0. For such an e define the function:

0 A=l <
Je(A) = { | ol < (18.55)
L A= > e
o | ol >
Then
1
(o= T)1T) = (o= 1) | PN
Po—A|>e A0 — A
Ao — A
= dPr(X 18.56
/|)\0>\Z€ Ao — A () ( )

_ / dPr(\) = 1
[Ao—A|>e€

Similarly, f(T)(Ao —T) = 1p(r). Therefore, \g — 7' is a bijection of D(T') with H
and hence A € p(T). &

Example: Suppose T has a finite pure point spectrum {\,}»_; with eigenspaces Vj,.
Then define

1 AeFl
0A\(FE) = / SN = N)d\ = (18.57)
E 0 AN¢FE
Then the projection value measure of T is
N
Pr(E)= Y Py, =) 6\ (E)Py, (18.58)
An€E n=1
In particular, if T' = Idy is the unit operator then
Idy 1€FE
Pr(E)=4 " (18.59)
0 1¢FE
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Exercise
Show that if P is a PVM then 34

P(E1)P(Ey) = P(Ey N Ey) (18.60)

18.5 Defining the adjoint of an unbounded operator

Recall from the Hellinger-Toeplitz theorem that an unbounded operator on an infinite-
dimensional Hilbert space cannot be everywhere defined and self-adjoint. On the other
hand, as we explained, physics requires us to work with unbounded self-adjoint operators.

Therefore, we should consider partially defined linear operators. That is, linear opera-
tors T' from a proper subspace D(T') C H to H. Giving the domain D(T') of the operator
is an essential piece of data in defining the operator.

Definition:
a.) The graph of T is the subset

I(T) = {z @ Tzjz € D(T)} CHOH (18.61)

b.) T is closed if I'(T') is a closed subspace of H @ H.

c.) An operator Th is an extension of an operator Ty if T'(T7) C I'(T;). That is,
D(Ty) € D(Tz) and when T is restricted to D(T}) it agrees with 77. This is usually
denoted T7 C T5.

Definition: If D(T) C H is dense then we define the subset D(TT) C H to be the set of
y € H so that there exists a z € H such that for all x € D(T),

(Tx,y) = (z,2). (18.62)
If y € D(T") then z is unique (since D(T) is dense) and we denote
z=TTy (18.63)

This defines a linear operator T with domain D(T7) called the adjoint of T.
Remark: One way of characterizing D(T7) is that y € D(T") iff 2 — (y, Tx) extends
to a to a bounded linear operator. Then z exists, by the Riesz representation theorem.

Definition: A densely defined operator 7' is

34 Answer: First show that if Fy N Bz = () then P(E1)P(F2) = P(FE2)P(E1) = 0. Do that by us-
ing the PVM axiom to see that P(E; U E3) = P(Ei) + P(E2). Square this equation to conclude
that {P(E.),P(E2)} = 0. But now, multiply this equation on the left and then on the right by
P(E4) to show that [P(FE1), P(E2)] = 0. Next, write P(FE1) = P(Ex — E1 N E3) + P(E1 N E3) and
P(Ez) = P(E2 —FEinN Eg) + P(El n EQ) and multiply.
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a.) Symmetric if T C TT.
b.) Self-adjoint if T = TT.

Remarks

1. Let us unpack this definition a bit. An operator 7' is symmetric iff
(z,Ty) = (Tz,y) (18.64)

for all x,y € D(T). However, x — (T'z,y) might be bounded for a larger class of
vectors y ¢ D(T). When T is self-adjoint this does not happen and D(T) = D(T).

2. Unfortunately, different authors use the term “Hermitian operator” in ways which are
inequivalent for unbounded operators. Some authors (such as Reed and Simon) use
the term to refer to symmetric operators while other authors (such as Takhtadjan)
use the term to refer to self-adjoint operators. So we will use only “symmetric” and
“self-adjoint” and reserve the term “Hermitian” for the finite-dimensional case, where
no confusion can arise.

Example: Let us use the “momentum” p = —i% to define an operator with a dense
domain D(T) within L2[0,1]. The derivative is clearly not defined on all L? functions.
Now, a function f : [0,1] — C is “absolutely continuous” if f/(z) exists almost everywhere
and |f’(z)| is integrable. In particular, the fundamental theorem of calculus holds

b
1)~ S = [ fa)da (18.65)

In this case f/(z) is indeed in L?[0,1].
We begin with an operator T defined by the domain:

D(T) = {f|f € AC[0,1], f(0) = f(1) = 0} (18.66)
then elementary integration by parts shows that T = —i% is a symmetric operator. An

elaborate argument in Reed-Simon VIIIL.2, p. 257 shows that with this definition of T" we
have:
DY) = {f1f € AC[0, 1]} (18.67)

and in Reed-Simon vol. 2, Section X.1, p. 141 it is shown that there is a one-parameter
family of self-adjoint extensions T, = T;E labeled by a phase a:

D(Ta) = {fIf € AC[0,1], f(0) = af(1)} (18.68)

It easy to appreciate this even without all the heavy machinery of defining self-adjoint ex-
tensions of symmetric operators. Formally proving that the operator is symmetric requires
that the boundary terms in the integration by parts vanishes, that is:

(TY1,2) = (Y1, Tih2) (18.69)
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implies
YT (L)(1) — ¥1(0)2(0) =0 (18.70)
If ¢y € D(T) then this will be satisfied for 11 € D(TT) because both terms separately

vanish. We can attempt to extend this definition to a larger domain. If we try to let both
V1,19 € D(TT) the condition will fail. The intermediate choice is to choose a phase a and

require (1) = a1)(0).

Exercise
Suppose T C 15 are densely defined operators. Show that T: 2T cT 1T .

18.6 Spectral Theorem for unbounded self-adjoint operators

Having introduced the notion of projection valued measures we are now in a position to
state the spectral theorem for (possibly unbounded) self-adjoint operators on Hilbert space:

The Spectral Theorem: There is a 1-1 correspondence between self-adjoint operators T’
on a Hilbert space H and projection valued measures such that:

a.) Given a PVM P a corresponding self-adjoint operator Tp can be defined by the
diagonal matrix elements:

(x, Tpx) _
e /R AP (V) (18.71)
with domain
D(Tp) = {z € H| / MdP,(\) < oo} (18.72)
R

b.) Conversely, given T there is a corresponding PVM Pr such that (18.71) and (18.72)
hold.

c.) Moreover, given a self-adjoint operator T' if f is any (Borel measurable) function
then there is an operator f(7") with domain

D(f(T)) = {x € H| /R FO2dPra (V) < oo} (18.73)

such that (. F(T)2)
L [ roare.) (18.74)

Example 1. If T has pure point spectrum {\,,} with closed eigenspaces V,, then

T=> APy, (18.75)
Pr(E)= ) Py, (18.76)
M EE
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where Py, are the orthogonal projections to the subspaces V;,.

Example 2. Take # = L*(R) and define T = ¢ by q(x) = x1)(z) with a domain given by
those wavefunctions with falloff at least as fast as ||~ at infinity, with o > 3/2. Then

Y(x) x€FE

. i (18.77)

(Pr(E)y)(r) = {

Example 3. Take H = L?(R) and define 7' = p by pip(z) = —iLey(z) with a domain
given by absolutely continuous wavefunctions with L? integrable derivative. 3> Now, if we
make a Fourier transform then this is again a multiplication operator, so now

(Pr(Ey)a) = [ dy [ G (18.78)

Remarks

1. This is a major theorem and proofs can be found in many places. We mention just
Chapters VII and VIII of Reed-Simon, and Chapter 3 of G. Teschl, Mathematical
Methods in Quantum Mechanics.

2. The resolvent set and spectrum of a closed but possibly unbounded operator are
defined along the same lines as in the bounded case: A € p(T') if A — T is a bijection
of D(T) onto H. It follows that the resolvent Ry = (A —T)~! is a bounded operator
H — D(T). The spectrum is the complement of the resolvent set as before, and, as
before, if T' is self-adjoint o(T') is a subset of R.

3. Ome can show that if T" is a bounded self-adjoint operator then o(7') is a bounded
subset of R.

4. What is going on with our example ¢"p + pg™ in Section §18.1.2 above? At least a
partial answer is that the most obvious domain on which one can prove the operator
is symmetric (and hence has real point spectrum) is the set of wavefunctions so that
q"py is L?. These must fall off as ¢(z) ~ |z|~® for a > n — 1/2 and the putative
eigenfunctions exhibited above lie outside that domain.

18.7 Commuting self-adjoint operators

Once we start admitting partially defined operators on Hilbert space we have stepped onto
a slippery slope. If 71 and T5 are only defined on D(T}) and D(T%») respectively then 77 +T5
is only defined on D(T1) N D(T») and T; o T is similarly only defined on

D(Tl o TQ) = {Q7|IL‘ S D(TQ) and TQ(IL‘) S D(Tl)} (1879)

35This is an example of something called a Sobolev space.
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The problem is that these subspaces might be small, or even the zero vector space.

Example 1 Take any y ¢ D(T1) and let Ta(x) = (2, )y for some z. Then T} o Ty is
only defined on the zero vector.

Example 2: Let {z,} be an ON basis for # and let {y,} be another ON basis so
that each y, is an infinite linear combination of the x,,’s and vice versa. Then let D(T7)
be the set of finite linear combinations of the x,’s and D(T3) be the set of finite linear
combinations of the y,’s. Then D(T1) and D(T3) are dense and D(T7) N D(Tz) = {0}.
In order to produce an example of two such ON bases consider H = %(C) and take the
Cayley transform of 7' = A(S 4 ST) where X is real and of magnitude [A| < 3. Then

U=(1+4iT)1—iT)™* (18.80)

is a well-defined unitary operator which takes the standard basis e,, = (0,...,0,1,0...) of
¢? to a new basis f, all of which are infinite linear combinations of the e,,.

Definition: Two self-adjoint operators 77 and 75 are said to commute if their PVM’s
commute, that is, for all Fy, Es € B(R)

Pr,(E1)Pr,(E2) = Pr,(E2)Pr, (E1) (18.81)

When Ti,T, are bounded the spectral theorem shows that this reduces to the usual
notion that [T7,T»] = 0.

18.8 Stone’s theorem

Part of the proof of the spectral theorem involves showing that if z — f(x) is a continuous
function, or more generally a measurable function, then if T is self-adjoint the operator
f(T) is densely defined and makes sense. In particular, if this is applied to the exponential
function f(x) = expliz] one obtains an operator with domain all of H (by (18.73)) which is
in fact a bounded operator. All the good formal properties that we expect of this operator
are in fact true:

Theorem: If T is a self-adjoint operator then the family of operators U(t) = expl[itT]
satisfies

L. UKU(s) =U(t+s)

2. t — U(t) is continuous in the strong operator topology.

3. The limit lim;_,o(U(t)x — )/t exists iff x € D(T) in which case the limit is equal
to iT' ()

Stone’s theorem, is a converse statement: First, we define a strongly continuous one
parameter group is a homomorphism from R to the group of unitary operators on Hilbert
space which is continuous in the strong topology, that is:

1. U@)U(s) =U(t+s)
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2. For each x € H, limy, , U(t1)x = U(t2)z.

Theorem [Stone’s theorem]: If U(t) is a strongly continuous one-parameter group of
unitary operators on H then there is a self-adjoint operator 7" on #H such that U(t) =
explitT].

Remarks

1. If T is bounded then we can simply define

Ut) = i (’ts)n (18.82)
n=0 ’

This converges in the operator norm. In particular ¢ — U(t) is continuous in the op-
erator norm. However, such a definition will not work if T" is an unbounded operator.

2. The proof is in Reed-Simon Theorem VIIL.8, p.266.

3. Let us return to our third lie of §18.1.3. We cannot exponentiate 7" = —id/dz on
L?[0, 1] simply because it is unbounded and not self-adjoint with the domains D(T')
and D(TT) given above. Since T is not defined on functions with nonzero values at
x = 0,1 it is not surprising that we cannot define the translation of a wavepacket
past that point. If we take one of the self-adjoint extensions 7T, then we are working
with twisted boundary conditions on the circle. Now is is quite sensible to be able to
translate by an arbitrary amount around the circle.

4. What about the translation operator on the half-line? Our naive discussion above
should make it clear that in this case p is not even essentially self-adjoint. 3% So
there is no self-adjoint extension of p acting on the Sobelev space with ¢ (x) = 0 at
xz = 0.

5. Stone’s theorem can also be proven for continuity in the compact-open topology.

18.9 Traceclass operators

We would like to define the trace of an operator but, as the first lie in Section 18.1.1 shows,
we must use some care.
For simplicity we will restrict attention in this section to bounded operators.

Definition: An operator is called positive if 37
(z,Tx) >0 Ve e H (18.83)

Three immediate and easy properties of positive bounded operators are:

Theorem: If T is a positive bounded operator on a complex Hilbert space H then

30Tf the closure of the graph T'(T) is the graph of an operator we call that operator T: T'(T) = I'(T), and
we say that T is closeable. A symmetric operator 1" is essentially self-adjoint if T is self-adjoint.
37A more accurate term would be nonnegative. But this is standard terminology.
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1. T is self-adjoint.
2. |(z,Ty)|?> < (z,Tx)(y, Ty) for all z,y € H.
3. T has a unique positive square-root S € L(H), i.e. S is positive and S? =T.

Proof:
1. Note that (z,Tz) = (z,Tx) = (T'z,z). Now, if H is a complex Hilbert space we can

then use the polarization identity to prove (x,Ty) = (Ty,x) and hence T is self-adjoint.
The statement fails for real Hilbert spaces.

2. Consider the inequalities 0 < (x4 Me?y, T'(x +Xe?y)), where ) is real and we choose
a suitable phase € and require the discriminant of the resulting quadratic polynomial in
A to be nonpositive.

3. Follows immediately from the spectral theorem. &

Theorem /Definition: If T is a positive operator on a separable Hilbert space we define
the trace of T' by

o0

To(T) =) (tn, Ttin) (18.84)

n=1
where {u,} is an ON basis for . This sum, (which might be infinite) does not depend on
the ON basis.

Proof: The sum in (18.84) is a sum of nonnegative terms and hence the partial sums are
strictly increasing. They either diverge to infinity or have a limit. We use the square-root
property, namely 7' = S? with S self-adjoint and positive to check independence of basis.
Let {vy,} be any other ON basis:

Tr(T) = Z(uanun) = Z | Suy ||*= Z Z | (S, vm)[* = Z Z |(tn, Som)[?
n=1 n=1 n=1m=1 n=1m=1
= Z Z |(un,Svm)]2 = Z | Svm ”2: Z(UmvTvm)
m=1n=1 m=1 m=1

(18.85)

The exchange of infinite sums in going to the second line is valid because all terms are
nonnegative @

We now use the squareroot lemma and the above theorem to define the traceclass ideal
Ili

Definition: The traceclass operators 7y C L(H) are those operators so that |T| := VT1T
has a finite trace: Tr(|7T]) < oc.
With this definition there is a satisfactory notion of trace:

Theorem: [Properties of traceclass operators]
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1. 7y C L(H) is a *-closed ideal: This means: if 71,75 € Z; then T} + Ty € Z; and if
Ty € L(H) then TyT3 € T; and T3T; € Ty, and, finally, T is traceclass iff T is.

2. If T € Z; the trace, defined by

e}

Tr(T) := Y (tn, Ttin) (18.86)

n=1
where {uy} is any ON basis, is independent of the choice of ON basis and defines a
linear functional Z; — C.

3. If Th € Z; and Ty € L(H) then the trace is cyclic:

TI‘(Tng) == TI‘(TQTl) (1887)

Proofs: The proofs are straightforward but longwinded. See Reed-Simon, Section VI.6.

Finally, we mention one more commonly used class of operators intermediate between
traceclass and bounded operators:

Definition: The compact operators on ‘H, denoted K(H) is the norm-closure of the oper-
ators of finite rank. 3%

Thanks to the singular value decomposition, the canonical form of a compact operator
follows immediately: There are ON sets {u,} and {wy,} in H (not necessarily complete)
and positive numbers A, so that

T = An(tn, Jwn (18.88)
n=1

where the convergence of the infinite sum is in the operator norm. Hence the only possible
accumulation point of the A, is zero. For a compact self-adjoint operator there is a complete
ON basis {u,} with

T = An(tn, Jun (18.89)
where A, are real and lim,,_,,, A\, = 0. This is called the Hilbert-Schmidt theorem.

Next, we have Z; C K(#H). This follows because if T is traceclass so is TTT, but this
implies that for any ON basis {u,} consider the linear span Ly of {u,}_;. Then ify € Ly

38This definition is fine for operators on Hilbert space but will not work for operators on Banach space.
In that case one must use a different criterion, equivalent to the above for Hilbert spaces. See Reed-Simon
Section VI.5.
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is nonzero we can normalize it to || y ||= 1 and since Ly U {y} can be completed to an ON

basis
N
1Ty |17+ || Tup < TiTTT < 00 (18.90)
n=1
SO
N
| Ty < TT'T = > || Ty, ||? (18.91)
n=1

Since TrTTT < oo the RHS goes to zero for N — co. This means that
oo
T=> (un,")Tun (18.92)
n=1

with converges in the operator norm because

N N
| Ty — >0y (un, y) Ty |
1T - Z<“m )Tup || = supyg [ . I
n=1 y
17 (v = Sl (o)) | (18.93)
— PPy Iyl

—qup, g T
- Yy
I+ T2

where y* is the orthogonal projection to Ly
In particular, for a positive traceclass operator 1" there is an ON basis with

T=> An(tn, Jun (18.94)
n=1

where A, > 0, and Tr(T") = > ", A,. This theorem is important when we discuss physical
states and density matrices in quantum mechanics in Section §19 below.

Exercise

Give an example of a positive operator on a real Hilbert space which is not self-adjoint.
39

19. The Dirac-von Neumann axioms of quantum mechanics

The Dirac-von Neumann axioms attempt to make mathematically precise statements as-
sociated to the physical description of quantum systems.

39 Apswer: Consider 1 + J@ on R?.
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“Space of states”: To a “physical system” we assign a complex separable Zo-graded
Hilbert space H known as the “space of states.”

2. Physical observables: The set of physical quantities which are “observable” in this
system is in 1-1 correspondence with the set O of self-adjoint operators on H.

3. Physical states: The set of physical states of the quantum system is in 1-1 corre-
spondence with the set S of positive (hence self-adjoint) trace-class operators p with
Tr(p) = 1.

4. Physical Measurement: Physical measurements of an observable T € O when the
system is in a state p € S are governed by a probability distribution Pr, on the real
line of possible outcomes. The probability of measuring the value in a set E € B(R)

is defined by
Pr(E) = TePr(E)p (19.1)

where Pr is the projection-valued measure of the self-adjoint operator T'.

5. Symmetries. To state the postulate we need a definition:

Definition An automorphism of a quantum system to be a pair of bijective maps
B1:0 — O and By : S — S where (3 is real linear on O such that (31, 32) preserves
probability measures:

Psy(1),82(0) = Prp (19.2)

The automorphisms form a group QuantAut.

Now, the symmetry axiom posits that if a physical system has a group G of symme-
tries then there is a homomorphism p : G — QuantAut. &Need to put some

continuity
. . . . . properties on p. For
6. Time evolution. If the physical system has a well-defined notion of time, then evolu- example, for
. . . . . . . continuous groups
tion of the system in time is governed by a strongly continuous groupoid of unitary we probably want »
40 to be continuous in
and the compact-open

p(t2) = Ul(ty, t2)7lp(t1)U(t1, t2) (19.3) |eq: TimeEvolve

7. Collapse of the wavefunction If a measurement of a physical observable corresponding

operators

to a self-adjoint operator T is made on a state p then the state changes discontinuously
according to the result of the measurement. If 7" has pure point spectrum {\, }, with
eigenspaces V,, then when T is measured the state changes discontinuously to

p—p= Z Py pPy, (19.4) ’ eq:StateCollay

n

When T has a continuous spectrum an analogous, but more complicated, formula
holds which takes into account the resolution of the measuring apparatus measuring
a continuous spectrum.

0By this we simply mean that (ti,ts) — U(t1,t2) is continuous in the strong operator topology and
U(t1,t2)U(t2,t3) = U(t1, t3).
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8. Combination of systems. If two physical systems, represented by Hilbert spaces Hi
and Hy are “combined” (for example, they are allowed to interact or are otherwise
considered to be part of one system) then the combined system is described by the
Zo-graded tensor product H1QHs.

Remarks

W

1. First, let us stress that the terms “physical system,” “physical observables,” and
“symmetries of a physical system,” are not a priori defined mathematical terms,
although we do hope that they are meaningful terms to the reader. The point of the
first few axioms is indeed to identify concrete mathematical objects to associate with

these physical notions.

2. “Space of states”: The Zy-grading is required since we want to incorporate fermions.
See below for Zs-graded linear algebra. Some authors have toyed with the idea of
using real or quaternionic Hilbert spaces but despite much effort nobody has given a
compelling case for using either. I have not seen any strong arguments advanced for
why the Hilbert space should be separable. But the theory of self-adjoint operators
is likely to be a good deal more complicated for non-separable Hilbert spaces.

3. Pure states vs. mized states. The “physical states” referred to in axiom 3 are often
called density matrices in the physics literature. By the Schmidt decomposition of
positive traceclass operators (18.94) we can write

o= paln)n (19.5)

where p, > 0 with Y p, = 1 and |n) is an ON basis for . Note that the set S is
a convex set: If p1,pa € S then so is tp; + (1 — t)p2 for t € [0,1]. For any convex
set there is a notion of the extremal points. These are the points which are not of
the form tp; + (1 — t)py with 0 < t < 1 for any value of p; # py. In the convex
set of physical states the extremal points correspond to projection operators onto
one-dimensional subspaces

1) ver (19.6)

CT W)

The space of these extremal points are called the pure states. States which are
not pure states are called mized states. The pure states are equivalently the one-
dimensional projection operators and hence are in 1-1 correspondence with the space
of lines in H. The space of lines in H is known as the projective Hilbert space PH.
Any nonzero vector ¢ € H determines a line £ = {z1|z € C} so PH is often thought
of as vectors up to scale, and we can identify PH = (H — {0})/C*. Thus, calling H a
“space of states” is a misnomer for two reasons. First, vectors in H can only be used
to define pure states rather than general states. Second, different vectors, namely
those in the same line define the same state, so a pure state is an equivalence class
of vectors in H.
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4. Born-von Neumann formula. Equation (19.1) goes back to the Born interpretation
of the absolute square of the wavefunction as a probability density. Perhaps we
should call it the Born-von Neumann formula. To recover Born’s interpretation, if
p = [¢){¢| is a pure state defined by a normalized wavefunction 1(z) € L?(R) of a
quantum particle on R and T = ¢ is the position operator then the probability of
finding the particle in a measurable subset E € B(R) is

PoplB) = TP E)o = [ 0ta)Pdo (19.7)

5. Heisenberg Uncertainty Principle. Based on its physical and historical importance one
might have thought that the Heisenberg uncertainty principle would be a fundamental
axiom, but in fact it is a consequence of the above. To be more precise, for a bounded
self-adjoint operator T' € O the average value of T" in state p is

(T), :=Tx(Tp) (19.8)
We then define the variance or mean deviation ot , by

o7, = Te(T = (T))*p (19.9)

Then if T and 75 are bounded self-adjoint operators we have, for any real number A
and phase €',

0<Tr ((T1 + AT (T + eiex\Tg)p> (19.10)

(provided Ty + € AT, has a dense domain) and since the discriminant of the quadratic
polynomial in A is nonpositive we must have

1 . _Z. 2
Te(I3p)Te(17p) > (((e’eTITQ te 9T2T1)>p> (19.11)

Note that (eT Ty + e UTyT}) is (at least formally) self-adjoint and hence the quan-
tity on the RHS is nonnegative. We can replace T'— T — (T') in the above and we
deduce the general Heisenberg uncertainty relation: For all e’ we have the inequal-
ity:

1 , » 2
ot 0ty = 7 ((PTVTo + e T5T)), — 2¢080(T1),(T2) ) (19.12)

If we specialize to § = 7/2 we get the Heisenberg uncertainty relation as usually
stated:

L.
T 2 7 (11, Ta])p)? (19.13)

Actually, this does not quite accurately reflect the real uncertainty in successive
measurements of noncommutative observables because the first measurement alters

the state. For a recent discussion see 4!

6. The data of the first four axioms are completely general and are not specific to any
physical system. The next two axioms rely on properties specific to a physical system.

417, Distler and S. Paban, “On Uncertainties of Successive Measurements,” arXiv:1211.4169.
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7. Symmetries The meaning of 51 being linear on O is that if 71,7, € O and D(T1) N
D(T») is a dense domain such that ayT7 + agTh, with g, ag real has a unique self-
adjoint extension then fi(aiTh + aeTs) = a1 f1(Th) + aeB1(T2). A consequence of
the symmetry axiom is that 3, is affine linear on states:

Ba(tpr + (1 —t)p2) = tB2(p1) + (1 — 1) B2(p2) (19.14)

The argument for this is that (31, 82) must preserve expectation values (T),. How-
ever, positive self-adjoint operators of trace one are themselves observables and we
have (p1)p, = (p2)p,, S0 the restriction of 3; to S must agree with 2. Now apply
linearity of 81 on the self-adjoint operators. From (19.14) it follows %? that 8 must
take extreme states to extreme states, and hence 5 induces a map 5 : PH — PH.
Now, define the overlap of two lines £1, {5 € PH by

[ (1]12)
PO B) = P P 1)
where ¢ € £1 and )9 € {5 are nonzero vectors. Preservation of probabilities implies
that
P(B(l1),B(l2)) = P(l1,42) (19.16) ’eq:PreservePrc

So we can think of the group QuantAut as the group of maps PH — PH which
satisfy (19.16). Note that if T': H — H is linear or anti-linear and preserves norms
| T4 ||=|| ¥ || then T descends to a map T := PH — PH satisfying (19.16). Now
Wigner’s theorem, proved in Chapter *** below asserts that every map 8 € QuantAut
is of this form. More precisely, there is an exact sequence:

1 —=U(1) = Autr(H) — QuantAut — 1 (19.17) ’eq:WignerTheoz

where Autg(H) is the group of unitary and anti-unitary transformations of H and
U(1) acts on H by scalar multiplication. See Chapter *** below for more detail. &Need to comment

on “Virasoro
symmetry” in 2d

8. Schrodinger equation. Suppose that the system has time-translation invariance. Then crr and

spontaneously

we can use the symmetry axiom and the dynamics axiom to conclude that U(t1,%2) = broken symmetries
U(ty — t1) is a strongly-continuous one parameter group of unitary operators. Then ™ e &
by Stone’s theorem there is a self-adjoint generator known as the Hamiltonian H and
usually normalized by
i

U(t) = exp [—htH} (19.18)
where £ is Planck’s constant, so H has units of energy. Then if p(¢) is a pure state
and it can be described by a differentiable family of vectors [¢(¢)) in H then these
vectors should satisfy the Schrédinger equation

L d

ih— [¥(t)) = HI¢(1)) (19.19)
More generally, if ¢ — H(t) is a family of self-adjoint operators then U(t1,t2) = aNeed to say in
Pexp — & ttf H(t")dt'. rontitmons &

“2For some interesting discussion of related considerations see B. Simon, “Quantum Dynamics: From
Automorphism to Hamiltonian.”
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9.

10.

Collapse of the wavefunction. We have given the result where a measurement is
performed but the value of the measurement is not recorded. We can also speak of
conditional probabilities. If the measured value of T" is \; then

Py pPy,

porpl =

TrPy,p

This rule should be thought of in terms of conditional probability. When we know

(19.20)

something happened we should renormalize our probability measures to account for
this. This is related to “Bayesian inference” and “Bayesian updating.” The denomi-
nator in (19.20) is required so that p’ has trace one. (Note that the denominator is
nonzero because by assumption the value \; was measured.)

Of course this axiom is quite notorious and generates a lot of controversy. Briefly,
there is a school of thought which denies that there is any such discontinuous change
in the physical state. Rather, one should consider the quantum mechanics of the full
system of measuring apparatus together with the measured system. All time evolu-
tion is smooth unitary evolution (19.3). If the measuring apparatus is macroscopic
then the semiclassical limit of quantum mechanics leads to classical probability laws
governing the measuring apparatus and one can derive the appearance of the collapse
of the wavefunction. This viewpoint relies on phase decoherence of nearly degenerate
states in a large Hilbert space of states describing a fixed value of a classical observ-
able. According to this viewpoint Axiom 7 should not be an axiom. Rather, it is
an effective description of “what really happens.” For references see papers of W.
Zurek. 43

Simultaneous measurement. If T1 and T commute then they can be “simultaneously
measured.” What this means is that if we measure T then the change (19.4) of the
physical state does not alter the probability of the subsequent measurement of T5:

Pr, 5(E) = TrPr,(E) Y Py, pPy,

n

= Z TI'PT2 (E)Pvn PPVn
— ZTTPVHPTQ(E)p (19.21)

=Tr()_ Py,)Pr,(E)p

=TrPr,(E)p = Pr,,p(E)

Although sometimes stated as an axiom this is really a consequence of what was said
above. (And we certainly don’t want any notion of simultaneity to be any part of
the fundamental axioms of quantum mechanics!)

43Short expositions are in T. Banks, “Locality and the classical limit of quan-

tum
ics,”
also

mechanics,” arXiv:0809.3764  [quant-ph]; “The interpretation of quantum mechan-
http://blogs.discovermagazine.com/cosmicvariance/files/2011/11 /banks-qmblog.pdf We
recommend S. Coleman’s classic colloquium, “Quantum Mechanics: In  Your Face.”

http://media.physics.harvard.edu/video/?id=SidneyColeman QMIYF
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11.

12.

13.

The fact that we work with Zs-graded Hilbert spaces and take a Zs-graded ten-
sor product can have important consequences. An example arises in the currently
fashionable topic of Majorana fermions in condensed matter theory.

Relation to classical mechanics. There is a formulation of classical mechanics which
is closely parallel to the above formulation of quantum mechanics. In order to discuss
it one should focus on C*-algebras. In quantum mechanics one can consider the C*
algebra of bounded operators L(H) or its subalgebra of compact operators K(H).
The positive elements are self-adjoint, and hence observables. If M is a phase space,
i.e. a symplectic manifold, then the analogous C* algebra is Cp(M), the commutative
C* algebra of complex-valued continuous functions f : M — C vanishing at infinity**
with || f ||= supyea|f(z)|. The observables are the real-valued functions and the
positive functions are necessarily observables. Now, in general, one defines

Definition A state on a C* algebra 2{ is a linear map w : 2 — C which is positive,
ie,w(A) >0if A >0, and of norm 1.

Then there are two relevant theorems:

Theorem 1: If A = JC(H) then the space of states in the sense of C*-algebra theory
is in fact the set of positive traceclass operators of trace 1, i.e., the set of density
matrices of quantum mechanics.

Theorem 2: If X is any Hausdorff space and 2 = Cy(X) then the space of states is
the space of probability measures on X.

Therefore, in the formulation of classical mechanics one defines the observables O a5
to be f € Cy(M;R) and the states Sgiass to be probability measures dy on M. Then,
given an observable f and a state du we get a probability measure on R, which, when
evaluated on a Borel set E € B(R) is

Ppau(E) = / dp (19.22)
f~HE)

The expectation value of f is [  fdp and if dp is a Dirac measure at some point

x € M then there is no variance, ( f2>du = f>3lu' Finally, since M is symplectic

there is a canonical Liouville measure duy iouville = “’n—T where w is the symplectic form

and given a state du we can define du(x) = p(z)dpriouvine- Then the classical analog

of the Schrodinger equation is the Liouville equation

dp(x;t)
dt

This is a good formalism for describing semiclassical limits and coherent states.

= —{H,p} (19.23)

Of course, our treatment does not begin to do justice to the physics of quantum
mechanics. Showing how the above axioms really lead to a description of Nature
requires an entire course on quantum mechanics. We are just giving the bare bones
axiomatic framework.

“4This means that for all € > 0 the set {x € M||f(x)| > €} is compact.
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References: There is a large literature on attempts to axiomatize quantum mechanics.
The first few chapters of Dirac’s book is the first and most important example of such
an attempt. Then in his famous 1932 book The Mathematical Foundations of Quantum
Mechanics J. von Neumann tried to put Dirac’s axioms on a solid mathematical footing,
introducing major advances in mathematics (such as the theory of self-adjoint operators)
along the way. For an interesting literature list and commentary on this topic see the
Notes to Section VIIL.11 in Reed and Simon. We are generally following here the very
nice treatment of L. Takhtadjan, Quantum Mechanics for Mathematicians, GTM 95 which
in turn is motivated by the approach of G. Mackey, The Mathematical Foundations of
Quantum Mechanics, although we differ in some important details.

Exercise
Show that (19.1) is in fact a probability measure on the real line.

Exercise States of the two-state system
Consider the finite-dimensional Hilbert space H = C2. Show that the physical states

can be parametrized as:

1
p=5(1+&-8) (19.24)

where ¥ € R3 and #? < 1. Note that this is a convex set and the set of extremal points is
the sphere S? = CP! = PH.

Exercise Von Neumann entropy

The von Neumann entropy of a state p is defined to be S(p) := —Tr(plogp).

Suppose that H = Ha ® Hp is a product system. For a state p define pp € LHp by
pB = Try , (p) and similarly for p4.

Show that if p is a pure state then S(pa) = S(pp).

20. Canonical Forms of Antisymmetric, Symmetric, and Orthogonal ma-
trices

anFormSymmOrth ‘

20.1 Pairings and bilinear forms

20.1.1 Perfect pairings

Definition. Suppose My, My, M3 are R-modules for a ring R.
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1.) Then a Ms-valued pairing is a bilinear map
b: My x My — Ms (20.1)
2.) It is said to be nondegenerate if the induced maps
Ly : My — Hompg(Ma, Ms) my +— b(my,-) (20.2)

and
Ry : My — HOIHR(Ml, Mg) mo — b(',mg) (20.3)

are injective.

3.) It is said to be a perfect pairing if these maps are injective and surjective, i.e. L
and Rj define isomorphisms.

Examples

1. Z x Z — Z defined by b(x,y) = kxy is nondegenerate for k # 0 but only a perfect
pairing of Z-modules (i.e. abelian groups) for k = +1.

2. 7 x U(1) — U(1) defined by b(n,e”) = €™ is a perfect pairing of Z-modules (i.e.
abelian groups) but b(n,e?) = e*™ for k an integer of absolute value > 1 is not a
perfect pairing.

3. Zn X ZLyn — Zy given by b(r,s) = rsmodn is a perfect pairing of Z-modules (i.e.
abelian groups).

20.1.2 Vector spaces

Now we specialize to a pairing of vector spaces over a field k with M3 = x. Then a pairing
is called a bilinear form:

Definition. A bilinear form on a vector space is a map:
() VXV =k (20.4)

which is linear in both variables.

It is called a symmetric quadratic form if:

<U1,U2> = <’U2,’U1> Vvl,vg eV (20.5)

and antisymmetric quadratic form if:

<’U1,’U2> = —<’U2,’U1> VUl,UQ eV (20.6)

and it is alternating if: (v,v) =0 for all v € V.
Remark: Note we are using angle brackets for bilinear forms and round brackets for
sesquilinear forms. Some authors have the reverse convention!
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Exercise
a.) Use the universal property of the tensor product to show that the space of bilinear
forms on a vector space over k is

Bi(V) =2 (Ve V) =V V" (20.7)

b.) Thus, a bilinear form induces two maps V' — V* (by contracting with the first
or second factor). Show that if the bilinear form is nondegenerate then this provides two
isomorphisms of V' with V*.

Exercise

a.) Show that if the field « is not of characteristic 2 then a form is alternating iff it is
antisymmetric.

b.) Show that alternating and antisymmetric are not equivalent for a vector space over
the field Fy. 45

20.1.3 Choosing a basis
If we choose a an ordered basis {v;} for V' then a quadratic form is given by a matrix

Qij = (vi, v5) (20.8)
Under a change of basis

Ww; = Z Sjivj (209)

J
the matrix changes by
Qij = (wi, wy) = (S7QS);; (20.10)

Note that the symmetry, or anti-symmetry of @;; is thus preserved by arbitrary change of
basis. (This is not true under similarity transformations Q@ — SQS~1.)

Remark: The above definitions apply to any module M over a ring R. We will use the
more general notion when discussing abstract integral lattices.

20.2 Canonical forms for symmetric matrices

Theorem If Q € M, (k) is symmetric, (and & is any field of characteristic # 2) then there
is a nonsingular matrix S € GL(n, k) such that S QS is diagonal:

SQS = Diag{\1,..., \n} (20.11)

5 . . . . . .
45 Answer: Alternating implies antisymmetric, but not vice versa.
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Proof :%6

Suppose we have a quadratic form Q. If Q = 0 we are done. If @) # 0 then there exists
a v such that Q(v,v) # 0, because

2Q(v,w) = Qv 4+ w, v+ w) — Q(v,v) — Q(w,w) (20.12)
(Note: Here we have used symmetry and the invertibility of 2.)
Now, we proceed inductively. Suppose we can find vy, ..., v so that Q(v;,v;) = Xidy;
with A; # 0, and define Vi to be the span of {vy,...,v;}.
Let
Vit = {w|Q(w,v) =0 Vo € Vi} (20.13)

We claim V = V;, @ V1. First note that if u =Y a;v; € Vi NVt then Q(u,v;) = 0 implies
a; = 0 since \; # 0. Moreover, for any vector u € V

ut =u— ZQ(u,vi))\;lvi c Vit (20.14)

and therefore u is in V}, + VkL.

Now consider the restriction of @ to V,j-. If this restriction is 0 we are done. If the
restriction is not zero, then there exists a vip41 € VkJ- with Q(vg+1,Vk+1) = A1 # 0, and
we proceed as before. On a finite dimensional space the procedure must terminate é.

Remark: The above theorem definitely fails for a field of characteristic 2. For example

01
& -

Returning to fields of characteristic # 2, the diagonal form above still leaves the

the symmetric quadratic form

on [Fo @ Fy cannot be diagonalized.

possibility to make further transformations by which we might simplify the quadratic form.
Now by using a further diagonal matrix D we can bring it to the form:

(SD)"Q(SD) = Diag{piX, ..., A} (20.16)

Now, at this point, the choice of field x becomes very important.
Suppose the field k = C. Then note that by a further transformation of the form
(20.16) we can always bring A to the form

1, 0
Q= (0 0) (20.17)

However, over k£ = R there are further invariants:

46Taken from Jacobsen, Theorem 6.5.
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Theorem: [Sylvester’s law]. For any real symmetric matrix A there is an invertible real
matrix S so that

SQS™ = Diag{1?,(-1)%,0"} S € GL(n,R) (20.18)

Proof: Now, \;, i1; in (20.16) must both be real. Using real p; we can set u2)\; = +1,0.

7

)

Remarks

1. The point of the above theorem is that, since u; are real one cannot change the sign
of the eigenvalue \;. The rank of A is p + ¢q. The signature is (p,q,n) (sometimes
people use p — q). If n =0 A is nondegenerate. If n = q =0 A is positive definite

2. If k = Q there are yet further invariants, since not every positive rational number is
the square of a rational number, so the invariants are in Q*/(Q*)?.

Finally, we note that the transormations A — SAS~! and A — SAS' do not interact
very well in the following sense: Suppose you know a complex matrix A is symmetric. Does

that give you any useful information about its diagonalizability or its Jordan form under
A — SAS™! with S € GL(n,C)? The answer is no!:

Theorem An arbitrary complex matrix is similar to a complex symmetric matrix.
Idea of proof: Since there is an S with SAS~! in Jordan form it suffices to show that
J )(\k) is similar to a complex symmetric matrix. Write

1 1
P =1+ SV + NT) S (N = N (20.19)

One diagonalizes (N — N") by a unitary matrix U such that U(N + N")U~! remains
symmetric. @

Exercise
a.) Show that the complex symmetric matrix

(: _11> (20.20)

has a zero trace and determinant and find its Jordan form.
b.) Show that there is no nonsingular matrix S such that

S (1 Zl> Str (20.21)
Z J—

is diagonal.
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20.3 Orthogonal matrices: The real spectral theorem

Sometimes we are interested only in making transformations for S an orthogonal matrix.

Theorem [Real Finite Dimensional Spectral Theorem]. If A is a real symmetric matrix
then it can be diagonalized by an orthogonal transformation:

A" = A A e M,(R) — 35 € O(n,R) : SAS™ = Diag{\,...,\n} (20.22)

Proof: The proof is similar to that for the finite dimensional spectral theorem over
C. If we work over the complex numbers, then we have at least one characteristic vector
Av = Alv. Since A is real and A hermitian, Av* = Av*, so A(v + v*) = A(v + v*). Thus,
A in fact has a real eigenvector. Now take the orthogonal complement to (v + v*) and use
induction. &

Example: In mechanics we use this theorem to define moments of inertia
As an application we have the analog of the theorem that unitary matrices can be

unitarily diagonalized:

Theorem Every real orthogonal matrix O can be brought to the form:
SOS"™ = Diag{+1",-19, R(6;)} S € O(n,R) (20.23)

by an orthogonal transformation. Here

R(6;) = ( cosf; sin 9i> 0 £ (20.24)

—sinf; cos6;

Proof: Consider T = O 4+ O~! = O 4+ O on R™. This is real symmetric, so by the
spectral theorem (over R) there is an orthogonal basis in which R" = @;V; where T has
eigenvalue \; on the subspace V; and \; are the distinct eigenvalues of T'. They are all real.
Note that for all vectors v € V; we have

(O* = \O+1)v=0 (20.25)

so O restricted to Vj satisfies O? — \;O + 1 = 0. Therefore, if v € V; then the vector space
W = Span{v, Ov} is preserved by O. Moreover, O preserves the decomposition W @ W+,
Therefore by induction we need only analyze the cases where W is 1 and 2-dimensional. If
W is one dimensional then Ov = pv and we easily see that u? = 1 so 4 = 1. Suppose W
is two-dimensional and O acting on W satisfies

0>~ X0 +1=0 (20.26)

Now, by complexification we know that O is unitary and hence it is diagonalizable
(over C) and its eigenvalues must be phases {e?,e2}. On the other hand (20.26) will
be true after diagonalization (over C) so A = €/ + e = 2cos @ for both angles 6 = 6;
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and @ = 0. Now, on this two-dimensional space we have O = O~! as 2 x 2 matrices.

Therefore detO is &1 and moreover

ab ‘ ac -1 1 d —=b
p— T: = 2 '2
0 (c d) =0 <b d) A (—c a) (20.27)

Thus, O = O~! implies a = d and b = —c if detO = +1 and it implies a = —d and b = ¢
if detO = —1. In the first case we go back to equation (20.26) and solve for a,b to find
O = R(£6). In the second case we find

O =R(0)P (20.28)

10
P= <o _1> (20.29)

Next we observe that P? = 1 and PR(¢)P = R(—¢) so we may then write

with

O = R(¢)PR(¢)"" (20.30)

with 2¢ = 6, and hence in the second case we can transform O to P which is of the
canonical type given in the theorem. #

20.4 Canonical forms for antisymmetric matrices

Theorem Let x be any field. If A € M, (k) is antisymmetric there exists S € GL(n, k)
that brings A to the canonical form:

01 01 01
tr _ n—r 20.31
SAS (_10)@<_10)@ @(_1O>@0 (20.31)

Proof: The proof is very similar to the case of symmetric forms. Let us suppose that
A is the matrix with respect to an antisymmetric quadratic form @) on a vector space V.
If @ = 0 we are done. If @ # 0 then there must be linearly independent vectors u, v with
Q(u,v) = q # 0. Define u; = v and v; = ¢ 'v. Now @ has the required canonical form
with respect to the ordered basis {uj,v;}.

Now we proceed by induction. Suppose we have constructed linearly independent
vectors (u1,v1,- -+, ug, vg) such that Q(u;,v;) = 6;5, and Q(us,uj) = Q(vs,v;) = 0. Let
Vi, = Span{ui,v1, -+ ,ug,vg}. Then again V =V}, @ Vk,l where again we define

Vit = {wlQ(w,v) =0  Yve W} (20.32)
It is easy to see that Vi N VkJ- and if w € V is any vector then

wh =w+ Z (Q(w, ui)v; — Q(w, vi)us) € Vi~ (20.33)
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soV =V, + VkL. Restricting @ to VkL we proceed as above. #
As usual, if we put a restriction on the change of basis we get a richer classification:

Theorem Every real antisymmetric matrix A" = —A can be skew-diagonalized by S €
O(n,R), that is, A can be brought to the form:

0 A\ 0 O
-2 0 0 o ---
SAS" =1 0 0 0 Xy --- (20.34)
0 0 =X O

The ); are called the skew eigenvalues. Note that, without a choice of orientation they
are only defined up to sign.

Idea of proof: There are two ways to prove this. One way is to use the strategies above
by using induction on the dimension. Alternatively, we can view A as an operator on R™
and observe that ¢4 is an Hermitian operator on C” so there is a basis of ON eigenvectors
of iA. But

iAv = v (20.35)
with A real implies
Av = —ilw
. (20.36)
Av* =i "

So if an ON basis on C™ then we get an orthogonal basis on R" consisting of u; = v + v*
and ug = i(v — v*) and
AU1 = )\’LLQ

(20.37)
AUQ = —)\ul

Letting S be the matrix given by the columns of these vectors we have S AS is in the
above block-diagonal form &

20.5 Automorphism Groups of Bilinear and Sesquilinear Forms

Given a bilinear form, or a sesquilinear form ) on a vector space V, the automorphism
group of the form is the subgroup of operators T' € GL(V') such that

Q(Tv, Tw) = Q(v,w) (20.38)

for all v,w € V.
In special cases these groups have special names:

1. Q is a nondegenerate symmetric bilinear form on V: Then the group of automor-
phisms is denoted O(Q) and it is called the orthogonal group of the form. If V' is
a complex vector space of dimension n and we choose a basis with () = 1 then we

— 158 —



define the matrix group O(n,C) as the group of n x n complex invertible matrices
S such that SS = 1. If V is a real vector space and Q has signature (—1)?, (+1)¢
then we can choose a basis in which the matrix form of @ is

—1
ni= "t O (20.39)
0 +1,

and the resulting matrix group, denoted O(p, ¢; R), is the group of invertible matrices
so that

S'nS =n (20.40)
2. @ is a nondegenerate anti-symmetric bilinear form on V: In this case the group of

automorphisms is called the symplectic group Sp(Q). If V is finite dimensional and
we are working over any field k we can choose a basis for V' in which @ has matrix

00 1,
J = 20.41
[5) o

and then the resulting matrix group, which is denoted Sp(2n; k) for field k, is the set

form

of invertible matrices with matrix elements in s such that

SIS =J (20.42)

3. Sesquilinear forms. It also makes sense to talk about the automorphism group of a
sesquilinear form on a complex inner product space. If there is an ON basis {e;} in
which the matrix h(e;, e;) is of the form

1, 0
I 20.43
J ( 0 _1q> ( )

and then the resulting matrix group, which is denoted U(p, q) or U(p, ¢; C), is the set
of invertible matrices in GL(n,C) so that

UhU =h (20.44)

Remarks

1. When working over rings and not fields we might not be able to bring @) to a simple
standard form like the above, nevertheless, Aut(Q) remains a well-defined group.

2. We will look at these groups in much more detail in our chapter on a Survey of Matrix
Groups
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> :Gram-Schmidt ‘

21. Other canonical forms: Upper triangular, polar, reduced echelon

21.1 General upper triangular decomposition

Theorem 13 Any complex matrix can be written as A = UT, where U is unitary and T
is upper triangular.
This can be proved by successively applying reflections to the matrix A. I.e. we define

Uﬂ}j

Rij(v) = dij — 2 (21.1)

V-
This is a reflection in the hyperplane v+ and hence an orthogonal transformation. Consider
the vector Agy. If it is zero there is nothing to do. If it is nonzero then this vector, together
with e; span a 2-dimensional plane. We can reflect in a line in this plane to make A
parallel to e;. Now consider everything in ef. Then Ajs is a vector which forms a 2-
dimensional plane with e;. We can repeat the process. In this way one can choose vectors
V1, ...,y so that R(vy,)--- R(v1)A is upper triangular.
For this and similar algorithms G.H. Golub and C.F. Van Loan, Matrix Computations.

21.2 Gram-Schmidt procedure

In the case where A is nonsingular the above theorem can be sharpened. In this case the
upper triangular decomposition is closely related to the Gram-Schmidt procedure. Recall
that the Gram-Schmidt procedure is the following:

Let {u;} be a set of linearly independent vectors. The GS procedure assigns to this an
ON set of vectors {v;} with the same linear span:

The procedure:

a.) Let w; = uy, define v; = wy/ || wy ||

b.) Let wy = ug — (vy,u1)v1, define vy = wo/ || wo ||

c.) Let w, = u, — Zz;i(vk,un)vk, define v, = wy,/ || wy, ||.

Theorem 14 Any nonsingular matrix A € GL(n,C) can be uniquely written as
A=UT (21.2)

where U is unitary and T is upper triangular, with positive real diagonal entries. Any
nonsingular matrix A € GL(n,R) can be uniquely written as

A=0T (21.3)

where O is orthogonal and T is upper triangular with positive real diagonal entries.
Proof: Note that in the Gram-Schmidt procedure the bases are related by

where T' is an invertible upper triangular matrix. Now, let A;; be any nonsingular
matrix. Choose any ON basis 9; for C" and define:

- 160 —



n
uj =Y Ay (21.5)
=1

This is another basis for the vector space. Then applying the GS procedure to the
system {u;} we get an ON set of vectors v; satisfying (21.4). Therefore,

vj = ZAijji@k (21.6) |eq:gmiii
ik

Since v; and ¥; are two ON bases, they are related by a unitary transformation, there-
fore

Ui = Y AriTyi (21.7)
J

is unitary. Since T is invertible the theorem follows .

Exercise Gram-Schmidt at a glance
Let uy,...,u, be n linearly independent vectors. Show that the result of the Gram-
Schmidt procedure is summarized in the single formula:

(Ulaul) (umul)
-1 n—1
U Gl L
A% Dn—an
(Ulvun—l) (U’mun—l) (218)
(ur,ur) -+ (un,u1)
D,, = det
(Ulyun) T (Unaun)

21.2.1 Orthogonal polynomials

Let w(z) be a nonnegative function on [a, b] such that

b
/ eNw(x)dr < oo N >0 (21.9)

We can define a Hilbert space by considering the complex-valued functions on [a, b]
such that
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b
/ |f (z) 2w (x)dz < oo (21.10)

Let us call this space L*([a, b],du), the L? functions wrt the measure du(z) = w(z)dz.
Applying the Gram-Schmidt procedure to the system of functions

{1,z,2%,...} (21.11)

leads to a system of orthogonal polynomials in terms of which we may expand any smooth

function.
Example. Legendre polynomials. Choose [a,b] = [-1,1], w(z) = 1. We obtain:
1 — o) !
uy = =——
0 0 NG
3
U = — b1 = 37 (21.12) |eq:legpolys
53z — 1
2 — —
U2 = — gf)g = B 5
In general
2n+1
bn(z) = 5 Ful2) (21.13)

where P,(z) are the Legendre polynomials. We will meet them (more conceptually) later.

Exercise Systems of orthogonal poynomials
Work out the first few for

1. Tchebyshev I: [-1,1], w(z) = (1 — 2%)~1/2
2. Tchebyshev II: [—1,1], w(z) = (1 — z2)*1/2
3. Laguerre: [0,00), w(z) = zFe™®

4. Hermite: (—o0,00), w(z) = e~

For tables and much information, see Abramowitz-Stegun.

Remarks Orthogonal polynomials have many uses:

1. Special functions, special solutions to differential equations.

2. The general theory of orthogonal polynomials has proven to be of great utility in
investigations of large N matrix integrals.

3. See B. Simon, Orthogonal Polynomials on the Unit Circle, Parts 1,2 for much more
about orthogonal polynomials.
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21.3 Polar decomposition

There is an analog for matrices of polar decompositions, generalizing the representation of
complex numbers by phase and magnitude: z = re'?. Here is the matrix analog:

Theorem Any matrix A € M, (C) can be written as
A=UP (21.14)

or

A=PU (21.15)

where P, P’ are positive semidefinite and U is unitary. Moreover, the decomposition is
unique if A is nonsingular.

Proof: The proof is a straightforward application of the singular value decomposition.
Recall that we can write

A=UAV (21.16)

where A is diagonal with nonnegative entries and U and V are unitary. Therefore we can
write

A= UAUYH - (UV)=(UV)- (V7 IAV) (21.17)

Now note that both (UAU1) and (V~'AV) are positive semidefinite, and if A is nonsin-
gular, positive definite. #
Remarks:

1. Taking the determinant recovers the polar decomposition of the determinant: detA =
re with r = detP and e = detU.

2. Note that ATA = P? so we could define P as the positive squareroot P = v AT A.
This gives another approach to proving the theorem.

The version of the theorem over the real numbers is:

Theorem. Any invertible real n x n matrix A has a unique factorization as
A= PO (21.18)
where P is a positive-definite symmetric matrix and O is orthogonal.

Proof: Consider AA'. This matrix is symmetric and defines a positive definite sym-
metric form. Since such forms can be diagonalized we know that there is a squareroot.
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Let P := (AA“")I/ 2. There is a unique positive definite square root. Now check that
O := P71 A is orthogonal. &

A related theorem is

Theorem. Any nonsingular matrix A € Mat,(C) can be decomposed as:
A= S0 (21.19)

where S is complex symmetric and O is complex orthogonal.
Proof: Gantmacher, p.7.

Finally, we consider the generalization to operators on Hilbert space. Here there is an
important new phenomenon. We can see it by considering the shift operator S on £2:

S (ZCl,x'Q,l'g, .. ) — (0,$1,$2,2L'3,. . ) (21.20)

Recall that ST is the shift to the left, so STS = 1, but SST is not one, rather it is 1 —]0)(0],
in harmonic oscillator language.

Definition A partial isometry V : H — H is an operator so that
VViv=v (21.21)

The shift operator above is a good example of a partial isometry.
In general, note that VIV = P and VVT = Py are both projection operators. Now we
claim that
1-Viv (21.22)

is the orthogonal projection to ker(V'). It is clear that if ¢ € ker(V) then (1 — VIV =1
and conversely V(1 — VIV)y) = 0. Therefore, VIV is the orthogonal projector to (kerV)*.
Similarly, VVT is the orthogonal projector to im(V).

(kerV)* with orthogonal projector VTV is called the initial subspace

im (V) with orthgonal projector VVT is called the final subspace.

Note that V is an isometry when restricted to V : (kerV)* — im(V), hence the name
“partial isometry.”

Theorem If T is a bounded operator on Hilbert space there is a partial isometry V so
that
T =VVTIT =V|T)| (21.23)

and V is uniquely determined by kerV = kerT.

For the proof, see Reed-Simon Theorem VI.10 and for the unbounded operator version
Theorem VIII.32. Note that for compact operators it follows from the singular value
decomposition, just as in the finite dimensional case.
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Remark: In string field theory and noncommutative field theory partial isometries
play an important role. In SFT they are used to construct solutions to the string field
equations. In noncommutative field theory they are used to construct “noncommutative
solitons.”

21.4 Reduced Echelon form

Theorem 17. Any matrix A € GL(n,C) can be factorized as
A= NIIB (21.24)

where N is upper-triangular with 1’s on the diagonal, II is a permutation matrix, and B
is upper-triangular.

Proof: See Carter, Segal, and MacDonald, Lectures on Lie Groups and Lie Algebras,
p- 65.

Remarks

1. When we work over nonalgebraically closed fields we sometimes can only put matrices
into rational canonical form. See Herstein, sec. 6.7 for this.

22. Families of Matrices

In many problems in mathematics and physics one considers continuous, differentiable,
or holomorphic families of linear operators. When studying such families one is led to
interesting geometrical constructions. In this section we illustrate a few of the phenomena
which arise when considering linear algebra in families.

22.1 Families of projection operators: The theory of vector bundles

Let us consider two simple examples of families of projection operators.
Let 6 ~ 6 + 27 be a coordinate on the circle. Fix V = R?, and consider the operator

I'(0) = cos b ((1) _01> +sin 6 <? é) (22.1)

Note that I'2 = 1 and accordingly we can define two projection operators
1
Py(0) = 5(1 +T'(6)) (22.2)

Let us consider the eigenspaces as a function of 6. For each 6 the image of P (0) is a
real line in R?. So, let us consider the set

Ly = {(e",v)|Py(0)v =0} C ST x R? (22.3)
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At fixed 0 we can certainly choose a basis vector, i.e. an eigenvector, in the line given
by the image of P (f). What happens if we try to make a continuous choice of such a basis
vector as a function of #7 The most natural choice would be the family of eigenvectors:

cos(6/2)
22.4
(sin(@/ 2)) (22:4)
Now, 6 is identified with 6 + 27, and the projection operator only depends on 6 modulo
2m. However, (22.4) is not globally well-defined! If we shift & — 6+ 27 then the eigenvector
changes by a minus sign.

But we stress again that even though there is no globally well-defined continuous choice
of eigenvector the real line given by the image of P () is well-defined. For example, we

cos(6/2) _ [cos(6/2) 9
<sin(0/2)) k= <sm(9/2)> Rck (225)

The family of real lines over the circle define what is called a real line bundle. Another

can check:

example of a real line bundle is S' x R which is, topologically, the cylinder. However, our
family is clearly different from the cylinder. One can prove that it is impossible to find a
continuous choice of basis for all values of 6. Indeed, one can picture this real line bundle
as the Mobius strip, which makes its topological nontriviality intuitively obvious.

Example 2 In close analogy to the previous example consider
Nz)=z-0 (22.6)

for # € S?, the unit sphere 22 = 1. Once again (I'(#))? = 1. Consider the projection
operators

Pa(d) = %(1 +d-3) (22.7)

On S? x C? the eigenspaces of Py define a complex line for each point # € S?. If we let
L denote the total space of the line bundle, that is

Ly ={(z,v)|z-dv=+v} C §% x C? (22.8)

Then you can convince yourself that this is NOT the trivial complex line bundle £ #
S? x C. Using standard polar coordinates for the sphere, away from the south pole we can

cos 10
= o2 22.9
+ (e’¢ sin %9 ( )

while away from the north pole the eigenline is spanned by

6 o L
e = (e s 29) (22.10)

take the line to be spanned by

.1
sin 56?

But note that, just as in our previous example, there is no continuous choice of nonzero
vector spanning the eigenline for all points on the sphere.
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What we are describing here is a nontrivial line bundle with transition function e, =
e"®e_ on the sphere minus two points. This particular line bundle is called the Hopf line
bundle, and of great importance in mathematical physics.

A generalization of this construction using the quaternions produces a nontrivial rank
two complex vector bundle over S* known as the instanton bundle.

These two examples have a magnificent generalization to the theory of vector bundles.
We will just summarize some facts. A full explanation would take a different Course.

Definition: A (complex or real) vector bundle E over a topological space X is the space
of points
E :={(z,v): Plx)v=v}C X xH (22.11)

where P(z) is a continuous family of orthogonal finite rank projection operators in a (com-
plex or real) separable infinite-dimensional Hilbert space H.

This is not the standard definition of a vector bundle, but it is equivalent to the usual
definition. Note that there is an obvious map

T E—X (22.12)
given by m(z,v) = x. The fibers of this map are vector spaces of dimension n:
E, =7 Yz) = {(z,v)|v € imP(z)} (22.13)
carries a natural structure of a vector space:
a(z,v) + Bz, w) = (z, v + pw) (22.14)

so we are just doing linear algebra in families. We define a section of E to be a continuous
map s : X — E such that w(s(x)) = z. It is also possible to talk about tensors on X with
values in E. In particular Q!(X; E) denotes the sections of the space of 1-forms on X with
values in FE.

Note that, in our definition, a vector bundle is the same thing as a continuous family of
projection operators on Hilbert space. So a vector bundle is the same thing as a continuous
map

P:X — Grp(H) (22.15)
where Gry,(H) is the Grassmannian of rank n projection operators in the norm topology.
Definition: Two vector bundles E7, F5 of rank n are isomorphic if there is a homotopy

of the corresponding projection operators P;, P,. Therefore, the isomorphism classes of
vector bundles is the same as the set of homotopy classes [X, Gry,(H)].

This viewpoint is also useful for defining connections. If ¢ : X — H is a continuous
map into Hilbert space then
s(z) = (z, P(x)y(x) (22.16)
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is a section of E. Every section of E can be represented in this way. Then a projected
connection on E is the map VP : T'(E) — QYX;E) given by P odo P where d is
the exterior differential and we have written o to emphasize that we are considering the
composition of three operators. With local coordinates z* we can write:

VPOl (z,5(z)) — d:c“(:c,P(J:)aiL(P(a:)s(:E))) (22.17)

For those who know about curvature, the curvature of this connection is easily shown
to be:
F = PdPdPP (22.18)

and representatives of the characteristic classes ch, (E) (thought of as DeRham cohomology
classes) are then defined by the differential forms

= ———Tr(PdPdP)" (22.19)
T

Remarks

1. In physics the projected connection is often referred to as the Berry connection, and
it is related to the quantum adiabatic theorem. The formula for the curvature is
important in, for example, applications to condensed matter physics. In a typical
application there is a family of Hamiltonians with a gap in the spectrum and P is
the projector to eigenspaces below that gap. For example in the quantum Hall effect
with P the projector to the lowest Landau level the first Chern class is given by

1
— TrPdPdP (22.20)
1

w1 =
v

which turns out to be related to the Kubo formula, as first noted by TKNN.

2. A beautiful theorem of Narasimhan-Ramanan shows that any connection on a vector
bundle can be regarded as the pull-back of a projected connection. See 47

Exercise The Bott’s projector and Dirac’s monopole
In a subsection below we will make use of the Bott projector:

[T p— <1 : ) (22.21)

1+ 1212 \ 2 |2|?

4TD. Quillen, “Superconnection character forms and the Cayley transform,” Topology, 27, (1988) 211;
J. Dupont, R. Hain, and S. Zucker, “Regulators and characteristic classes of flat bundles,” arXiv:alg-
geom/9202023.
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a.) Check that this is a projection operator. 4®

b.) Show that the projector has a well-defined limit for z — oo.
c.) Show that under stereographic projection $? — R? = C

xl + ix? 1423 1
= = 22.22
T8 2 14 |z[2 ( )
we have
Py(z) = P(z,2) (22.23)

1 |22 —2

P_(2)= Z) = —— 22.24

#) =09 = 171 (_Z 1 (22.24)

d.) Regarding the projector P, (%) as a projection operator on R® — {0}, show that

the projected connection is the same as the famous Dirac magnetic monopole connection
by computing

. 1
VPole, = 5(1 — cosf)dpe (22.25)

VProle = — (1 + cos f)dge_ (22.26)

1
2
e.) Show that for the Bott projector *°
dzdz

Tr(PdPdP) = —Tr(QdQdQ) = NESERE

(22.27)

and show that [ chi(£+) = +1.

Exercise
Show that any vector bundle E has a complementary bundle E* so that E @ E+ =
X x CN, where @ is a family version of the direct sum of vector spaces.

22.2 Codimension of the space of coinciding eigenvalues

We now consider more general families of linear operators T'(s) : V. — V where V is
finite-dimensional and s is a set of parameters. Mathematically, we have a space S and
amap T : § — End(V) and we can put various conditions on that map: Continuous,
differentiable, analytic,... Physically, S is often a set of “control parameters,” for example
coupling constants, masses, or other “external” parameters which can be varied.

We no longer assume the T'(s) are projection operators.

48 This is obvious if you note that the second column is just Z times the first column. But it is also good
to do the matrix multiplication.
49 Hint: In order to avoid a lot of algebra write P = nP with n = (1 4+ 72)7%, 72 = |2|? so that dn is

proportional to dr?.
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22.2.1 Families of complex matrices: Codimension of coinciding characteristic
values

A very important question that often arises is: What is the subset of points in S where T’
changes in some important way. Here is a sharp version of that question:

What is the set of points Sgng C S where characteristic values of T'(s) coincide?

In equations:
Ssing = {5 € S|pr(s)(r) has multiple roots} (22.28)

where pp(z) = det(z1 — T') is the characteristic polynomial.
We can only give useful general rules for generic families. We first argue that it suffices
to look at the space End(V') = M, (C) itself. Let D C End(V') be the sublocus where the

characteristic polynomial has multiple eigenvalues:
D :={T|pr(z) has multiple roots} (22.29)
If s — T'(s) is generically 1 — 1 and F C End(V) is the image of the family then
Seing = T 1 (DN F) (22.30)

Now, the codimension of Sgpng in S is the same as:

cod(DNF) — cod(F) (22.31)
See Figure 9.
s D
P F

Figure 9: For generic families if there are d transverse directions to D in M, (C) and there are f
transverse dimensions to F in M, (C) then there will be d + f transverse dimensions to D N F in
M, (C) and d transverse dimensions to Ssing in S. ’fig:CODIMENSI(

On the other hand, for generic subspaces, the codimensions add for intersections:

cod(D N F) = cod(D) + cod(F) (22.32)
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Therefore, if s — T(s) is a generic 1-1 family then the codimension of the set where
characteristic values coincide in S is the same as the codimension of D in M, (C).

In general D C End(V) can be exhibited as an algebraic variety. This follows from
Exercises **** and **** at the end of chapter 3 where we show that the subspace is defined
by the resultant of two polynomials in x:

Res(pr(x), pr(z)) =0 (22.33)

The resultant is a polynomial in the coefficients of pr(x) which in turn can be expressed
in terms of polynomials in the matrix elements of 7" with respect to an ordered basis.

Example: If n = 2 then

det(xl — T) = 2? — Tr(T)x + det(T)
=22+ a1x + ap
ay = —Tr(T)
1

a0 = 5 (Te(T))* = Te(T?)

(22.34)

The subspace in the space of all matrices where two characteristic roots coincide is clearly
a? — 4ag = 4Tre(T?) = (Tx(T))*> = 0 (22.35)

which is an algebraic equation on the matrix elements.
The complex codimension of the solutions to one algebraic equation in M, (C) is one,
and therefore we have the general rule:

The general element of a generic family of complex matrices will be diagonaliz-
able, and the sublocus where at least two characteristic roots coincide will be real
codimension two.

% FIGURE OF D WITH TRANSVERSE SPACE IDENTIFIED WITH C ****
Note that it follows that, in a generic family the generic operator T'(s) will be diago-

nalizable, and will only fail to be diagonalizable on a complex codimension one subvariety
of S.

22.2.2 Orbits

It is interesting to view the above rule in a different way by counting dimensions of orbits.
Using techniques discussed in chapters below the space DIAG™ of diagonalizable matrices
with distinct eigenvalues is fibered over

(C" = A)/S, (22.36)
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where A is the subspace where any two entries coincide. The fibration is the map of T
to the unordered set of eigenvalues. The fiber is the set of matrices with a given set of
eigenvalues and this is a homogeneous space, hence the fiber is

GL(n)/GL(1)" (22.37)

We can therefore compute the dimension of DIAG*. The base is n-dimensional and
the fiber is n? — n dimensional so the total is n?-dimensional, in accordance with the idea
that DIAG* is the complement of a positive codimension subvariety.

However, let us now consider DIAG, the set of all diagonalizable matrices in M, (C)
, possibly with coinciding eigenvalues. Then of course DIAG is still of full dimension n?,
but the subspace DN DIAG where two eigenvalues coincide is in fact complex codimension
three!

Example: The generic 2 x 2 complex matrix is diagonalizable. However, the space of
diagonalizable 2 x 2 matrices with coinciding eigenvalues is the space of matrices A1 and
is one complex dimensional. Clearly this has codimension three!

More generally, if we consider the space of diagonalizable matrices and look at the
subspace where two eigenvalues coincide, but all the others are distinct then we have a
fibration over (C"~! — A) with fiber

GL(n)/(GL(2)" x GL(1)"~?) (22.38)

of dimension n? — (n — 2 +4) = n? —n — 2. The base is of dimension (n — 1) so the total
space is of dimension n? — 3 and hence complex codimension 3 in Mat,(C).

The above discussion might seem puzzling since we also argued that the space of
matrices where characteristic roots of the p4(z) coincide is complex codimension one, not
three. Of course, the difference is accounted form by considering matrices with nontrivial

Jordan form. The orbit of
Al
22.39
(0 /\> ( )

is two-complex-dimensional. Together with the parameter A this makes a complex codi-

Al
i Al 22.40
(HE 20

with distinct A\; has a stabilizer of dimension 2 + (n — 2) = n so the space of such matrices
is (n? —n) + (n —2) + 1 = n? — 1 dimensional.

mension one subvariety of M, (C).
More generally

22.2.3 Local model near S,
It is of some interest to make a good model of how matrices degenerate when approaching
a generic point in Sgipg.

Suppose s — 8¢ € Sging and two distinct roots of the characteristic polynomial say,
A1(s), A2(s), have a common limit A(s.). We can choose a family of projection operators

- 172 -



P(s) of rank 2, whose range is the two-dimensional subspace spanned by the eigenvectors
v1(s) and va(s) so that

T(s) = Pst(s)Ps + QsT(s5)Qs (22.41)
and such that Q;7T'(s)Qs has a limit with distinct eigenvalues on the image of Qs. The

operator t(s) is an operator on a two-dimensional subspace and we may choose some fixed

generic ordered basis and write:
t(s) = A(s)1 + ( Zf) 2(s) - Zy(s)) (22.42)

where \, z,y, z are all complex. A(s) is some smooth function going to A(s,) while
2 2 2 _
x(84) +y(se)+2(s4)°=0 (22.43)

is some generic point on the nilpotent cone of 2 x 2 nilpotent matrices. That generic point
will have z(s.) # 0 and hence x(s,) + iy(s«) # 0.
ek FIGURE OF A DOUBLE-CONE WITH A PATH ENDING ON THE CONE

AT A POINT s, NOT AT THE TIP OF THE CONE ****
Therefore we can consider the smooth matrix

B z(s) 1
S(s) = <$(S) +iy(s) 0) (22.44)

which will be invertible in some neighborhood of s,. Now a small computation shows that

S14(s)S = A(s)1 + (2, é) (22.45)

w=2®+y* + 22 (22.46)

Therefore we can take w to be a coordinate in the normal bundle to D C M3(C) and
the generic family of degenerating matrices has (generically) a nonsingular family of bases
where the operator can be modeled as

01

T(w) =P ( 0) P+T+ weC (22.47)

22.2.4 Families of Hermitian operators

If we impose further conditions then the rule for the codimension can again change.

An important example arises if we consider families of Hermitian matrices. In this
case, the codimension of the subvariety where two eigenvalues coincide is real codimension
3.

Let us prove this for a family of 2 x 2 matrices. Our family of matrices is

di(s) z(s)
(Z ) 4 (8)> (22.48)
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where di, dy are real and z is complex.
The eigenvalues coincide when the discriminant of the characteristic polynomial van-
ishes. This is the condition

b2 — dac = (dy + d2)* — 4(dydy — |2|*) = (dy — do)? +4[z]> =0 (22.49)

Thus, di = do and z = 0 is the subvariety. Moreover, in the neighborhood of this locus the

(g 2) +T-G (22.50)

For the general case the subspace of Hermitian matrices where exactly two eigenvalues

family is modeled on

coincide and are otherwise distinct is a fibration over
(R"2) — A)/S,_9 xR (22.51)
(the fibration being given by the map to the unordered set of eigenvalues) with fiber:
Un)/(U(2) x U(1)"?) (22.52)

The fiber has real dimension n? — (4+ (n—2)) = n? —n—2 and the base has real dimension
n — 1 so the total dimension is (n? —n —2) + (n — 1) = n? — 3. So the codimension is 3.

ek FIGURE OF D AS LINE WITH TRANSVERSE SPACE A PLANE, BUT LA-
BELED AS R3 ###x

Near to the level crossing the universal form of the matrix is
T(%) = Pz (A + @ &)laxo + 7 - G + O(2?)) Pz + T+() (22.53)

where T is a local parameter normal to the codimension three subspace, Pz is a smooth
family of rank 2 projectors with a smooth limit at £ =0, A € R, and @ € R3.

Example In solid state physics the energy levels in bands cross at points in the Bril-
louin zone. (See Chapter 4 below.)

Exercise

Show that the subspace of Hermitian matrices where exactly k eigenvalues coincide and
are otherwise distinct is of real codimension k? — 1 in the space of all Hermitian matrices.

The way in which these subspaces fit together is quite intricate. See

V. Arnold, “Remarks on Eigenvalues and Eigenvectors of Hermitian Matrices. Berry
Phase, Adiabatic Connections and Quantum Hall Effect,” Selecta Mathematica, Vol. 1,
No. 1 (1995)

References: For some further discussion see Ref: von Neumann + Wigner, Avron-
Seiler, Ann. Phys. 110(1978)85; B. Simon, “Holonomy, the Quantum Adiabatic Theorem,
and Berry’s Phase,” Phys. Rev. Lett. 51(1983)2167
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22.3 Canonical form of a family in a first order neighborhood

In this section we consider families in a slightly different way: Can we put families into
canonical form by conjugation?

Suppose we have a family of complex matrices T'(s) varying continuously with some
control parameter s € S and we allow ourselves to make similarity transformations g(s),

T(s) — g(s)T(s)g(s)™* (22.54)

where ¢(s) must vary continuously with s.

We know that if we work at a fized value of s then we can put T'(s) into Jordan canonical
form. We can ask — can we put an arbitrary family of matrices into some canonical form?

For example, if T'(sg) is diagonal for some sg, can we choose g(s) for s near sg so that
T'(s) is diagonal in the neighborhood of s¢?

This is a hard question in general. Let us consider what we can say to first order
in perturbations around sg. For simplicity, suppose S is a neighborhood around 0 in the

complex plane, so sg is zero. Write
T(s) =Ty + s6M + O(s?) (22.55)

and let us assume that Ty has been put into some canonical form, such as Jordan canonical
form. Now write g(s) = 1 + s6g + O(s%). Then

9(8)T(s)g(s)™" = Tp + s6M + s[6g, To] + O(s?) (22.56)

For any matrix m € M,(C) let us introduce the operator
Ad(m) : My (C) — M,(C) (22.57)

Ad(m)(X) = [m, X] (22.58)

What we learn from (22.56) is that we can “conjugate away” anything in the image of
Ad(Tp).
That is, the space of nontrivial perturbations is the cokernel of the operator Ad(Tp).
Let us suppose that Ty = Diag{\1, ..., A\, } is diagonal with distinct eigenvalues. Then
if 6g € M,,(C)
(Ad(To)dg)s; = (Xi = Aj)dgis (22.59)

Thus, the range is the space of off-diagonal matrices. We can always conjugate away any
off-diagonal element of (6M);;, but we cannot conjugate away the diagonal elements. The
cokernel can be represented by the diagonal matrices.

Thus, near a matriz with distinct eigenvalues we can, at least to first order in pertur-
bation theory, take the perturbed matrixz to be diagonal.

If some eigenvalues coincide then we might not be able to conjugate away some off-
diagonal elements.

Moreover, as we have seen above, it is perfectly possible to have a family of matrices
degenerate from diagonalizable to nontrivial Jordan form.

- 175 -

eq:firstpert



Exercise
Compute the cokernel of the operator

Ad(JFY - M (C) = M, (C) (22.60)

and find a natural subspace complementary to im(Ad(J )(\k))) in My(C).

Answer: As we showed in equation (10.55) above the kernel of Ad(J)(\k)) consists of

matrices of the form
A=ajlg+az(ergteasz+---+ep_1p)taslerz+eat--+ep_op)+--+ager (22.61)

That is, it is a general polynomial in J/(\k). It is therefore a k-dimensional space. By
the index, we know that the cokernel is therefore k-dimensional. Therefore, there is a
k-dimensional space of nontrivial perturbations.

Example: By direct computation we find for £ = 2 the general perturbation is equiv-

Al 00
() () .

alent to

and in general the matrices

k
TP+ bie (22.63)
i=1
for d1,..., 0, free parameters give a set of representatives of the cokernel.
b.) Show that
k
det (Jﬁ’“) +) 51»@,“-) R LR 7 Lt PP U= SRS () B Lt (22.64)
i=1

See R. Gilmore, Catastrophe Theory, ch. 14 for further details. There are many
applications of the above result.

22.4 Families of operators and spectral covers

In this subsection we describe the spectral cover construction which allows us to translate
the data of a family of operators into a purely geometrical object.

Thus, suppose we have a generic family T'(s) of complex n x n matrices over s € S.
As we saw above, generically T'(s) is regular semisimple so we let

S* =8 — Seing (22.65)

and for s € §* we have

T(s) =Y Xi(s)P,(s) (22.66)
=1
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where Py, (s) are orthogonal projection operators and the \;(s) are distinct. Note that the
sum on the RHS makes sense without any choice of ordering of the ;.
Now consider the space

S = {(s,Nlprs(\) =0} c Sx C (22.67)

That is, the fiber of the map S — S is the space of A’s which are characteristic values of
T(s)at s€S.
Over §* all the eigenvalues are distinct so

St — 8 (22.68)

is a smooth n-fold cover. In general since 7;(S*) # 0 it will be a nontrivial cover, mean-
ing that there is only locally, but not globally a well-defined ordering of the eigenvalues
A1(8), ..., An(s). In general only the unordered set {A1(s),...,An(s)} is well-defined over
S*. See equation (22.75) et. seq. below for the case n = 2.

Now, note that there is a well-defined map to the space of rank one projectors:

P: 8" — Gry(C") (22.69)

Namely, if (s, A\) € S* then X is an eigenvalue of T'(s) and P(s, \) is the projector to the
eigenline Ly C V = C" spanned by the eigenvector with eigenvalue A.

In general, a vector bundle whose fibers form a dimension one vector space is called
a line bundle. Moreover, if we look at the fibers over the different sheets of the covering
space S* 5 S* we get an s-dependent decomposition of V' into a sum of lines:

V= EB;L:lL)\i(s) (22.70)

Now the RHS does depend on the ordering of the \;(s), but up to isomorphism it does not
depend on an ordering. The situation for n = 2 is sketched schematically in Figure 10

Therefore, there is a 1-1 correspondence between the family of operators T'(s)
parametrized by s € §* and complex line bundles over the n-fold covering space
S — S*.

Now, let us ask what happens when we try to consider the full family over §. Certainly
S — & still makes sense, but now, over Sgng some characteristic values will coincide and
the covering is an n-fold branched covering.

Let us recall the meaning of the term branched covering. In general, a branched
covering is a map of pairs 7 : (Y,R) — (X,B) where R C Y and B C X are of real
codimension two. R is called the ramification locus and B is called the branch locus. The
map 7 : Y — R — X — B is a regular covering and if it is an n-fold covering we say the
branched covering is an n-fold branched cover. On the other hand, near any point b € B
there is a neighborhood U of b and local coordinates

(z1,...,Tq_2;w) € RS2 x C, (22.71)
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Figure 10: We consider a family of two-by-two matrices T'(s) with two distinct eigenvalues Aj(s)
and Ay(s). These define a two-fold covering of S, the spectral cover. Moreover, the eigenlines
associated to the two sheets give a decomposition of V = C2 into a sum of lines which varies with
s.

where dimpX = d and w = 0 describes the branch locus B N U. More importantly,
7~ 1(U) = 11U, is a disjoint union of neighborhoods in Y of points r, € R with local
coordinates

(21,...,%q-2;€a) € RTZ X C (22.72)

so that the map 7, : Uy — U (where 7, is just the restriction of 7) is just given by

o (X1, x4-2;80) = (T1, ..., Tg—2; &%) (22.73)

where e, are positive integers called ramification indices.

In plain English: For any b € B there are several points r,, in the preimage of = above
b and near any r, the map 7 looks like a mapping of unit disks in the complex plane
& — w = &°. Note that for an n-fold covering

Zea =n (22.74)

The case where exactly one ramification index is e = 2 and all the others are equal to one
is called a simple branch point.
Now, we have argued that the interesting part of 7'(s) near a generic point s, € Ssing

T(w) = (0 1) (22.75)

w 0

is of the form

For this family the characteristic polynomials are clearly

Pr(w)(T) = 2% —w (22.76)

and the set of characteristic roots is the unordered set {+\/w,—y/w}. This is just the
unordered set {+¢, —¢} labeling the two sheets of the 2-fold branched cover. By taking
appropriate real slices we may picture the situation as in Figure 11.
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Figure 11: A particular real representation of a complex 2-fold branched cover of a disk over a
disk. The horizontal axis in the base is the real line of the complex w plane. The verticle axis
corresponds to the real axis of the complex ¢ plane on the right and the purely imaginary axis of
the complex £ plane on the left.

The monodromy of the eigenvalues is nicely illustrated by considering the closed path
w(t) = wee*™ 0<t<1 (22.77)

If we choose at t = 0 a particular squareroot &y of wy then this closed path lifts to
£(t) = ™ 0<t<1 (22.78)

and the value at t = 1 is the other squareroot —&g of wg.
Now let us consider the eigenlines at w. If w # 0 (i.e. s € S§*) then there are two
distinct eigenlines which are the span of the eigenvectors

e = (ig) (22.79)

The eigenlines are just the images of the two Bott projectors:

_ 1 1 e&*
Pe(§) = TTER <6§ !€I2> (22.80)

where € = £1. Along the lifted curve (22.78) Py evolves into P_ and so the two eigenlines
get exchanged under monodromy.

Note well that P.(§) has a nice smooth limit as £ — 0. Therefore the two eigenlines
smoothly degenerate to a single line over the single point ¢ = 0.

In the holomorphic case one can use the fact that holomorphic functions of many vari-
ables cannot have complex codimension two singularities (Hartog’s theorem) to conclude
that:

Therefore, at least for generic holomorphic families over a complex space S there is
a 1-1 correspondence between the families of n x n matrices T'(s) and holomorphic

line bundles over n-fold branched covers S — S.
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Remarks

1. Higgs bundles. The method of spectral covers is very important in certain aspects of
Yang-Mills theory. In particular, a version of the Yang-Mills equations on C x R2,
where C' is a Riemann surface lead to differential equations on a connection on C
known as the Hitchin equations. It turns out that solutions to these are equivalent
to holomorphic families of operators on C' with the technical difference that the
operators T'(s), with s € C, (known as Higgs fields) are valued in (1,0)-forms on C.
In this case the spectral cover technique converts a difficult analytic problem such as
the solution of Yang-Mills equations into a purely geometrical problem: Describing
holomorphic line bundles on n-fold coverings in T*C.

Exercise
Describe the spectral cover for the family

T(z)—< 0 1) (22.81)

over the complex plane z € C.

Exercise

Suppose that T'(z) is a two-dimensional holomorphic matrix. Show that the spectral
cover is a hyperelliptic curve and write an equation for it in terms of the matrix elements
of T'(2).

Exercise Hitchin map
The characteristic polynomial defines a natural map h : End(V) — C™, known in this
context as the Hitchin map:

h:Tw (a1(T),...,a,(T))

det(zly, — T) =2"+a " 4+ +a, ( ) _

Define the universal spectral cover over C™ to be

Cr = {(ay,...,an;)|t" + ayt" 1 + - +a, =0} (22.83)
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Show that S is a fiber product of S with C". 5

22.5 Families of matrices and differential equations

Another way families of matrices arise is in the theory of differential equations.
As motivation, let us consider the Schrodinger equation:

2
<—h2d + V(a;)> Y(z) = Ey(x) (22.84)

dx?

where we have rescaled V' and E by 2m. We keep A because we are going to discuss
the WKB approximation. We could scale it to one and then some other (dimensionless!)
physical parameter must play the role of a small parameter.
We can write this as the equation
5 d?
o 5¥(@) = vi)p(z) (22.85)
with v(z) = V(x) — E. Moreover, if v(x) is the restriction to the real line of a meromorphic
function v(z) on the complex plane we can write an ODE on the complex plane:

B202%4 = v(2)1 (22.86)
This can be converted to a 2 x 2 matrix equation:
0 0 1
h—1 = 22.87
8z¢ <v(z) O) 4 ( )

where
[
P = <¢2> (22.88)

Given this reformulation it is natural to consider more generally the matrix differential

is a column vector.
equation

)
hs—th = A(=) (22.89)

where A(z) is some meromorphic matrix function of z.
For example, the Airy differential equation corresponds to

Alz) = <2 ;) (22.90)

while the harmonic oscillator corresponds to

A(z) = (Zg 0_ g é) (22.91)

50 Answer: T defines a map pr : S — C" by taking the coefficients of the characteristic polynomial. You
can then pull back the covering C* — C™ along T to get S.
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For the theory we are developing it is interesting to generalize further and let A(z) be
a meromorphic n x n matrix. This subsumes the theory of n** order linear ODE’s, but the
more general setting is important in applications and leads to greater flexibility.

Now if A(z) is nonsingular in a simply connected region R then there is an n-dimensional
space of solutions of (22.89) in R. If (), ... (™ are n linearly independent solutions
they can all be put together to make an n x n matrix solution

RN
U = (Qp(l) ¢(n)) =1 : : (22.92)
) oo

The solutions (® are linearly independent, iff ¥ is invertible.

The best way to think about solutions of linear ODE’s is in fact to look for invertible
matrix solutions to

0

haqf = A(2)¥ (22.93)

Note that if C'is a constant matrix, then ¥ — W(' is another solution. We can think of
this freedom as corresponding to the choices of initial conditions specifying the independent
solutions 1.

What happens if we multiply from the left by a constant matrix? The equation is not
preserved in general since in general C' will not commute with A(z). This is not a bug, but
a feature, and indeed it is useful to consider more generally making a redefinition

U(2) = g(2)¥(z) (22.94)

where g(z) is an invertible n x n matrix function of z. Then we change the equation to:

9 - B
h—W = A9(2)¥ 22.
L= o) (22.95)
where
A =g 1Ag — hgto.g (22.96)

is the “gauge-transform” of A.

Thus we learn, that when working with families of matrices, the proper notion of equiv-
alence might not be that of conjugation, but of gauge transformation. Which is the proper
notion depends on the problem under consideration.

From this point of view, solving (22.93) can be interpreted as finding the gauge trans-
formation ¥ that gauges A to 0.

What can we say about the existence of solutions? Let us think of z as valued on the
complex plane. Locally, if A(z) does not have singularities then we can always solve the
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equation with the path ordered exponential. We choose a path z(t) starting from zj,

W(2(t)) = Pexp [; / :(t) A(w)dw] W (z10)

0 z 21 1
= (1 + Z h_"/ dz; / dzo - / dzpnA(z1) - - A(zn)> U (zip)
n=1 Zin Zin

_ o~ L1 da(t) ' da(ts) [T da(te)
= <1+§1hnn! Jan T [ a2 [, e PLAG () - AC(0)
(22.97)

where all the integrations are along the path: [dz... = [dt%... and P[..] is the time-
ordered product with later times on the left.

If A(z) is meromorphic then the path ordered exponential exists provided the path
z(t) does not go through any singularities. This is clear from the third line of (22.97) since
A(z(t)) will be bounded on the interval [0,¢]. The second line makes clear that ¥(z) is
locally holomorphic. However, the solution does depend on the homotopy class of the path
in C minus the singularities. We will return to this below.

22.5.1 The WKB expansion

Sometimes the path-ordered exponential is prohibitively difficult to evaluate and we have
to make due with approximate solutions. One way to get such approximate solutions is
the WKB method. Note that if we could gauge transform A(z) to be diagonal then the
equation is easily solved, because in the 1 x 1 case:

BB = a(2)p = () = exp (; / a(w)dw) b(z0) (22.98)

This observation motivates us to find a gauge transformation which implements the
diagonalization order by order in hA. To this end we introduce the ansatz:

Uy = S(z, h)endE@N (22.99)
where A(z, h) is diagonal, and we assume there are series expansions

S(z,h) = So(2) + hS1(2) + h2Sa(2) + - - (22.100)

Az, h) = No(2) + hAL(2) + B2 Ag(2) + - - - (22.101)
Now, to determine these series we substitute (22.99) into equation (22.93) and bring

the resulting equation to the form
(A(z) — hS'S™1)S = SA’ (22.102)

where A’ = % and S" = %. Now we look at this equation order by order in A.
At zeroth order we get
A(2)So = SoAf (22.103)
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Thus, Sy(z) must diagonalize A(z) and Af is the diagonal matrix of eigenvalues of A(z).
Of course, A(z) might fail to be diagonalizable at certain places. We will return to this.
Now write (22.102) as

A(2)S — hS" = SA' (22.104)

Now substitute A(z) = SpALS; ' Next, make a choice of diagonalizing matrix Sy and
multiply the equation on the left by Sy L to get

A)Sy 'S — hSy 1S = Sy tsA’ (22.105)

Equation (22.105) is the best form in which to substitute the series in h. At order A",
n > 0 we get

AGSy S — S5 S =) Sy SiAL (22.106)
=0

separating out the i = 0 and ¢ = n terms from the RHS the equation is easily rearranged
to give

[A), Sy 18] — AL = Syt

n-l 22.107
[AG, Sy Sn] — AL =SS, 1+ >S5 SiA, n>1 ( )
i=1

In an inductive procedure, every term on the RHS is known. On the left-hand side A/,
is diagonal, so we take it to be the diagonal component of the RHS.

As long as the eigenvalues of Aj are distinct Ad(A{) maps ONTO the space of off-
diagonal matrices, and hence we can solve for S 1S,. In this way we generate the WKB
series.

Remarks

1. The WKB procedure will fail when A(z) has nontrivial Jordan form. This happens
when the characteristic polynomial has multiple roots. These are the branch points
of the Riemann surface defined by the characteristic equation.

2. Indeed, returning to the matrix A(z) corresponding to the Schrodinger equation
(22.87). The characteristic equation A — v(z) = 0 has branchpoints at zeroes v(zp).
Recalling that v(x) = V(z) — E these are just the turning points of the usual me-
chanics problem. In the neighborhood of such points one can write an exact solution
in terms of Airy functions, and then match to the WKB solution to produce a good
approximate solution.
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3. Note that - so long as A(z) is diagonalizable with distinct eigenvalues - the above pro-
cedure only determines Sp(z) up to right-multiplication by a diagonal matrix Dg(z).
However, the choice of diagonal matrix then enters in the equation determining A
and Si: A} = —Diag(S;'S}). Thus, if we change our choice

S(](Z) — S()(Z) = S()(Z)Do(Z) (22.108)

then we have:

A1(z) = —Diag(S;'S)) = —Diag(S, 'Sy) — Diag(Dy ' Dj) (22.109)

and when substituting into (22.99) the change of Sy is canceled by the change of Aj.
Similarly, .5, is only determined up to the addition of a matrix of the form SyD,,
where D,, is an arbitrary diagonal matrix function of z. However, at the next stage
in the procedure D,, will affect A, in such a way that the full series Sexp[%A] is
unchanged.

4. In general, the WKB series is only an asymptotic series.

Exercise

Write the general n'® order linear ODE in matrix form.

Exercise
Show that for the matrix

Az) = (UO 1) (22.110)

We can must have Aj(z) = 1/v(2)o? and we can choose Sy to be
o1/ ,-1/4
So = <v1/4 S (22.111)

Show that with this choice of Sy(z) we have

(A}, Syt 8] — Al = —%ald%jlogv(z) (22.112)

and therefore

A(z,h) = o3 /Z Vo(2)dZ + O(h?) (22.113)
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22.5.2 Monodromy representation and Hilbert’s 21st problem

Consider again the matrix equation (22.93).
If A(z) is holomorphic near zp then so is the solution ¥(z). On the other hand, there
will be interesting behavior when A(z) has singularities.
Definition A regular singular point z, is a point where A(z) has Laurent expansion
of the form
A
A(z) = +--- (22.114)

Z — Zy

with A_ regular semisimple.

We have

Theorem [Fuchs’ theorem|: Near a RSP there exist convergent series solutions in a
disk around z = z,. and if A_; = Diag{\,..., \,} then

W(z) = Diag{(z — 2™, ..., (z — 2™} (1 + U1(z — 2) + a2 — 2,)%> +--+)  (22.115)

where W1, Wy, ... are constant matrices, is a convergent series in some neighborhood of z,
Note that in general the solution will have monodromy around z = z,: Analytic
continuation around a counterclockwise oriented simple closed curve around z = 0 gives

WU(zy + (2 — 20)€?™) = Diag{e?™M ... 2™ 10 (2) (22.116)

If A(z) only has regular singular points at, say, p1,...,ps then analytic continuation
defines a representation

p:m(C—A{p1,...,ps} 20) = GL(n,C) (22.117)

known as the monodromy representation of the differential equation.

Remark: Riemann was the first to investigate this problem, completely solving the
case of n = 2 with three regular singular points. In his famous address to the International
Congress of Mathematicians in Paris in 1900 D. Hilbert presented a list of 23 problems for
the mathematics of the 20" century. The 21%¢ problem was, roughly, in modern terms:

Given an irreducible n-dimensional representation (22.117), find a differential equation
for which it is a monodromy representation.

This problem has a complicated history, with claimed solutions and counterexamples.
We note that there is a very physical approach to the problem using free fermion conformal
field theory correlation functions which was pursued by the Kyoto school of Miwa, Jimbo,
et. al. It is also the first example of what is called the “Riemann-Hilbert correspondence,”
which plays an important role in algebraic geometry.

22.5.3 Stokes’ phenomenon

A subject closely related to the WKB analysis is Stokes’ phenomenon. We give a brief
account here.
Definition An irregular singular point is a singular point of the form

ZTL

A(2) SR (22.118)
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with n > 1.
Let us consider the simplest kind of ISP, which we put at z = 0:

R A,
with R = Diag{ri,...,r,}. Then the series method will produce a formal solution
U, = (1 2 ...\ R/
F=14+Tz+ U2+ e (22.120)

The big difference will now be that the series is only asymptotic for z — 0.

Example: Consider

d ro3  sol
U= (ZQ + z) v (22.121)
Substituting
Uy =Ue "/ (22.122)
with U =1+ 2U; + 22Uy + - - - we find
dU rod sot
— =Ad(— ) U+ —U 22.123
P (U +— ( )
Writing this out we get the equations
[ro3, U] = —so?
! (22.124)
[037 Un+1] = (nTSU)Un

and the factor of n on the RHS in the second line shows that coefficients in U,, are going
to grow like n! and hence the series will only be asymptotic.
Indeed, in this case the formal series is easily shown to be

v (—1)"H73(J’2—52)

5 . (s +not) (o) (22.125)

so the prefactor grows like n!.

Definition The rays (r; — rj)R; starting at z = 0 are known as Stokes rays and the
open regions between these rays are Stokes sectors. See Figure 12.

Now one can prove

Theorem: Let p be a ray which is not a Stokes ray, and let H, be the half-plane
containing p as in Figure 13. Then there is a unique solution ®, which is asymptotic to
the formal solution as z — 0 along any ray in H,:

d,ef7 1 (22.126)
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Figure 12: Stokes sectors fig:STOKESECTI

Figure 13: There is a true solution to the differential equation asymptotic to the formal solution
in the half-plane H,. fig:HALFPLANE

Figure 14: There is a true solution to the differential equation asymptotic to the formal solution
in the half-plane H,. | fig:HPOVERLAP

where z — 0 along any ray in H,, and hence

lim 2" (q>p(z)eR/z (42U et z”llln)> =0 (22.127)

z—0
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It is very important here that the limit is taken along a ray in Hl,, otherwise the state-
ment will be false. Indeed, in general one cannot find a formal solution in a larger domain
which is asymptotic to the formal solution! This is one version of Stokes phenomenon.

Now, consider two rays p1, p2, neither of which is a Stokes ray. The half-planes overlap
as in Figure 14. Then, by uniqueness of the solution to the differential equation we know
that

¢, =o,,5% on

H,, NH,, (22.128)

where Sy, is a matrix which is constant as a function of z. (It might well depend on other
parameters in the differential equation.) Moreover, Sy, = 1 if there is no Stokes’ ray in X,
but Sy, # 1 if there are Stokes’ rays in 3. If there is precisely one Stokes ray ¢ in % then
we set Sy = Sy and call Sy the Stokes factor for £.

@;\f
Il

L,

o

p

Figure 15: There is a true solution to the differential equation asymptotic to the formal solution
in the half-plane H,,.

Now we can describe an analog of monodromy for ISP’s: Choose rays 4+p which are
not Stokes rays. Starting with ®, in H, there are two analytic continuations to H_,, as
shown in Figure 15. Call these two analytic continuations @;ﬁ then we have:

Theorem:
dr=0_,5, in H_, (22.129)
o =d_,5_ in H-_, (22.130)
are given by

ccw
Sy=: [ S: (22.131)

eV (p)
S = H Sy (22.132)

LeV_(p)

where the products are ordered so successive rays are counterclockwise or clockwise. These
are called Stokes matrices, and serve as the analogs of monodromy matrices in the irregular
singular point case.

Remarks
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1. There is a generalization of this story to higher order poles. If

_ R
AR

A(z) TR (22.133)

with R regular semisimple then the formal series solution has the form

U =U(z)e?? (22.134)
U(z) =1+ 2U; + 22Uy + - -- (22.135)
Qz) = % + % + Qologz (22.136)

Moreover, a true solution asymptotic to the formal solution will generally only ex-
ist in angular sectors of angular width |Af| < 7. For more details about this see

Coddington and Levinson, or Hille’s book on ODEs.

2. There is a great deal more to be said about the kind of groups the Stokes matrices live
in and their use in parametrizing flat connections and their applications to Yang-Mills
theory.

Exercise

a.) Derive the formal series (22.125).

b.) Show that the equation can be reduced to a second order ODE with one irregular
singular point and one regular singular point.

Answer:
a.) Write
U, = wp1 + 20" + yno? + z,0° (22.137)
so that
2i%p 102 — 2iyppr0t = ﬁ(xna1 + yno? + zna3)
r (22.138)
S . 3 . 2
- ;(xn + 1Yno° — izp0°)
Deduce that nw,, = sz, and nz, = isy, and
1 n?—s? 1 n?—s?
_ - 22.139
Tt 2ir n Yn Ynt1 2ir  n n ( )
The induction starts with )
U= —0? 4+ 2 o3 (22.140)

SO Tont+1 = Yo, = 0. The rest is simple induction.
b.) Write out the differential equation on a two-component column vector and elimi-

nate ¥y to get:

r? + 5227
A

2ir — sz

"+ Y — Y =0 (22.141)

z(ir — sz)
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Exercise Harmonic Oscillator

Consider the matrix (22.91) corresponding to the harmonic oscillator differential equa-
tion. Using the known asymptotics of the parabolic cylinder functions work out the Stokes
sectors and Stokes factors for this equation.

Exercise Three singular points
Suppose that a second order differential equation on the extended complex plane has
three singular points with monodromy given by regular semisimple elements conjugate to

(“" 0 ) i=1,2,3 (22.142)

O,u;1

Show that for generic p; € C the equation MjMyMs = 1 can be solved, up to simul-
taneous conjugation of the M;, in terms of the u;, and write My, M3 in a basis where M;
is diagonal.

In fancy mathematical terms: The moduli space of flat SL(2, C) connections with fixed
conjugacy class of regular semisimple monodromy around three points on CP! —{py, pa, p3}
has no moduli.

23. Zs-graded, or super-, linear algebra

In this section “super” is merely a synonym for “Zs-graded.” Super linear algebra is
extremely useful in studying supersymmetry and supersymmetric quantum theories, but
its applications are much broader than that and the name is thus a little unfortunate.
Superlinear algebra is very similar to linear algebra, but there are some crucial differ-
ences, which we highlight in this section. It’s all about signs.
We are going to be a little bit pendantic and long-winded in this section because the
subject is apt to cause confusion.

23.1 Super vector spaces

It is often useful to add the structure of a Zy-grading to a vector space. A Zo-graded vector
space over a field k is a vector space over xk which, moreover, is written as a direct sum

& Transform this to
the confluent hg
equation. &

&YOU SHOULD
GIVE AN

EXAMPLE OF

HOW THIS GIVES
REFLEC-
TION/TRANSMISSIO!
COEFFICIENTS IN
SOME

SCATTERING
PROBLEMS. &

V=vVeVv! (23.1)
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The vector spaces V0, V1 are called the even and the odd subspaces, respectively. We may
think of these as eigenspaces of a “parity operator” Py which satisfies P‘2, =1 and is +1
on V% and —1 on V1. If VO and V! are finite dimensional, of dimensions m, n respectively
we say the super-vector space has graded-dimension or superdimension (m/n).

A vector v € V is called homogeneous if it is an eigenvector of Py. If v € VO it is
called even and if v € V! it is called odd. We may define a degree or parity of homogeneous
vectors by setting deg(v) = 0 if v is even and deg(v) = 1 if v is odd. Here we regard 0,1
in the additive abelian group Z/2Z = {0,1}. Note that if v,v" are homogeneous vectors of
the same degree then

deg(av + fv’) = deg(v) = deg(v') (23.2)

for all a, 8 € k. We can also say that Pyv = (—1)deg(”)v acting on homogeneous vectors.
For brevity we will also use the notation |v| := deg(v). Note that deg(v) is not defined for
general vectors in V.

Mathematicians define the category of super vector spaces so that a morphism from
V — W is a linear transformation which preserves grading. We will denote the space of
morphisms from V' to W by Hom(V, W). These are just the ungraded linear transforma-
tions of ungraded vector spaces, T' : V. — W, which commute with the parity operator
TPy, = PyT.

So far, there is no big difference from, say, a Z-graded vector space. However, important
differences arise when we consider tensor products.

So far we defined a category of supervector spaces, and now we will make it into a
tensor category. (See definition below.)

The tensor product of two Zs graded spaces V and W is V @ W as vector spaces over
K, but the Zo-grading is defined by the rule:

Vew) =v'ewleview!

23.3
VW)l =viewe Vv w! (233)
Thus, under tensor product the degree is additive on homogeneous vectors:
deg(v ® w) = deg(v) + deg(w) (23.4)
If k is any field we let kP9 denote the supervector space:
plg — ,p q
K kP @® kK (23.5)
even odd
Thus, for examples:
R”e|no ® Rn’emg o Rnen’e—l—nonuneng—i—non’e (236)
and in particular:
R @ R = R2I2 (23.7)
R2? @ R%? = R3I8 (23.8)
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R8I® & REIS — R128/128 (23.9)

Now, in fact we have a braided tensor category:
In ordinary linear algebra there is an isomorphism of tensor products

cvw  VOW WV (23.10)

given by cy, i : v®w — w®v. In the super-commutative world there is also an isomorphism
(23.10) defined by taking

cvw v @w — (=)l @y (23.11)

on homogeneous objects, and extending by linearity.
Let us pause to make two remarks:

1. Note that in (23.11) we are now viewing Z/2Z as a ring, not just as an abelian
group. Do not confuse degv + degw with degvdegw! In computer science language
degv + degw corresponds to XOR, while degvdegw corresponds to AND.

2. It is useful to make a general rule: In equations where the degree appears it is
understood that all quantities are homogeneous. Then we extend the formula to
general elements by linearity. Equation (23.11) is our first example of a general rule:
In the supercommutative world, commuting any object of homogeneous degree A
with an object of homogeneous degree B results in an “extra” sign (—1)4%. This is
sometimes called the “Koszul sign rule.”

With this rule the tensor product of a collection {V;};cr of supervectorspaces
Vi®Vi,®---®V,, (23.12)

of supervector spaces is well-defined and independent of the ordering of the factors. This
is a slightly nontrivial fact. See the remarks below.

We define the Zs-graded-symmetric and Zso-graded-antisymmetric products to be the
images of the projection operators

1
P=3 (L+evy) (23.13)

Therefore the Zs-graded-symmetric product of a supervector space is the Zs-graded vector
space with components:

S2V)Y = S2(VY @ A2V

23.14
SVt =vie vt (2314
and the Zs-graded-antisymmetric product is
NV = A (V) @S2V
(V) = A2 @ SV .

NV =viegV!

Remarks
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1. In this section we are stressing the differences between superlinear algebra and ordi-
nary linear algebra. These differences are due to important signs. If the characteristic
of the field k is 2 then 41 are the same. Therefore, in the remainder of this section
we assume k is a field of characteristic different from 2.

2. Since the transformation cyyy is nontrivial in the Zs-graded case the fact that (23.12)
is well-defined is actually slightly nontrivial. To see the issue consider the tensor
product Vi ® V@ V3 of three super vector spaces. Recall the relation (12)(23)(12) =
(23)(12)(23) of the symmetric group. Therefore, we should have “coherent” isomor-
phisms:

(v, @ (L@ cvy ) (evi v, @1) = (1@ cvy i) (v ® D)1 @ evyvg) - (23.16)

and this is easily checked.

In general a tensor category is a category with a bifunctor CxC — C denoted (X,Y) —
X ®Y with an associativity isomorphism Fyy 7z : (X®Y)®Z = X®(Y ®Z) satisfying
the pentagon coherence relation. A braiding is an isomorphism cxy : X®@Y — Y®X.
The associativity and braiding isomorphisms must satisfy “coherence equations.” The
category of supervector spaces is perhaps the simplest example of a braided tensor
category going beyond the category of vector spaces.

3. Note well that S?(V) as a supervector space does not even have the same dimension
as S%(V) in the ungraded sense! Moreover, if V' has a nonzero odd-dimensional
summand then A" (V') does not vanish no matter how large n is.

4. With this notion of symmetric product we can nicely unify the bosonic and fermionic
Fock spaces. If we have a system with bosonic and fermionic oscillators then there is a
natural supervector space V spanned by the bosonic and fermionic creation operators,
where the bosonic oscillators are even and the fermionic oscillators are odd. Then the
Zs-graded, or super-Fock space S®(V') naturally gives the full Fock space of the free
boson-fermion system. That is, we have the isomorphism of ungraded vector spaces:

sy = S V0@ A V! (23.17)

graded symmetrization = ungraded tensor product of vector spaces

Exercise
a.) Show that cywewy = 1.
b.) Check (23.16).

Exercise Reversal of parity
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a.) Introduce an operation which switches the parity of a supervector space: (IIV)? =
V1 and (TV)! = VO Show that II defines a functor of the category of supervector spaces
to itself which squares to one.

b.) In the category of finite-dimensional supervector spaces when are V and IIV
isomorphic? °!

c.) Show that one can identify IIV as the functor defined by tensoring V with the

canonical odd one-dimensional vector space k%!

23.2 Linear transformations between supervector spaces

If the ground field « is taken to have degree 0 then the dual space V'V in the category of
supervector spaces consists of the morphisms V — !9 Note that V'V inherits a natural
Zy grading:

(23.18)

Thus, we can say that (V)€ are the linear functionals V' — x which vanish on V1*e,
Taking our cue from the natural isomorphism in the ungraded theory:

Hom(V, W)= VYW (23.19)

we use the same definition so that the space of linear transformations between two Zo-
graded spaces becomes Zy graded. We also write End(V) = Hom(V, V).

In particular, a linear transformation is an even linear transformation between two
Zo-graded spaces iff T : VO — W and V! — W', and it is odd iff T : VO — W' and
V1 — WO Put differently:

Hom(V, W)? = Hom(V°, W) @ Hom(V!, W)

. 0 il L 00 (23.20)
Hom(V,W)" = Hom(V", W") & Hom(V"*, W")

The general linear transformation is neither even nor odd.
If we choose a basis for V' made of vectors of homogeneous degree and order it so that
the even degree vectors come first then with respect to such a basis even transformations

A0
T = <0 D) (23.21)

while odd transformations have block diagonal form

have block diagonal form

5! Answer: An isomorphism is a degree-preserving isomorphism of vector spaces. Therefore if V has
graded dimension (m|n) then IIV has graded dimension (n|m) so they are isomorphic in the category of
supervector spaces iff n = m.
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0 B
T = (C 0) (23.22)

Remarks

1. Note well! There is a difference between Hom(V, W) and Hom(V,W). The latter is
the space of morphisms from V' to W in the category of supervector spaces. They

consist of just the even linear transformations: 2

Hom(V, W) = Hom(V, W)° (23.23)

2T :V — Wand T' : V! — W’ are linear operators on super-vector-spaces then
we can define the Zs graded tensor product T'® T”. Note that deg(T @ T') =
deg(T) + deg(T"), and on homogeneous vectors we have

(TRT)(vev) = (—1)3eTde0) () @ T' (V) (23.24)

As in the ungraded case, End(V) is a ring, but now it is a Zs-graded ring un-
der composition: T1Ty := Ty o Ty. That is if 71,75 € End(V) are homogeneous then
deg(ThTz) = deg(T1) + deg(T2), as one can easily check using the above block matrices.
These operators are said to graded-commute, or supercommute if

T\Tp = (—1)desTidesTe, ) (23.25)

Remark: Now what shall we take for the definition of GL(xP17)? This should be the
group of automorphisms of the object xPl¢ in the category of super-vector-spaces. These
must be even invertible maps and so

GL(kP'%) = GL(p; k) x GL(q; k). (23.26)

Some readers will be puzzled by equation (23.26). The Lie algebra of this group (see
Chapter 8) is
gl(p; v) & gl(g; ) (23.27)

and is not the standard super Lie algebra gl(p|g; k). (See Chapter 12).
Another indication that there is something funny going on is that the naive definition

of GL(xkPl%) | namely that it is the subset of End(k”1?) of invertible linear transformations,

will run into problems with (23.25). For example consider !/*

11

. Then, choosing a basis

(say 1) for k we get a basis of homogeneous vectors on x'*. Then the operator

01
T = (1 0> (23.28)

52Warning! Some authors use the opposite convention for distinguishing hom in the category of super-

vector spaces from “internal hom.”
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is an odd element with 72 = 1. On the other hand, we might have expected T to super-
commute with itself, but then the sign rule (23.25) implies ®® that if it super-commutes
with itself then T2 = 0, but this is not the case.

We will define a more general group with the correct super Lie algebra, but to do so
we need to discuss the notion of supermodules over a superalgebra.

Exercise

Show that if T : V — W is a linear transformation between two super-vector spaces
then

a.) T is even iff TPy = PyT

b.) T is odd iff TPy = —PyT.

23.3 Superalgebras

The set of linear transformations End(V') of a supervector space is an example of a super-
algebra. In general we have:
Definition

a.) A superalgebra A is a supervector space over a field x together with a morphism
AR A— A (23.29)
of supervector spaces. We denote the product as a ® a’ — aa’. Note this implies that
deg(aa’) = deg(a) + deg(a’). (23.30)

We assume our superalgebras to be unital so there is a 14 with 1 4a = al 4 = a. Henceforth
we simply write 1 for 1 4.

b.) The superalgebra is associative if (aa’)a” = a(a’a”).

c.) Two elements a,a’ in a superalgebra are said to graded-commute, or super-commute
provided

ad = (—1)lllg/q (23.31)

If every pair of elements a,a’ in a superalgebra graded-commmute then the superalgebra
is called graded-commutative or supercommutative.

d.) The supercenter, or Zy-graded center of an algebra, denoted Z4(.A), is the subsu-
peralgebra of A such that all homogeneous elements a € Z4(.A) satisfy

ab = (—1)llpg (23.32)
for all homogeneous b € A.
Example 1: Matriz superalgebras. If V is a supervector space then End(V') as described

above is a matrix superalgebra. One can show that the supercenter is isomorphic to x,

consisting of the transformations v — aw, for a € k.

5350 long as the characteristic of & is not equal to two
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Example 2: Grassmann algebras. The Grassmann algebra of an ordinary vector space W
is just the exterior algebra of W considered as a Zs-graded algebra. We will denote it as
Grass|[WV].
In plain English, we take vectors in W to be odd and use them to generate a superal-
gebra with the rule that
wiwg + wowi = 0 (23.33)

for all wy,ws. In particular (provided the characteristic of & is not two) we have w? = 0
for all w.

Thus, if we choose basis vectors 6',...,0" for W then we can view Grass(W) as
the quotient of the supercommutative polynomial superalgebra x[0!,... 0"]/I where the
relations in I are:

067 + 676" = 0 (092 =0 (23.34)

The typical element then is

1 . 1 . .
a=x+x;0"+ ﬁxin’GJ + -+ Exil,...,ingll S g (23.35)

t Xm

The coefficients x;, .. ;, are m h_rank totally antisymmetric tensors in k

m

We will sometimes also use the notation Grass[f!,...,0"].

Definition Let A and B be two superalgebras. The graded tensor product AQB is the
superalgebra which is the graded tensor product as a vector space and the multiplication
of homogeneous elements satisfies

(a1 ® bl) . (ag ® bg) = (—1)‘b1“a2|(a1a2) ® (ble) (23.36)

Remarks

1. Every Zs-graded algebra is also an ungraded algebra: We just forget the grading.
However this can lead to some confusions:

2. An algebra can be Zs-graded-commutative and not ungraded-commutative: The
Grassmann algebras are an example of that. We can also have algebras which are
ungraded commutative but not Zs-graded commutative. The Clifford algebras Cl4
described below provide examples of that.

3. The Zo-graded-center of an algebra can be different from the center of an algebra
as an ungraded algebra. Again, the Clifford algebras C¢L; described below provide
examples.

4. One implication of (23.36) is that when writing matrix representations of graded
algebras we do not get a matrix representation of the graded tensor product just by
taking the tensor product of the matrix representations.
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Example 3: The real Clifford algebras Cl,, s—. Clifford algebras are defined for a
general quadratic form @ on a vector space V over k. We will study the Clifford algebras
extensively in Chapter 10(??7). Nevertheless, a few comments here nicely illustrate some
important general points. If we take the case of a real vector space R¢ with quadratic form

+1, 0
o- () i

Then we get the real Clifford algebras C/, s—. They can also be defined as the Zo graded
algebra over R generated by odd elements e; with relations

{eisej} =2Qy; (23.38)

Note that since e? = 41 the algebra only admits a Zo grading and moreover it is not
supercommutative, because an odd element squares to zero in a supercommutative algebra.

It is instructive to look at some small values of r, s. Consider C¢_;. This has a single
generator e with relation e? = —1. Therefore

Cl_i=R®Re (23.39)
as a vector space. The multiplication is
(a @ be)(c® de) = (ac — bd) & (be + ad)e (23.40)

so C'¢_y is isomorphic to the complex numbers C as an ungraded algebra, although not as
a graded algebra. Similarly, Cl, is

Cliy=R®Re (23.41)
as a vector space with multiplication:
(a @ be)(c @ de) = (ac+ bd) & (bc + ad)e. (23.42)

As an ungraded algebra this is sometimes known as the “double numbers.”

Note that both C'?_; and C'¢1, are commutative as ungraded algebras but noncommu-
tative as superalgebras. Thus the centers of these as ungraded algebras are C'?1; but the
supercenter of Cly; as graded algebras are Zs(C?4y1) = R. In fact, for Q nondegenerate it
can be shown that

Zs(ClQ)) =R (23.43)

We can also look at graded tensor products. First, note that for n > 0:

Cly 2 OH&---RChH (23.44)
N—_————
n times
Clop 2 Cl1® - RCL_4 (23.45)
n times
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More generally we have

Clry s =CHh® - BCHRCL1B - BCl_y (23.46)

r times s times

We can similarly discuss the complex Clifford algebras C/,,. Note that over the complex
numbers if e? = +1 then (ie)?> = —1 so we do not need to account for the signature, and
WLOG we can just consider C/,, for n > 0. In particular, let D = C/¢;. Note that D is not
a matrix superalgebra since it’s dimension as an ordinary complex vector space, namely 2,
is not a perfect square.

Definition A super-algebra over k is central simple if, after extension of scalars to an
algebraic closure 7 it is isomorphic to a matrix super algebra End(V) or to End(V)®D.

This is the definition one finds in Section 3.3 of Deligne’s Notes on Spinors. In partic-
ular, it is shown in Chapter 10, with this definition, that the Clifford algebras over R and
C are central simple.

Exercise The opposite algebra
a.) For any ungraded algebra A we can define the opposite algebra A°PP by the rule

a-PP b :=ba (23.47)

Show that A°PP is still an algebra.
b.) Show that A ® A°PP = End(A).
c.) For any superalgebra A we can define the opposite superalgebra A°PP by the rule

a PP b= (—1)lellblpg (23.48)

Show that A°PP is still an superalgebra.
d.) Show that A is supercommutative iff A = A°PP,
e.) Show that ARA°PP = End(A) as superalgebras.
f.) Show that if A = C¥l, s then APP = Cly, .

Exercise Super Ideals

An ideal I in a superalgebra is an ideal in the usual sense: For all a € A and b € [
we have ab € I (left ideal) or ba € I (right ideal), or both (two-sided ideal). The ideal is
homogeneous if I is the direct sum of I = TN A” and I' = I N A'. (Explain why this is a
nontrivial condition!)
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a.) Show that the ideal Z°4 generated by all odd elements in A is homogeneous and
given by
704 = (A2 o A (23.49)

b.) Show that
A/ = A%/ ((ANH?) (23.50)

c.) Another definition of central simple is that there are no nontrivial homogeneous
two-sided ideals. Show that this is equivalent to the definition above.

d.) Describe an explicit basis for the ideal generated by all odd elements in the Grass-
mann algebra x[01, ..., 0]

e.) Give an example of a supercommutative algebra which is not a Grassmann algebra.
54

Exercise Invertibility lemma
Let A be a supercommutative superalgebra and let Z°9 = (A') be the ideal generated
by odd elements. Let ™ be the projection

T A= Apeq = A/T° 2= A%/ ((AN)?) (23.51)

a.) Show that a is invertible iff 7(a) is invertible. %
b.) Show that in a Grassmann algebra the map 7 is the same as reduction modulo
nilpotents, or, more concretely, just putting the 6%’s to zero.

Exercise Supercommutators and super Lie algebras
The graded commutator or supercommutator of even elements in a superalgebra is

[a,b] := ab — (—1)l4lllpg (23.52)

Since the expression ab— ba still makes sense this notation can cause confusion so one must
exercise caution when reading.
Show that the graded commutator satisfies:

1. [+, -] is linear in both entries.

54 Answer: Hint: Consider the possiblity that there are even nilpotent elements in A® which are not the
square of odd elements. Or consider functions on an algebraic supermanifold.

%5 Answer: One direction is trivial. If 7(a) is invertible then, since 7 is onto, there is an element b € A
with 1 = 7(a)m(b) = w(ab). Therefore it suffices to show that if w(a) = 1 then a is invertible. But if w(a) =1
then there is a finite set of odd elements &; and elements ¢; € A so that a =1 —v with v = Z;;l ci&. Note
that "1 =0 (by supercommutativity and the pigeonhole principle) so that alt=14+v+-- 40"
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2. [b,a] = (1) *1elPla, p]
3. The super Jacobi identity:
(=1)" 3 [ X0, [X2, Xa]] + (1) [Xa, [X5, Xa]] + (—1)"%2 [ X5, [X1, Xo]] = 0 (23.53)

where z; = deg(X;).

These two conditions are abstracted from the properties of super-commutators to define
super Lie algebras in Chapter 12 below. Briefly: We define a super vector space g to be a
super Lie algebra if there is an (abstract) map |-, -] : g X g — x which satisfies the conditions
1,2,3 above.

Exercise Super-Derivations

Definition: A derivation of a superalgebra is a homogeneous linear map D : A — A
such that

D(ab) = D(a)b + (—1)!Pllala D (b) (23.54)

a.) Show that the supercommutator of two superderivations is a superderivation.

b.) Show that the odd derivations of the Grassmann algebra are of the form

;0
zi: oy (23.55)

where f' are even.

Exercise Multiplying Clifford algebras

a.) Show that the real Clifford algebras are of dimension dimgrC¥,, = olnl for any
n € Z.

b.) Show that if n,m are integers with the same sign then Cl,RCY,, = Clpym. Show
that if n, m are any integers, then

Clp@Cly =2 Cly @M (23.56)

where M is a matrix superalgebra.
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23.4 Modules over superalgebras

Definition A super-module M over a super-algebra A (where A is itself a superalgebra
over a field k) is a supervector space M over k together with a x-linear map A x M — M
defining a left-action or a right-action. That is, it is a left-module if, denoting the map by
L:Ax M — M we have

L(a,L(b,m)) = L(ab,m) (23.57)

and it is a right-module if, denoting the map by R : A x M — M we have
R(a, R(b,m)) = R(ba,m) (23.58)

In either case:
deg(R(a,m)) = deg(L(a,m)) = deg(a) + deg(m) (23.59)

The notations L(a, m) and R(a,m) are somewhat cumbersome and instead we write
L(a,m) = am and R(a,m) = ma so that (ab)m = a(bm) and m(ab) = (ma)b. We also
sometimes refer to a super-module over a super-algebra A just as a representation of A.

Definition A linear transformation between two super-modules M, N over A is a k-linear
transformation of supervector spaces such that if 7" is homogeneous and M is a left A-
module then T'(am) = (—1)ITlldlgT(m) while if M is a right A-module then T(ma) =
T(m)a. We denote the space of such linear transformations by Hom4 (M, N). If N is a left
A-module then Hom 4(M, N) is a left A-module with (a-T)(m) :=a- (T(m)). If N is a
right A-module then Hom 4(M, N) is a right A-module with (7-a)(m) := (—1)l*l™IT(m)a.
When M = N we denote the module of linear transformations by End 4(M).

Example 1- continued Matrix superalgebras. In the ungraded world a matrix algebra
End(V) for a finite dimensional vector space, say, over C, has a unique irreducible represen-
tation, up to isomorphism. This is just the space V itself. A rather tricky point is that if V'
is a supervector space V = CPl? then V and IIV are inequivalent representations of End(V).
One way to see this is that if 7 is a generator of IT = C%' then T'(nv) = (=1)/TInT(v) is a
priori a different module. In terms of matrices

() ()0

So the LHS gives a representation of the matrix superalgebra, but it is not related by an
automorphism GL(CPl9). The even subalgebra End(CP) @ End(C?) has a unique faithful
representation C? @ C? and hence the matrix superalgebra End(CPl9) has exactly two
irreducible modules.

Example 3- continued Clifford Modules. A good example of supermodules over a super-
algebra are the Zg-graded modules for the Zs-graded Clifford algebras.
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Already for Cly = R there is a difference between graded and ungraded modules.
There is a unique irreducible ungraded module, namely R acting on itself. But there are
two inequivalent graded modules, R0 and RO,

Let us also discuss the representations of C'¢11. As an ungraded algebra C/11 Z RO R
because we can introduce projection operators Py = %(1 +e), so

Cli1 =Z=RPL & RP_ ungraded! (23.61)

Therefore, there are two inequivalent ungraded irreducible representations with carrier
space R and p(e) = +1. However, as a graded algebra there is a unique irreducible

ple) = ((1) é) (23.62)

Similarly, C'¢_1 as an ungraded algebra is isomorphic to C and has a unique ungraded

representation, R with

since e is odd and squares to 1.

irreducible representation: C acts on itself. (As representations of a real algebra p(e) = +i
are equivalent.) However, as a graded algebra there a unique irreducible representation,

R with
ple) = (? _01> (23.63)

Now, C¥; 1 has two irreducible graded representations ]Ri'l with

pler) =+ (2 (1)> ple2) = <(1) _01> =€ (23.64)

Note that these are both odd, they anticommute, and they square to 41, respectively.
Moreover, they generate all linear transformations on R'!. Therefore, Cly,—1 is a super-
matrix algebra:

Cfy, 1 = End(RY) (23.65)

It is interesting to compare this with C¢;5. Now, as an ungraded algebra we have a

pler) = ((1’ é) plea) = (é _°1> (23.66)

since these matrices anticommute and both square to +1. These generate the full matrix

representation

algebra M3(R) as an ungraded algebra. However, if we try to use these operators on R
this is not a representation of C'¢4 9 as a graded algebra because p(e2) is not odd.

In fact, Cly9 is not equivalent to a matrix superalgebra. In Chapter 10(??) we prove
the beautiful periodicity theorem (closely related to Bott periodicity):

Theorem C/, ,_ is equivalent to a supermatrix algebra iff (r — s) = Omod8.
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There is a unique irreducible representation of C¥¢yo as a superalgebra. The carrier
space is the (2|2)-dimensional space R?? and is given - up to similarity - by

pler) = (2 é) ple) = (06 g) (23.67)

It is true that R22 = RIP@QRY'. But the tensor product of matrix representations does
not give a matrix representation of the graded tensor product.

If we work with complex Clifford algebras the story is slightly different. C/¢; as an
ungraded algebra is C@® C and has two inequivalent ungraded representations. As a graded
algebra it has a unique irreducible graded representation C'I'; we could take, for example
p(e) = o. Then C/; as an ungraded algebra is the matrix algebra My(C) and as a graded
algebra is a matrix superalgebra End(C”l). As a matrix superalgebra it actually has two
inequivalent graded representations, both of which have carrier space C'I'. We could take,
for example, p(e;) = o' and p(ez) = +02. One way to see these are inequivalent is to note
that the volume form p(ejes) restricted to the even subspace is a different scalar in the two
cases.

We will discuss much more about Clifford modules in Chapter 10, for now, we sum-
marize the discussion here in the following table:

Clifford Algebra | Ungraded algebra | Graded algebra | Ungraded irreps | Graded irreps
Cl_4 C Rle],e? = —1 C R, pe) =€
Cly R R R RO RO
Clyq RoR Rle],e? =1 Ry, ple) = +1 | R p(e) = ¢!
Clyg Ms(R) Clys R? R2[2
Clir 1 My (R) End(RU1) R2 R
Cliy CoC Clyq Cy, ple) = £1 ciit
Clys M>(C) End(C!l) C2 cllt

Remark: In condensed matter physics a Majorana fermion is a real operator v which
squares to one. If there are several ; they anticommute. Therefore, the Majorana fermions
generate a real Clifford algebra within the set of observables of a physical system admit-
ting Majorana fermions. If we have two sets of Majorana fermions then we expect their
combined system to be a tensor product. Here we see that only the graded tensor product

— 205 —



will produce the expected rule for the physical observables. This is one reason why it is
important to take a graded tensor product in the amalgamation axiom in the Dirac-von
Neuman axioms.

What about the Hilbert spaces representing states of a Majorana fermion? If we view
these as representations of an ungraded algebra then we encounter a famous paradox.
(For the moment, take the Hilbert spaces to be real.) C/;9 as an ungraded algebra has
irreducible representation R2. On the other hand, this is a system of two Majorana fermions
~v1 and 2 so we expect that each Majorana fermion has a Hilbert space H; and Ho and
moreover these are isomorphic, so H = H1 ® Ho implies that dimgrH, = dimgHo = V2.
This is nonsense! If we view the Hilbert space representations as complexifications of real
representations then the paradox evaporates with the use of the graded tensor products:
As irreducible representations we have:

R2? = RITQR! (23.68)

The situation is a bit more tricky if we use complex graded representations. The paradox
returns if we insist on using an irreducible representation of C/¢y, both in the graded and
ungraded cases. However, in the graded case we can say that the 7th DvIN axiom is satisfied
if the physical (graded) representation is

cthgctit ~cll' o ! (23.69)

Exercise Tensor product of modules
Let A and B be superalgebras with modules M and N, respectively. Show that the
rule

(a®b)- (man):=(—1)FIm(am) @ (bn) (23.70)
does indeed define M @ N as an A®B module. Be careful with the signs!

Exercise Left modules vs. right modules
Suppose A is supercommutative.
a.) Show that if (a,m) — L(a,m) is a left-module then the new product R : Ax M —
M defined by
R(a,m) := (=1)ldImIL(a,m) (23.71)

defines M as a right-module, that is,
R(ai, R(a2, m)) = R(aza1, m) (23.72)

b.) Similarly, show that if M is a right-module then it can be canonically considered
also to be a left-module.
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Because of this we will sometimes write the module multiplication on the left or the
right, depending on which order is more convenient to keep the signs down.

Exercise Representations of Clifford algebras

Show that
0 o! 0 o3
pler) = <01 0) ples) = (O_g 0) (23.73)

is a graded representation of C¢,o on R?2. Show that it is equivalent to the one given
above.

23.5 Free modules and the super-General Linear Group

Now let A be supercommutative. Then we can define a free right A-module, AP1 to be
APl = A®P @ (TLA)®P4 (23.74)

as a supervector space with the obvious right A-module action.
Since it is a free module we can choose a basis. Set n = p + ¢ and choose a basis e;,
1 <i<nwithe even for 1 <i<pandoddforp+1<i<p+qg=mn. Then we can
identify
A~ e A De,A (23.75)

We define the degree of e;a to be deg(e;) + deg(a) so that the even part of API7 is

(AP|‘1)0:elAO@...@epAO@ep+1A1@...@enAl (23.76)

Definition: If A is supercommutative we define GL(AP1%) to be the group of automor-
phisms of API2. Recalling that morphisms in the category of supervector spaces are parity-
preserving this may be identified with the group of invertible even elements in End 4(.A?!9).

We stress that even though GL(AP“]) is called a supergroup it is actually an honest
group. However, it is not an honest manifold, but actually a supermanifold.

It is useful to give a matrix description of these groups. We represent the general
element m of AP by m = e;a’, with 2 € A. Then the general module map T : AP14 — A"ls
is determined by its action on basis vectors:

T(ej) = Ea X, X% €A (23.77)

where é,, a =1,...,7r + s, are the generators of Arls,
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We say the matrix X with matrix elements X ; (which are elements of .A) where rows
and columns have a parity assigned is an (r|s) x (p|q) supermatriz.
If we choose a basis for API7 then we may represent an element m € APl by a column

vector

xl

(23.78)

xn

then the (active) transformation 7T is given by a matrix multiplication from the left with

AB
X = <C D) (23.79)

The supermatrix representing the composition of transformations 77075 is the ordinary

block form:

matrix product of X7 and Xo.
When T is an even transformation

A€ Mpyp(A®) B € Muyy(AY) (23.80)

C € Myxp(AY) D€ Myyy(AY) (23.81)

or, more informally, X is of the form:

<even odd) (23.82)

odd even
When T is an odd transformation
A€ Muypy(AY) B € My (A (23.83)

C € Myyp(A%) D€ Myyy(AY) (23.84)

or, more informally, X is of the form:

<odd even) (23.85)

even odd

Example 1: A = k. Then there are no odd elements in A and we have invertible
morphisms. This group of automorphisms of xPl¢ is isomorphic to GL(p; k) x GL(g; k)
and in a homogeneous basis will have block diagonal form

A0
(49 .

with A, D invertible.
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Example 2: A = x[f,...,0"] is a Grassmann algebra, then G L(AP!9) consists of matrices
(23.79) which are even, i.e. of the form (23.82), with A, D invertible, which is the same as
A, D being invertible modulo . (See Section §23.7 below.) For example

16
b .

1+6100 04
23.88
< 0y 1-— 9192> ( )

are examples of such general linear transformations. In fact they are both of the form
exp(Y’) for an even supermatrix Y. (Find it!)

Remarks

1. Note a tricky point: If T : APl4 — A"I5 is a linear transformation and we have chosen
bases as above so that T is represented by a supermatrix X then the supermatrix
representing a1’ is not a X o rather it is the supermatrix:

a1r><r 0 A B
( 0 (—1)|aa1m) (0 D) (23.89)

Similarly, the matrix representing T'a is not X ;a, rather it is the supermatrix:

AB alpxp 0
(C D)( 0 (—1)|aa1qxq> (23.90)

2. In Chapter 8 (7) we describe the relation between Lie groups and Lie algebras. Infor-
mally this is just given by the exponential map and Lie algebra elements exponentiate
to form one-parameter subgroups g(t) = exp(tA) of G. The same reasoning applies
to GL(AP9) and the super Lie algebra gl(AP%) is - as a supervector space - the same
as End(APl9).

23.6 The Supertrace

There are analogs of the trace and determinant for elements of End(AP19) with A super-
commutative.
For X € End(Ap|q) we define the supertrace on homogeneous elements by

STy A B\, Jtr(A)—tr(D) X even
STr(X) =ST (<0 D)) = {tr () + (D) X odd (23.91)
that is
STr(X) = tr (4) — (1) Xtr (D) e A (23.92)

The supertrace satisfies STr(X +Y) = STr(X) + STr(Y) so we can extend it to all of
End(AP!9) by linearity.
Now one can easily check (do the exercise!!) that the supertrace satisfies the properties:
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1. STr(XY) = (—1)XIVISTr(Y X) and therefore the supertrace of a graded commutator
vanishes. Note that the signs in the definition of the supertrace are crucial for this
to be true.

2. STr(aX) = aSTr(X).

3. If g is even and invertible then STr(g~'Xg) = STr(X). This follows from the cyclicity
property we just stated. Therefore, the supertrace is basis independent for a free
module and hence is an intrinsic property of the linear transformation.

Remark: In the case where A = k and we have a linear transformation on a supervector
space we can say the supertrace of T' € EndV is

STYT := Tr(PyT) (23.93)

In supersymmetric field theories Py, is often denoted (—1)%', where F is a fermion number
and the supertrace becomes Tr(—1)FT. These traces are very important in obtaining exact
results in supersymmetric field theories.

Exercise
a.) Show that in general
STY(T1T2> 7& STI‘(TQTl) (2394)

b.) Check that if 77,7 are homogeneous then

STr(T1T) = (—1)desTr-deeTe gy (7,77 ) (23.95)

23.7 The Berezinian of a linear transformation

sec:Berezinian ‘

Let A be supercommutative and consider the free A module APl9.

While the determinant of a matrix can be defined for any matrix, the the superdeter-
minant or Berezinian can only be defined for elements of GL(API?). If X € End(AP9) is
even and invertible then the value of Ber(X) lies in the subalgebra of invertible elements
of A%, which we can consider to be GL(A!).

The conditions which characterize the Berezinian are :

1. When X can be written as an exponential of a matrix X = expY’, with ¥ € End(APl)
we must have

Ber(X) = Ber(expY) := exp(STr Y) (23.96)
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2. The Berezinian is multiplicative:

Ber(X;X2) = Ber(X;)Ber(X2) (23.97)

Note that the two properties (23.96) and (23.97) are compatible thanks to the Baker-
Campbell-Hausdorff formula. (See Chapter 8 below.)

We can use these properties to give a formula for the Berezinian of a matrix once we
know the key result

Lemma Let A be supercommutative and 7 : A — Ayeq = A/IOdd. This defines a map
7 : End(AP17) — End(A"1%) (23.98)

by applying 7 to the matrix elements. Then: the supermatrix

AB
(42 s

1. Is invertible iff 7(A) and w(D) are invertible.
2. Is in the image of the exponential map iff 7(A) and = (D) are.

Proof: The proof follows closely that of the invertibility lemma above. Note that since X
is even then 7(X) is block diagonal so m(X) is invertible iff 7(A) and 7(D) are invertible.
If 7(X) is invertible then, since 7 is onto there is a Y € End(AP!7) so that 1 = 7(X)n(Y) =
7(XY). Then XY =1 — Z for some Z such that 7(Z) = 0. All the matrix elements of Z
are nilpotent so there is an N so that ZVT! = 0. Then Y(1 + Z +--- + ZV) is the inverse
of X.

By the same token if 7(X) = exp(a) then we can lift a to & € End(API7) and
m(Xexp[—a]) = 1 so Xexp[—a] =1 — Z where Z is nilpotent. Therefore 1 — Z = exp|[z] is
well-defined because the series for log(1 — Z) terminates. #.

Now — assuming that a Berezinian function actually exists — we can give a formula for
what it must be. From the first condition we know that when 7w (A), 7 (D) are in the image

A
Ber (‘4 O) _ det (23.100)

of the exponential map then

0 D] detD

Note that the entries of A and D are all even so in writing out the usual definition of
determinant there is no issue of ordering. Together with multiplicativity and the fact that
the exponential map is onto for GL(n, ) this determines the formula for all block diagonal
matrices.

Moreover, upper triangular matrices are in the image of the exponential once again
because all the matrix elements of B are nilpotent so that

log ((1) lf) =-> ( kl) <8 103) (23.101)

k=1
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terminates and is a well-defined series. Moreover it is clear that it has supertrace = 0, and

Ber( ((1) f)) —1 (23.102)

Ber( <é ?)) =1 (23.103)

Now for general invertible X we can write

AB 1 BD'Y\ (A-BD'C 0 1 0
<C’ D) - <o 1 ) ( 0 D) (ch 1) (23.104)

and hence multiplicativity implies

therefore

_det(A—BD™!C)  detA

o4-1 -1
Ber(X) = g = i pletl—AT'BD™IC) (23.105)

There is one more point to settle here. We have shown that the two properties (23.96)
and (23.97) uniquely determine the Berezinian of a supermatrix and even determine a
formula for it. But, strictly speaking, we have not yet shown that the Berezinian actually
exists, because we have not shown that the formula (23.105) is indeed multiplicative. A
brute force approach to verifying this would be very complicated.

A better way to proceed is the following. We want to prove that Ber(gh) = Ber(g)Ber(h)
for any two group elements g, h. Let us consider the subgroups G*, G% G~ of upper tri-
angular, block diagonal, and lower triangular matrices:

1B
GT={X:X= (o 1)} (23.106)

A0
GO'={X:X= (0 D)} (23.107)

_ 10
G ={X:X= (C 1)} (23.108)

Any group element can be written as g = gt¢%~ where ¢™° € G*°. So now we need
to consider gh = ¢gT¢°¢g~hTh°h~. It would be very complicated to rewrite this again
as a Gauss decomposition. On the other hand, it is completely straightforward to check
multiplicativity of the formula for products of the form ¢k, ¢k, kg", and kg~ for any k
and ¢ € G0, For example, to check multiplicativity for g™k we write

1B\ (AB A+ B'C B+ B'D
(01)(01;)—( BB ) (23,109

and now we simply note that

det((A+ B'C) — (B+ B'D)D™'C) = det(A — BD™'C) (23.110)
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The other cases are similarly straightforward. (Check them!!) Therefore, to check multi-
plicativity we need only check that multiplicativity for products of the form g~h™. There-
fore we need only show

1 B
B 1 93.111
er(Cl—l—CB) (23.111)

10\ (1B 1 B
(C 1) (o 1) - <C’ 1+CB) (23.112)

This is not completely obvious from (23.105). Nevertheless, it is easily shown: Note that

because

the matrix in (23.111) is in the image of the exponential map. But it is trivial from the
relation to the supertrace that if g = exp(Y) then Ber(g!) = (Ber(g))~!. On the other

hand,
-1
1 B 1+ BC —B
= 23.11
<01+CB> ( -C 1) (23.113)

and applying the formula (23.105) to the RHS trivially gives one.

Finally, we remark that from the multiplicativity property it follows that Ber(¢g~' X g) =
Ber(X) and hence the Berezinian is invariant under change of basis. Therefore, it is intrin-
sically defined for an even invertible map 7' € End(APl9).

Exercise
Let a, B € C*. Evaluate

Ber (;‘ 961) (23.114)
2

Using both of the expressions above.

Exercise
Show that two alternative formulae for the Berezinian are

B detA ~ detA
~ det(D - CA-1B)  detD
Note that the equality of (23.105) and (23.115) follows because

Ber(X) (det(1 — D~'CA™'B))™! (23.115)

det(1 — A™'BD™'C) = (det(1 — D~'CA™'B))™! (23.116)

and this in turn is easily established because both matrices are 1 + Nilpotent and hence
in the image of the exponential map and since A~'B and D~!'C are both odd we have

STr(A"'BD'C)* = —STr(D'CA™'B)* (23.117)
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This in turn gives another easy proof of multiplicativity, once one has reduced it to (23.111),
which follows immediately from (23.115).

Exercise
Let a, 8 € C*. Evaluate

Ber (90‘ %) (23.118)
2

Using both of the expressions above.

23.8 Bilinear forms

Bilinear forms on super vector spaces b : V ® V — k are defined as in the ungraded case:
b is a bilinear morphism of supervector spaces.

It follows that b(z,y) = 0 if  and y in V' are homogeneous and of opposite parity.

We can identify the set of bilinear forms with V'V ® VV. We can then apply super-
symmetrization and super-antisymmetriziation.

Thus, symmetric bilinear forms have a very important extra sign.

b(z,y) = (=1)Wp(y, ) (23.119)

This means b is symmetric when restricted to V? x V? and antisymmetric when restricted
to VI x V1,
Similarly, antisymmetric bilinear forms have the reverse situation:

b(x,y) = (1) ¥p(y, 2) (23.120)

This means b is anti-symmetric when restricted to V? x V° and symmetric when restricted
to VI x Vi

The definition of a nondegenerate form is the same as before. A form is nondegenerate
iff its restrictions to VO x VO and V! x V! are nondegenerate. Therefore, applying the
canonical forms of symmetric and antisymmetric matrices we discussed in Section §20 above
we know that if Kk = R and b is a nondegenerate Zo-graded symmetric form then there is
a basis where its matrix looks like

L, 0 0 O
0 -1, 0 O
= 23.121
@ 0 0 0 -1, ( )
0 0 1,, O

The automorphisms of the bilinear form are the even invertible morphisms g : V. — V'
such that
b(gv, gw) = b(v,w) (23.122)
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for all v,w € V. This is just the group O(r, s) x Sp(2m;R).
As with the general linear group, to define more interesting automorphism groups
of a bilinear form we need to consider bilinear forms on the free modules AP over a
supercommutative superalgebra A.
Definition: Let 4 be a superalgebra. A bilinear form on a (left) A-module M is a
morphism of supervector spaces
M®M-— A (23.123)

such that
b(am,m’) = ab(m,m’) b(m,am’) = (—=1)l™lgb(m, m') (23.124)

Now, if we apply this to the free module API7 over a supercommutative algebra A
(which can be considered to be either a left or right .A-module then we have simply

ab(m,m’) = b(am,m’) b(ma, m’) = b(m,am’) b(m,m'a) = b(m,m')a
(23.125)
The automorphism group of b is the group of g € End(Ap‘q) which are even and
invertible and for which
b(gm, gm’) = b(m,m’) (23.126)

for all m,m’ € APl9. In the case where b is a nondegenerate Zs-graded symmetric on API7
we define an interesting generalization of both the orthogonal and symplectic groups which
plays an important role in physics. We could denote it OSp4(API?).

Using ideas from Chapter 8, discussed for the super-case in Chapter 12, we can use this
discussion to derive the superLie algebra in the case where we specialize to a Grassmann
algebra A = R[0',...,07]/I so that A,.q = R. If b is nondegenerate then on the reduced
module RP19 (where ¢ and ¢ are not related) it can be brought to the form (23.121), so
p=r+sand ¢ = 2m. Writing g(t) = e and differentiating wrt ¢ at t = 0 we derive the
Lie algebra of the supergroup. It is the subset of End(APl9) such that

b(Am,m') + b(m, Am’) =0 (23.127)

If we finally reduce this equation mod nilpotents we obtain an equation on End(]R’"q).
That defines a Lie algebra over R which is usually denoted osp(r, s|2m; R).

23.9 Star-structures and super-Hilbert spaces

There are at least three notions of a real structure on a complex superalgebra which one
will encounter in the literature:

1. It is a C-antilinear involutive automorphism a + a*. Hence deg(a*) = deg(a) and
(ab)* = a*b*.

2. Tt is a C-antilinear involutive anti-automorphism. Thus deg(a*) = deg(a) but

(ab)* = (—1)lalllp*g* (23.128)
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3. It is a C-antilinear involutive anti-automorphism. Thus deg(a*) = deg(a) but

(ab)* = b*a* (23.129)

If A is a supercommutative complex superalgebra then structures 1 and 2 coincide:
a — a* is the same as a — a*. See remarks below for the relation of 2 and 3.

Definition A sesquilinear form h on a complex supervector space Hisamap h : HxH — C
such that

1. It is even, so that h(v,w) = 0 if v and w have opposite parity

2. It is C-linear in the second variable and C-antilinear in the first variable

3. An Hermitian form on a supervector space is a sesquilinear form which moreover
satisfies the symmetry property:

(h(v,w))* = (=) p(w, v) (23.130)
4. If in addition for all nonzero v € H°
h(v,v) >0 (23.131)
while for all nonzero v € H!
i h(v,v) > 0, (23.132)

then H endowed with the form h is a super-Hilbert space.

For bounded operators we define the adjoint of a homogeneous linear operator T :
H — H by
hT*v, w) = (—1) TV (v, Tw) (23.133)

The spectral theorem is essentially the same as in the ungraded case with one strange
modification. For even Hermitian operators the spectrum is real. However, for odd Her-
mitian operators the point spectrum sits in a real subspace of the complex plane which is
not the real line! If T' is odd then an eigenvector v such that Tv = Av must have even and
odd parts v = ve + v,. Then the eigenvalue equation becomes

Tv. = Av,

(23.134)
Tv, = AVe
Now the usual proof that the point spectrum is real is modified to:
)‘*h(vm Uo) = h()\vm UO) = h(TUea Uo) = h(vea Tvo) = )\h(’Ue,Ue) (23.135)

A h(Ve, ve) = h(Ave, ve) = h(T0o,ve) = —h(vo, TVe) = —Ah(vo, o)

These two equations have the same content: Since v # 0 and we are in a superHilbert
space it must be that
h(Ve, ve) = i~ h(vg, Vo) > 0 (23.136)
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Figure 16: When the Koszul rule is consistently implemented odd super-Hermitian operators have
a spectrum which lies along the line through the origin which runs through 1 + 4.

and therefore the phase of A is determined. It lies on the line passing through e™/* =
(1+414)/+/2 in the complex plane, as shown in Figure 16

Example: An example of a natural super-Hilbert space is the Hilbert space of L2-spinors
on an even-dimensional manifold with (—1)f" given by the chirality operator. An odd self-
adjoint operator which will have nonhomogeneous eigenvectors is the Dirac operator on an
even-dimensional manifold. One usually thinks of the eigenvalues as real for this operator
and that is indeed the case if we use the star-structure *, number 3 above. See the exercise
below.

Remarks

1. In general star-structures 2 and 3 above are actually closely related. Indeed, given a
structure a — a* of type 2 we can define a structure of type 3 by defining either

N a* la]=0
a* = (23.137)
ia* ol =1

or

* -0
ool (23.138)
—ia* |a| =1

It is very unfortunate that in most of the physics literature the definition of a star
structure is that used in item 3 above. For example a typical formula used in manip-
ulations in superspace is

010 = 020, (23.139)

and the fermion kinetic energy

/ dti&%gﬁ (23.140)
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is only “real” with the third convention. The rationale for this convention, especially
for fermionic fields, is that they will eventually be quantized as operators on a Hilbert
space. Physicists find it much more natural to have a standard Hilbert space struc-
ture, even if it is Zg-graded. On the other hand, item 2 implements the Koszul rule
consistently and makes the analogy to classical physics as close as possible. So, for
example, the fermionic kinetic term is

/dtwizp (23.141)

and is “manifestly real.”

Fortunately, as we have just noted one convention can be converted to the other, but
the difference will, for example, show up as factors of ¢ in comparing supersymmetric
Lagrangians in the different conventions, as the above examples show.

Exercise
a.) Show that a super-Hermitian form h on a super-Hilbert space can be used to define
an ordinary Hilbert space structure on H by taking H" 1 H! and taking

(v,w) := h(v,w) v,w € H° (23.142)
(v,w) := i h(v,w) v,w € H! '

b.) Show that if T is an operator on a super-Hilbert-space then the super-adjoint T*
and the ordinary adjoint T'f, the latter defined with respect to (23.142), are related by

, {T* T| =0
T

= (23.143)
iTt T =1

c.) Show that T — T7 is a star-structure on the superalgebra of operators on super-
space which is of type 3 above.

d.) Show that if T is an odd self-adjoint operator with respect to * then e /AT is an
odd self-adjoint operator with respect to t. In particular e~“/4T has a point spectrum in
the real line.

—im/4

e.) More generally, show that if a is odd and real with respect to * then e a is real

with respect to * defined by (23.138).

23.9.1 SuperUnitary Group

Let us return to a general finite-dimensional Hermitian form on a complex supervector-
space. Restricted to V' it can be brought to the form Diag{+1,, —1s} while restricted
to the odd subspace it can be brought to the form Diag{+1;, —1,}. The automorphism
group of (V, h) is therefore U(r,s) x U(t,u). If we consider instead a free module A"
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over a supercommutative algebra A (where A is a vector space over k = C) we can still
define an Hermitian form h : A" ™ x A"e™ — A, If A..q = C and h is of the above type
with n. = r + s and n, = t + u then the automorphism group of h is Ua(r, s|p, q). If we
derive the Lie algebra and reduce modulo nilpotents we then obtain the super Lie algebra
u(r, s|p, ¢; C) which is the subset of End(C"!")

h(Av,v') + (—=D)API 0, Av") = 0 (23.144)

i.e u(r,s|p,q) is the real super Lie algebra of super-anti-unitary operators. We will say
much more about this in Chapter 12.

Exercise Fized points

Let 0,5, and n;, be diagonal matrices...

Show that u(r, s|p, q) the the set of fixed points of the antilinear involution ...
& FILLIN &

23.10 Functions on superspace and supermanifolds
23.10.1 Philosophical background

Sometimes one can approach the subjects of topology and geometry through algebra and
analysis. Two famous examples of this are

1. Algebraic geometry: The geometry of vanishing loci of systems of polynomials can
be translated into purely algebraic questions about commutative algebra.

2. Gelfand’s Theorem on commutative C*-algebras

We now explain a little bit about Gelfand’s theorem:

There is a 1-1 correspondence between Hausdorff topological spaces and commutative
C*-algebras.

If X is a Hausdorff topological space then we can form Cy(X), which is the space of
all continuous complex valued functions f : X — C which “vanish at infinity.” What this
means is that for all € > 0 the set of x € X so that |f(z)| > € is a compact set. This is a
C*-algebra with involution f — f* where f*(z) := (f(x))* and the norm is

| £ l:= supgex|f(z)] (23.145)

Then there is a 1-1 correspondence between isomorphism classes of topological spaces and
isomorphism classes of commutative C*-algebras.
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The way one goes from a commutative C* algebra A to a topological space is that one
defines A(A) to be the set of - any of

a.) The C*-algebra morphisms x : A — C.

b.) The maximal ideals

c.) The irreducible representations.

For a commutative C* algebra the three notions are equivalent. The space A(.A) carries
a natural topology since there is a norm on linear maps A — C of Banach spaces. It turns
out that A(A) is a Hausdorff space. Gelfand’s theorem then says that Cy(A(A)) is in fact
isomorphic as a C* algebra to A, while A(Cy(X)) is homeomorphic as a topological space
to X.

The correspondence is very natural if we interpret a,b,c in terms of A = Cy(X). then,
given a point x € X we have

a.) The morphism x, : f — f(x)

b.) The maximal ideal m, = ker(xz) = {f € Co(X)|f(x) =0}

c.) The representations p,(f) = f(x).

Remarks:

1. As asimple and very important example of how geometry is transformed into algebra,
a continuous map of topological spaces f : X — Y isin 1-1 correspondence with a C*-
algebra homomorphism ¢ : Co(Y) = Co(X), given by the “pullback”: ¢¢(g) := gof.
We are going to exploit this idea over and over in the following pages.

2. Notice that if X is just a finite disjoint union of n points then Co(X) = C @ --- @
C is finite-dimensional, and if X has positive dimension then Cp(X) is infinite-
dimensional.

3. Now, on a vector space like R™ the symmetric algebra S®(R™) can be interpreted
as the algebra of polynomial functions on R™. These are dense (Stone-Weierstrass
theorem) in the algebra of continuous functions Cy(R™).

Algebraic geometry enhances the scope of geometry by considering more general com-
mutative rings. Perhaps the simplest example is the “thickened point.” (The technical term
is “connected zero dimensional nonreduced scheme of length 2.”) The “thickened point” is
defined by saying that its algebra of functions is the commutative algebra D = C[n]/(n?).
As a vector space it is C @ Cn and the algebra structure is defined by n?> = 0. This is an
example of an algebra of functions on a “thickened point.” How do we study the “thick-
ened point” 7 Let us look at maps of this “point” into affine spaces such at C™. Using
the philosophy motivated by the mathematics mentioned above a “map from the thickened
point into C™” is the same thing as an algebra homomorphism ¢ : C[t!,... "] — D where
we recall that C[t!, ... #"] is just the algebra of polynomials. Such a homomorphism must
be of the form

P s o(P) = ¢1(P) + ¢2(P)y (23.146)

- 220 —



Since this is an algebra homomorphism ¢, @2 are linear functionals on the algebra of
polynomials and moreover ¢(PQ) = ¢(P)p(Q) implies that

P1(PQ) = p1(P)p1(Q)

(23.147)
02(PQ) = ¢1(P)p2(Q) + 01(Q)p2(P)

The first equation tells us that ¢; is just evaluation of the polynomial at a point t; =
(t(l), ..., t3). The second is then precisely the algebraic way to define a vector field at that
point! Thus

"0
pa(P):=> o' =Pl (23.148)
=1

Therefore, for every “map from the thickened point to C™” we associate the data of a point
to € C" and a vector field at that point. This amply justifies the term “thickened point.” An
obvious generalization is to consider instead the commutative algebra Dy = C[n]/(n').
These give different “thickened points.” Technically, this is the ring of functions on a
“connected zero dimensional nonreduced scheme of length N” which we will just call a
“thickened point of order N — 1.” In this case a map into C™ is characterized by a suitable
linear functional on the set of Taylor expansion coefficients of f around some point .

Noncommutative “geometry” develops this idea by starting with any (C*-) algebra
A, not necessarily commutative, and interpreting A as the “algebra of functions” on some
mythical “noncommutative space” and proceeding to study geometrical questions trans-
lated into algebraic questions about A. So, for example, if A = M, (C) is the algebra of
n X n matrices then there is only one maximal ideal, and the only algebra homomorphism
to M,(C) — Cis ¢(M) =0, so M,(C) is the set of functions on a “space” which is a kind
of “nonabelian thickened point.”

23.10.2 The model superspace R/

Supergeometry is a generalization of algebraic geometry and a specialization of general
noncommutative geometry where the algebras we use are supercommutative.

A superpoint has a real or complex algebra of functions given by a Grassmann algebra
Grass[f!,...,09], depending on whether x is R or C, respectively.

Note that this algebra is just S®(R%?) where we use the Zy-graded symmetric algebra.
We can say there are ¢ odd coordinates and we are considering polynomial functions of
these coordinates.

This motivates the definition of the superspace RP!? as the “space” whose super-algebra
of polynomial functions is

S®(RPI) (23.149)

where we take the Zs-graded symmetric algebra. As a Zs-graded vector space this algebra
is just
S*(RPIO)@A® (R?) (23.150)

(Here we view A®(R7) = A®¥(R7) @ A°9(RY) as a Zy-graded vector space.)
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Given a choice of basis {6*,...,0} of R4 a general super-polynomial on RPl¢ can be
written as 1 1
O = ¢o+ ¢if + 5%@-29“9“'2 4+ E@I...iﬂ“ gl (23.151)

where the ¢;, . ;. are even, totally antisymmetric in 1, ..., %y, and for fixed i1,...,,, are
polynomials on RPI0.

Given an ordered basis {#',...,09} of R we can furthermore introduce a multi-index
I = (i1 <ig < -+ < i) where we say I has length k, and we write |I| = k. We denote
I = 0 for the empty multi-index. Then we can write

o= ¢10' (23.152)
1

where the ¢; are ordinary even polynomials on RP.

Similarly, we can extend these expressions by allowing the ¢; to be smooth (not just
polynomial) functions on RP and then we define the algebra of smooth functions on Rpla
to be the commutative superalgebra

COO(Rplq) — COO(RP)(@S‘(ROW)

5 AU (23.153)
= C®(RP)[0,...,0)/(6°¢7 + 699" = 0)

An element of C*°(RP!9) was called by Wess and Zumino a “superfield.” The idea is
that we have a “function” of (z,) where z = (z!,...,2P) and “Taylor expansion” in the
odd coordinates must terminate so

O(x,0) =Y ¢r(x)0’ (23.154)
I

where ¢7(z) are smooth functions of . Trying to take this too literally can lead to confusing
questions. What is a “point” in a superspace? Can we localize a function at the coordinate
%9 instead of 62 What is the “value” of a function at a point on superspace? One way of
answering such questions is explained in the remark below about the “functor of points,”
but often physicists just proceed with well-defined rules and get well-defined results at the
end, and leave the philosophy to the mathematicians.

23.10.3 Superdomains

The official mathematical definition of a supermanifold, given below, makes use of the idea
of sheaves. To motivate that we first define a superdomain UP!1 to be a “space” whose
superalgebra of functions is analogous to (23.155):

CoUPIT) .= C®(U)RS* (R1)

o S (23.155)
= C®(U)[BY, ..., 09/(6°07 + 690 = 0)

where U C RP is any open set. Denote OPI9(U) := C®(UP14). When V C U there is a
well-defined morphism of superalgebras

ruy : OPU) — OPla(V), (23.156)
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given simply by restricting from U to V' the smooth functions ¢y on U. These morphisms are
called, naturally enough, the restriction morphisms. Note that they are actually morphsims
of superalgebras. It is often useful to denote

ru—v(®) = @|y. (23.157)
The restriction morphisms satisfy the following list of fairly evident properties:

1. ry_y = Identity.

2. ((I)|V)‘W = (I)|W when W CV CU.

3. Suppose U = U,U, is a union of open sets and &1, &y € OPI4(U). Then if (&1)|y, =
(®2)|y, for all @ we can conclude that ®; = ®,.

4. Suppose U = U, U, is a union of open sets and ®,, is a collection of elements &, €

OPl4(U,,). Then if, for all o, 3,

(Pa)|vanuy = (8)|vanug (23.158)

then we can conclude that there exists a ® € OPI9(U) such that (®)|y, = Pq.

23.10.4 A few words about sheaves

The properties we listed above for functions on superdomains are actually a special case of
a defining list of axioms for a more general notion of a sheaf. Since this has been appearing
in recent years in physics we briefly describe the more general concept.

Definition

a.) A presheaf F on a topological space X is an association of a set F(U) to every
open set %% U C X such that there is a coherent system of restriction maps. That is,
whenever V' C U there is a map ry_y so that

rUU = Identity VW OTU=YV = TU—=W WcvcU (23.159)

b.) Elements f € F(U) are called sections over U. If V.C U we denote ry_v(f) :=
flv.

c.) A sheaf F on a topological space is a presheaf which moreover satisfies the two
additional properties when U = U,U,, is a union of open sets:

1. If f,g € F(U) and for all o, flv, = glv,,, then f = g.

2. If for all o we are given f, € F(Uy,) such that for all o, 8 we have (fa)lv,nu, =
(f8)|luanu, then there exists an f € F(U) so that f|y, = fa-

A good example is the sheaf of C* functions on a smooth manifold. Another good ex-
ample is the sheaf of holomorphic functions (The extension axiom is analytic continuation.)

56Technically @ is an open set. We should define F (D) to be the set with one element. If we have a sheaf
of groups, then it should be the trivial group. etc.
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In many common examples the sets F(U) in a sheaf carry some algebraic structure. Thus,
we assume there is some “target” category C so that F(U) are objects in that category. So,
if C = GROUP then F(U) is a group for every open set, and we have a sheaf of groups; if
C = ALGEBRA is the category of algebras over x then we have a sheaf of algebras, etc.

If F and G are two sheaves on a topological spaces X then a morphism of sheaves is
the data of a morphism (in the category C where the sheaf is valued) ¢(U) : F(U) — G(U)
for every open set U C X. Note this must be a morphism in whatever target category
C we are using. Thus, if we have a sheaf of groups, then for each U, ¢(U) is a group
homomorphism, and if we have a sheaf of algebras ¢(U) is an algebra homomorphism, etc.
Moreover, the morphisms must be compatible with restriction maps:

o(V) oty =1y 0 6(U) (23.160)

We can also speak of morphisms between sheaves on different topological spaces X and
Y. To do this, we first define the direct image sheaf. Given a continuous map ¢ : X — Y
and a sheaf 7 on X we can define a new sheaf ¢, (F) on Y. By definition if U is an open
set of Y then

p(F)(U) = Fp~(U)) (23.161)

Now a morphism of sheaves (X,F) — (Y,G) can be defined to be a continuous map
¢ : X =Y together with a morphism of sheaves over Y, ¢ : G — . (F).

Finally, we will need the notion of the stalk of a sheaf at a point g. If you are familiar
with directed limits then we can just write

= i 23.162
Flp) = Jim F(U) (23.162)
What this means is that we look at sections in infinitesimal neighborhoods of p and identify
these sections if they agree. To be precise, we consider L.,c F(U) and identify fi € F(Uy)
with fo € F(Us) if there is an open set p € W C Uy N Uy such that fi|w = fo|w. So, with
this equivalence relation
Flp) =UypevF(U)/ ~ (23.163)

Example: Consider the sheaf of holomorphic functions on C. Then the stalk at zg can
be identified with the set of formal power series expansions at zy. For the sheaf of C*
functions on a manifold the stalk at @ is just R.

Finally, with these definitions we can say that the superdomains U?? defined above
describe a sheaf of Grassmann algebras OP!7 with value on an open set U C RP given by
the Grassmann algebra

OPl(U7) = ¢ (UPlT) = ¢ (U)&S* (RV9) (23.164)
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A super-change of coordinates is an invertible morphism of the sheaf OPl9 with itself.
Concretely it will be given by an expression like

1= fott, . R0t ., 07) a=1,...,p

_ . 23.165
6F =it .. P10, ..., 09) i=1,...,q ( )

where f¢ are even elements of C>®(RP%) and 1" are odd elements of C>(RPI%), respectively.

Exercise Alternative definition of a presheaf

Given a topological space X define a natural category whose objects are open sets
U C X and whose morphisms are inclusions of open sets.

Given any category C show that a presheaf with values in C can be defined as a
contravariant functor from the category of open sets in X to C.

Exercise
Show that the stalk of OPl¢ at a point p € RP is the finite-dimensional Grassmann
algebra A*(R?) over R.

23.10.5 Definition of supermanifolds

One definition of a supermanifold is the following:

Definition A supermanifold M of dimension (p|q) is an ordinary manifold M,eq with a
sheaf F of Grassmann algebras which is locally equivalent to the supermanifold RP17. That
is, near any p € M,eq there is a neighborhood p € U so that the restriction of the sheaf to
U is equivalent (isomorphism of sheaves) to a superdomain 19,

In this definition M,.q is the called the “reduced space” or the “body” of the super-
manifold. The sheaf F of Grassmann algebras has a subsheaf Z°4 generated by the odd
elements and the quotient sheaf F/Z° is the sheaf of C> functions of the reduced space
Mred-

There is a second (equivalent) definition of supermanifolds which strives to make a
close parallel to the definition of manifolds in terms of atlases of charts.

We choose a manifold M of dimension p and define a super-chart to be a pair (Z/{p‘q, c)
where ¢ : U — M is a homeomorphism. Then a supermanifold will be a collection of

supercharts ( g'q,ca) so that if co(Us) N cs(Us) = Uyp is nonempty then there is a
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change of coordinates between coordinates (t,...,th|0L,...,0%) on OPlI(c; (Uypg)) and
(thy .- t5l0%, ..., 0F) on Op‘q(cgl(ﬁag)) given by a collection of functions:

te = fag(th, - 1505, ..., 05) a=1,...,p

v . . , (23.166)
0, = Gig(th,....t5]0%,....0%) i=1....q

where fg5 are even elements of C®(RP19) and 1/135 are odd elements of C*°(RPI9), respec-
tively. These maps need to be invertible, in an appropriate sense, and they need to satisfy
a version of the cocycle identity when there are nonempty triple overlaps co(Ua) Neg(Ug) N
cy(U,). For a more careful discussion see Chapter III of Leites.

Example A good example of a nontrivial supermanifold is super-complex projective space
CP™" The reduced manifold is just CP™. Recall that CP™ is the space of complex
lines in C™*! and can be thought of as the set of nonzero points (X°,..., X™) € C™*+!
modulo the scaling action X4 — AX“. We denote the equivalence class by [X°: ... : X™].
Informally, we can define CP™" as the “set of points” (X©,...,X™|A%,...,0") € Ccmtlin
with (X©,..., X™) # 0 again with identification by scaling

(XY X™e ) ~ XY XM e ) (23.167)

To make proper sense of this we could define a standard superatlas by choosing the usual
atlas on CP™ defined by the nonvanishing of one of the homogeneous coordinates

Ugp == {[X°: X1 .. X™])| X # 0} a=0,...,p (23.168)
so local coordinates are given by t4 := X4/X®. (Note that t& = 1 is not a coordinate, so
coordinates are given by A =1,..., m omitting «.) Then the supermanifold has

F(Us) = C®(Ua)[BL,. .., 00/ (61,69, + 69,65, = 0) (23.169)
and on U,g we have the change of coordinates
X8
X8 (23.170)

(You can put A = « to learn that ?g—i = 1/t3 to get the honest formula.)

Now we can go on to produce more nontrivial examples of supermanifolds by choosing
homogeneous even polynomials P(X A[Gi) and dividing the sheaf by the ideal generated by
these.

For example, see 57 for an interesting discussion of the sub-supermanifold of CP22
defined by

X34+ X3+ X3 4+60105=0 (23.171)

Remarks

5TE. Witten, “Notes on Supermanifolds and Integration,” arXiv:1209.2199, Section 2.3.1
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1. In general there is no reality condition put on the odd generators #°. Therefore,
it is natural to consider a supermanifold RPI*? where the ring of functions can be
expanded as above but only ¢q is real, and all the other ¢; with |I| > 0 are complex
polynomials. Gluing these together gives a cs-supermanifold.

2. More philosophy: The functor of points. There is a way of speaking about “points
of a supermanifold” which is a generalization of a standard concept in algebraic
geometry. We first give the background in algebraic geometry. For simplicity we just
work with a ground field k = C. There is a generalization of algebraic varieties known
as “schemes.” Again we characterize them locally by their algebras of “polynomial
functions,” but now we are allowed to introduce nilpotents as in the “thickened point”
example discussed above. To characterize the “points” on a scheme X we probe it
by taking an arbitrary scheme S and consider the set of all morphisms of schemes
Hom(S, X). The set Hom(S, X) is, roughly speaking, just the homomorphisms from
the algebra of functions on X to the algebra of functions on S. In this context the
set Hom(S, X) is called the set of S-points of X. Now, the map X — Hom(S, X) is
(contravariantly) “functorial in S.” This means that if f: S — S’ is a morphism of
schemes then there is a natural morphism of sets Fx(f) : Hom(S’, X) — Hom(S, X).
Therefore, given a scheme X, there is a functor Fx from the category of all schemes
58 to the category of sets, Fy : SCHEME®PP — SET defined on objects by

Fx : S~ Hom(S, X) (23.172)

This functor is called the functor of points. If we let the “probe scheme” S be a point
then its algebra of functions is just C and Fx(S) = Hom(S, X) is the set of algebra
homomorphisms from functions on X to C. That is, indeed the set of points of the
underlying topological space X,eq of X. More generally, if S is an ordinary algebraic
manifold then we should regard Fx(S) as a set of points in X parametrized by S. Of
course, we could probe the scheme structure of X more deeply by using a more refined
probe, such as a nonreduced point of order N described above. In fact, if we use too
few probe schemes S we might miss structure of X, therefore mathematicians use
the functor from all schemes S to sets. Now, a key theorem justifying this approach
(known as the Yoneda theorem) states that:

Two schemes X and X' are isomorphic as schemes iff there is a natural transforma-
tion between the functors Fx and Fx.

Now, we can apply all these ideas to supermanifolds with little change. If M is a
supermanifold, and S = R then the set of S-points of M is precisely the set of
points of the underlying manifold M,;qq.

We will not go very deeply into supermanifold theory but we do need a notion of vector
fields:
58actually, the opposite category SCHEME°PP
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23.10.6 Supervector fields and super-differential forms

In the ordinary theory of manifolds the space of vector fields on the manifold is in 1-1
correspondence with the derivations of the algebra of functions. The latter concept makes
sense for supermanifolds, provided we take Zs-graded derivations, and is taken to define
the super-vector-fields on a supermanifold.

For C*°(RP!9) the space of derivations is a left supermodule for C*°(RP!9) generated by

9 9 0 9
ott’ ot 99t 964

where we have to say whether the odd derivatives act from the left or the right. We will

(23.173)

take them to act from the left so, for example, if ¢ = 2 then

0

—® = ¢ + ¢120°
831 (23.174)
wq) = 2 — 120"

In general, for any ¢ € {1,..., ¢} we can write always expand ® in the form ¢ = ZI:i¢](¢1¢9[+
(;51,19“«91) and then

9 I
557 = 1%:1 bi.r0 (23.175)

A simple, but important lemma says that the OP17 module of derivations is free and of
dimension (p|q).

Defining differential forms turns out to be surprisingly subtle. The problems are related
to how one defines a grading of expressions like df’ and, related to this, how one defines
the exterior derivative. There are two (different) ways to do this.

One way to proceed is to consider the “stalk” of the tangent sheaf TRPI? at a point .

This is a module for the real Grassmann algebra Grass[f!, ..., 09). (That is, the coefficients
of a%l and 8(31 are functions of 6 but not of the t%, because we restricted to a point p.)

The dual module is denoted QlRpM(p). There is an even pairing

TR () @ Q'RPI(p) — OPl9(p) (23.176)
The pairing is denoted (v,w) and if ®1, P9 are superfunctions then

(@10, Dow) = (—1)VI1%21H, By (v, w) (23.177)
If we have a system of coordinates (t*|0%) then Q'RPI%(p) is a free module of rank (p|q)

generated by symbols dt® and df*. Thus,

0

0
<@7

by _ sb
dt>*5a <8027

g7y = &} (23.178)

and so forth.
Now, to define the differential forms at the point o we take the exterior algebra of
Q'RP4(p) to define
QR (p) .= A (' RPI(p)) (23.179)
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where - very importantly - we are using the Zs-graded antisymmetrization to define A®.
Thus, the generators dt® are anti-commuting (as usual) while the generators df’ are com-
muting. The stalks can be used to define a sheaf Q*RPIY and the general section in
Q*RPI9(U) is an expression:

P o0
Z Z War,.oapsin,e.. ig At - - dt*df"™ - - - d§* (23.180) ’ eq:GenSuperFoz
k=0 ¢=0
where Wy, ... ap:i1,...,i, are elements of Op‘q(U) which are totally antisymmetric in the aq, ..., ax
and totally symmetric in the iq,..., .

If we consider dt® to be odd and df' to be even then expressions such as (23.180) can
be multiplied. Then, finally, we can define an exterior derivative by saying that d : OPl¢ —
QIRPI takes d : t% — dt® and d : 6 — df® and then we impose the super-Leibniz rule

d(wlwg) = dwiws + (—1)|w1|w1dw2 (23.181)

It is still true that d®> = 0 and we have the Super-Poincaré lemma: If dw = 0 in Q*RPI?

then w = dn.

Remarks

1. We are following the conventions of Witten’s paper cited below. For a nice interpre-
tation of the differential forms on a supermanifold in terms of Clifford and Heisenberg
modules see Section 3.2. Note that with the above conventions

d(0'6%) = 6%do* — 6'ap? (23.182)

2. However, there is another, equally valid discussion which is the one taken in Deligne-
Morgan. The superderivations define a sheaf of super-modules for the sheaf OPI9  gavend fatex

command doesn’t

and it is denoted by TR?19. Then the cotangent sheaf, denoted Q'RP? is the dual ok unfortumately

. .. &
module with an even pairing:

TRP @ Q'RPl4 — oPla (23.183)
The pairing is denoted (v,w) and if ®;, $o are superfunctions then
(@10, Bow) = (—1)I®2lD Dy (v, w) (23.184)

It we have a system of coordinates (£|f) then Q' freely generated as an OPld-module
by dt® and df’.

Now we define a differential d : OPl7 — QYRPl4 to be an even morphism of sheaves of
super-vector spaces by

(v, df) :==v(f) (23.185)
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In particular this implies
d(0'6%) = —0%do* + 6'de? (23.186)

The issue here is that Q*RP!? is really bigraded by the group Z & Zy. It has “coho-
mological degree” in Z coming from the degree of the differential form in addition to
“parity.” In general, given vector spaces which are Z-graded and also Zs-graded, so
that V = V%@ V! as a super-vector-space, and V0 and V! are also Z-graded, then
there are two conventions for defining the commutativity morphism:

cvw VoW sWaeV (23.187)

1. We have the modified Koszul rule: cyyy : v @w s (—1)IvHHdes@)(wltdegw))y g 4,
where deg(v), deg(w) refer to the integer grading.

2. We have the modified Koszul rule: cyw : v ® w — (—1)‘”””‘+deg(”)deg(w)w ® .

In convention 1 we have simply taken a homomorphism of the Z & Zs grading to Zs.
In our notes we have adopted the first convention in making d odd. This makes d6’
even because we sum the degree of d (which is one) with the degree of 6 (which is
one modulo two) to get zero, modulo two. In the second convention it would still be
true that the df’ commute with the d6’, but for a different reason. Convention 2 is
adopted in Deligne-Morgan, for reasons explained on p.62.

Exercise

Suppose that M is a manifold and T'M is its tangent bundle. Let IIT'M be the
supermanifold where the Grassmann algebra is the Grassmann algebra of the sections of
TM.

Show that the C* functions on T'M can be identified with the DeRham complex of
the bosonic manifold 2° and, under this correspondence, write d as a supervector field on
C>(IITM).

This observation is often used in applications of supersymmetric field theory to topo-
logical invariants.

Exercise

a.) Show that the graded commutator of super-derivations is a superderivation.

b.) Consider the odd vector fields D = % + 9% and Q = % — 6% on R, Compute
D, Dl, [Q,Q], and [Q, D).

ANOTHER EXERCISE WITH MORE THETAS.
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23.11 Integration over a superdomain

In this section we will say something about how to define an integral of superfunctions on
the supermanifold RPI7.

As motivation we again take inspiration from the theory of commutative C*-algebras.
A beautiful theorem - the Riesz-Markov theorem - says that if A is a commutative C*-
algebra and A : A — C is a linear functional then there is a (complex-valued) measure du
on X = A(A) so that this linear functional is just

A(f) = /X Fdu (23.188)

(Recall that f € A is canonically a function on X, so the expression on the RHS makes
sense.)
So, we will view an integral over RP? as a linear functional

A: OPl(RP) 5 R (23.189)
To guide us in our discussion there are three criteria we want from our integral:

1. We want integration by parts (Stokes’ theorem) to be valid.
2. We want the Fubini theorem to be valid.

3. We want the definition to reduce to the usual Riemannian integration when ¢ = 0.

Let us begin with p = 0, the fermionic point. For brevity denote O := (90|q(pt) =
S*(R%). The space of linear functionals

DY := Hom(O%,R) (23.190)

is a real supervector space of dimension (2971|2971). Indeed, given an ordered basis
6',...,09 for RO there is a canonical dual basis 6; for D¢ defined by §;(8”) = § 7 where
I, J are multi-indices.

On the other hand, DY is also a right O%-module since if A is a linear functional and
g € 0% we can define

(A-g)(f) = Algf) (23.191)

It is important to distinguish DY as a vector space over R from D? as a module over
the supercommutative superalgebra O%. In the latter case, D? is free and of dimension
(1|0) or (0]1).

For example, suppose ¢ = 2 and we choose an ordered basis {#!, §?} for RY2. Then let
0= 512. Then

0 = 012
50" = 4
) (23.192)
§-0%=-4,
§-06% =6,
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In general, given an ordered basis, § = 7, where [ is the multi-index I = 12...¢, is a
basis vector for D¢ as an O%-module: Indeed, right-multiplication by elements of 07 gives
a vector space basis over R as follows:

5 = 51...(1
(607 = (=101 5. (23.193)
((5 . 620]) = :l:(sl’qu |

Moreover, since the scalar 1 is even ¢ has degree gmod2 and hence, as a right O?-module,
D1 has parity gmod2, so it is a free module of type (O7)'0 or (09)%1' | depending on whether
q is even or odd, respectively. Of course, if IV, is a nonzero real number then N,0 is also a
perfectly good generator of DY as a O?-module.

Now we claim that, given an ordered basis {#',...,09} for R4 there is a canonical
generator for D¢ which we will denote by

Ay = /[d@l - dB) (23.194)

The notation is apt because this functional certainly satisfies the integration-by-parts

property:
/[d@l . -d9q]8—f. =0 (23.195)
00"
for any ¢ and and f. Thus, criterion 1 above is automatic in our approach.

However, the integration-by-parts property is satisfied by any generator of D? as an
Of%-module, that is, it is satisfied by any nonzero multiple of A,. How should we normalize
A4? We can answer this question by appealing to criterion 2. That is, we require an analog
of the Fubini theorem. There is a canonical isomorphism R0l9 x ROz o ROla1+a:  that
is there are canonical isomorphism O ®0% = O9+% (simply given by multiplying the
polynomials) and hence canonical isomorphisms

DUZDE >~ Phtae (23.196)

given by
(LB0) (A8 f2) = (—1)\ ey (£1)65(f2) (23.197)

Now we require that our canonical integrals A, satisfy

DU ® D2 = DN t+a2 (23.198)
Aq1m A‘qz

R
Let Ay(6'---69) := N,. Then (23.198) implies that

Ngy4go = Aqﬁ-qg(el T 9q1+q2)
= (Mg @ A0 --- 01 @ g1t .. gutaz) (23.199)
= (_1)q1q2Nq1Nq2
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The general solution to the equation Ny, 44, = (—1)7%2 Ny, N, is
N, = (—1)29@ D () (23.200)

So this reduces the question to g = 1.
It is customary and natural to normalize the integral so that

/[d0]9 =1 (23.201)

That is, N; = 1. With this normalization, the Berezin integral on RO is the functional:
/ (d6)(a + b0) = b (23.202)
Now, for ¢ > 1, noticing that 6 --.07 = (_1)%‘1(9’!—1)9‘1 --- 0! we have shown that demand-

ing that the integral satisfy the “Fubini theorem” (as interpreted above) normalizes the
canonical measure so that

/[d@l cd1)0? - 0" = +1 (23.203)

Now let us consider p > 0. Criterion 3 above tells us that we don’t want our inte-
grals to be literally all linear functionals OPl4(RP) — R. For example, that would include
distributions in the bosonic variables. So we have the official definition

Definition: A density on the superspace RPI? is a linear functional OP19(RP) — R of the
form

o= Z ¢r0" — Z/Rp [dt' - - - dtP)dr(t)pr(t) (23.204)
I I

where [dt! .- dtP] is the standard Riemann measure associated with a coordinate system
(t',...,tP) for RP and d;(t) are some collection of smooth functions. We denote the space
of densities on RP!¢ by DPla.

When p = 0 this reduces to our previous description, and D% = D?. Now, analogous
to the previous discussion, DPl¢ is once again a OPI9(RP)-module of rank (1]0) or (0[1),
depending on whether ¢ = Omod2 or ¢ = 1mod2, respectively. Once again, given an

ordered coordinate system (t!,...,tP|0%, ..., 09) for RPl7 we have a canonically normalized
density which we denote
/ [dt - - - dtP|do* - - - 6] (23.205)
defined by
/ [t - dtP|dp" - - d69)D = / et - de)( / 0" - do7]) (23.206)
RP
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where [dt! - - - dtP] is the Riemannian measure. Thus, we first integrate over the odd coor-
dinates and then over the reduced bosonic coordinates.

Finally, let us give the change of variables formula. Suppose p : RPI9 — RPI7 is an
invertible morphism. Then we can define new “coordinates:

= pu*(th i=1,...,p

. (23.207)
0% = ™ (0%) a=1,...,q

Then, again because DP! is one-dimensional as an OPI7(RP)-module, we know that there
is an even invertible element of OPI9(RP) so that

/[dil - dP|dO" - - - dOND(H]0) = /[dtl - dtP|dOt - - - OV ()t D (23.208)

where ;*® is a function of (¢|0) given by u*® = ®(£(¢|0)|0(t]6)).

Some special cases will make the general formula clear:

1. If p: RP — RP is an ordinary diffeomorphism then it can be lifted to a superdif-
feomorphism just by setting p*(6%) = 6 and p*(t') = #*. Then the standard change-of-
variables result says that

. tt
[dEt - dtP) = [dt' - - - dtP] - ‘detgj
t - (23.209)
= [dt'- .- dt?] - - det—
| ] or(s) - det
where or(p) = +1 if p is orientation preserving and or(u) = —1 if it is orientation reversing.

2. On the other hand, if p*(t') = ' and p*(6?) = D%@° then

§Q...§1:qul...lengl...gbq

= | > o)D) - Dy | 070 (23.210)
0€Sy

= det(D%)67 - - - 6!
and therefore
[d6" - d67) = [df" - - 6] (det(D")) " (23.211)

For the general formula we consider the Jacobian

or off
Jac(u) = | 5% 96, (23.212)
o7 96b

which we regard as an element of End(Q'RP!9). (Recall that Q'RPl4(U) is a free module
of rank (p|q) over OP4(U).) The formula is

J(p) = or(prea)Ber(Jac(p)) (23.213)
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&Needs a full proof.
»

Example: Consider R'2. Let ®(#|§) = h(t). Change variables by £ = ¢t+6'62 and 67 = ¢".
Then

0= /[dﬂdé]h(f)
= /[dt|d9] (h(t) + h/(t)9192) (23.214) ’eq:SuperIntEx;

Oh
- [

Note that this identity relies on the validity of integration by parts.

Remarks

1. Note well that df® are commutative objects but [d0?] are anti-commutative objects
in the sense that [df'd6?] = —[df?dh"], and so on.

2. The possible failure of boundary terms to vanish in examples like 23.214 leads to
important subtleties in string perturbation theory. On a supermanifold it might not
be possible to say, globally, which even variables are “purely bosonic,” that is, “free
of nilpotents.” This is related to the issue of whether the supermanifold is “split” or
not. For recent discussions of these problems see Witten, arXiv:1304.2832, 1209.5461.

23.12 Gaussian Integrals

23.12.1 Reminder on bosonic Gaussian integrals

Let @;; be a symmetric quadratic form with positive definite real part on RP. Then the
Gaussian integral over RPI0 is

1

o (23.215)

(2m)P/2 /[dtl e dtp]exp[—%tiQijtj] =

where we choose the sign of the square root so that (detQ)l/ 2 is in the positive half-plane,
i.e., we choose the principal branch of the logarithm.
One could analytically continue in () from this result.

23.12.2 Gaussian integral on a fermionic point: Pfaffians

Let us now consider the Gaussian integral over a fermionic point Rl
Let A;j be a g x ¢ antisymmetric matrix. Consider the Gaussian integral:

/ 6t - -dGq]exp[%Q“AabOb] (23.216)

Our first observation is that if ¢ is odd then this integral must vanish! To see this, we
recall that we can always skew-diagonalize A:

0 N 0 Ao
AST = 23.217
s (_M 0)@(% 0)@ (23.217)
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By the change-of-variable formula if we change coordinates 6% = S“Iﬂb then the integral is

/ do' . dGq]exp[%G“Aabi] — dets / 6" . déq]exp[%éa/iabéb]
_ ~ o o (23.218)
= detS/[dG1 - dB%exp[A 0107 + X030 + - -]

Now, if ¢ is odd, then in this expression 67 does not appear in the exponential. There-
fore the integral has a factor of [ [déq] = 0. This is a very simple example of how an
“unpaired fermion zeromode” leads to the zero of a fermionic Gaussian integral. See re-
marks below.

Suppose instead that ¢ = 2m is even. Then the integral can be evaluated in terms of
the skew eigenvalues as

detS ﬁ(—/\i) (23.219)
=1

Recall that an antisymmetric matrix can be skew-diagonalized by an orthogonal matrix S.
We didn’t quite fix which one, because we didn’t specify the signs of the A;. Therefore, up
to sign, the Gaussian integral is just the product of skew eigenvalues.

On the other hand, the integral can also be evaluated as a polynomial in the matrix
elements of A. Indeed the Pfaffian of the antisymmetric matrix can be defined as:

pfaff(A) := / [d6* - -d92m]exp[%9“Aab9b]. (23.220)

With a little thought one shows that expanding this out leads to

1
ml2m

pfaffA = Z €(0)As(1)o(2) " Ao (2m—1)o(2m)

oESam (23.221)
= A12A34 - Asm—12m + -

This definition of the Pfaffian resembles that of the determinant of a matrix, but note
that it is slightly different. Since A is a bilinear form it transforms as A — S AS under
change of basis. Therefore, the Pfaffian is slightly basis-dependent:

pfaff (S AS) := detS - pfaff(A) (23.222)

We can easily prove this using the change-of-variables formula for the Berezin integral. (Do
that!)

Now a beautiful property of the Pfaffian is that it is a canonical square-root of the
determinant of an antisymmetric matrix.

(pfaff A)? = detA. (23.223)

(In particular, the determinant of an antisymmetric matrix - a complicated polynomial in
the matrix elements - has a canonical polynomial square root.)
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Using the Berezin integral we will now give a simple proof of (23.223). First, note
that if M is any n x n matrix and we have two sets of generators 0%, a = 1,...,n of our
Grassmann algebra then

/ (dOY - 678" - - O Jexp|6, My ] = detM (23.224)

An easy way to prove this is to make a transformation M — S~'MS to Jordan canonical
form. The change of variables of #2,6% by S~ and S, respectively, cancel each other
out. % Assuming that the matrix is diagonalizable we have

/[del_ co-d0" O, - dO} Jexpl0 01 My + 0767 Ny + -] = [ [\ = detM (23.225)
=1

To check the sign we observe that the following moves always involve moving an even
number of #’s past each other. For example,

0101076203 0% 010" = 010760201 0%0% 0100
=016020%0° 0201 0% 0" (23.226)
= 0162030101 6° 0% 0"

We leave the case when M has nontrivial Jordan form as a (good) exercise.
Now apply this to M;, — A;; with n = 2m and consider

detA = / [dOL - - d6*™de>™ - - - dOt Jexp0l A6 ] (23.227)

Change variables to

. 1 . .
0h = s X)) i=12m (23.228)

V2

and note that

04 Ayl = §¢ Agjp? — X Aiix? (23.229)

To compute the superdeterminant of the change of variables perhaps the simplest way to

%9 The reader might worry about a sign at this point. To allay this fear note that we could rewrite the
measure as e[dfL - - - dO™dOL - - - dO7 ). With the latter measure the two factors in the Berezinian clearly cancel
each other. But then we encounter the same sign ¢ going back to the desired ordering with [dfL - --df7] =
eldon - --dby).
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proceed is to compute

/[d¢1 coedpPmdyt - ClX?m]gl+ e gimggm o =

1
o 1Ayt dpP X AT X (P TP = X)X =

22m
/[Chpl L d¢2mdxl L. dXQm](X2mw2m)(X2mflw2mfl) L. (dejl) —
/[dwl e dp?mdx dXQm] (sz coextl me) =

/ (At g (1) =
(_1)%(2m)(2m—1) _ (_1)m

(23.230)
from which we conclude that
[dOL - - do*™de>™ - - dOL] = (—1)™[dipt - - dp®™dx " - dx ™ (23.231)
So our change of variables gives
1 . 1. ‘
detA = —1m/d Lo dp®™dxt - dyy®™exp | = A7 — = Aiix?
(-1) [dy Y dx e 2"‘/’ e 2X 3 X (23.232)

= (pfaffA)?
Which concludes the proof of (23.223) &

Remarks
1. & Remarks on localization from integral over a fermion zeromode
2. & Remarks on use of Pfaffian in the general definition of Euler characteristic.

3. Why is the transformation (23.222) compatible with (23.223) and the invariance of
the determinant under A — S~'AS? The reason is that for S = S~ we have S is
orthogonal so that detS = +1 and hence (detS)? = 1.

4. Pfaffians in families. Sometimes the Pfaffian is defined as a squareroot of the determi-
nant detA of an antisymmetric matrix. This has the disadvantage that the sign of the
Pfaffian is not well-defined. In our definition, for a finite-dimensional matrix, there
is a canonical Pfaffian. On the other hand, in some problems it is important to make
sense of the Pfaffian of an anti-symmetric form on an infinite-dimensional Hilbert
space. So, one needs another definition. Since determinants of infinite-dimensional
operators can be defined by zeta-function regularization of the product of their eigen-
values one proceeds by defining the Pfaffian from the square-root of the determinant.
So, we try to define the Pfaffian as:

o

pfaffA =[] A (23.233)

A>0
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where the product runs over the skew eigenvalues. But this is not a good definition
for many purposes because in families skew eigenvalues can smoothly change sign.
Consider, for example the family

Ala) = (_ C?)m COS a) 0<a<2r (23.234)

Then the Pfaffian according to the above definition (23.233) would not be differen-
tiable at @ = 7/2 and 37/2. Really, the pfaffian is a section of a line bundle, as we
explain in Section §24 below.

One approach to pinning down the sign of the Pfaffian is simply to choose a sign at
one point of the family, and then follow the skew eigenvalues continuously. With this
definition

pfaff(A(a)) = cos (23.235)

(in agreement with our definition for finite-dimensional forms). This is a perfectly
reasonable definition. However, in some problems involving gauge invariance one
meets quadratic forms A which should be identified up to gauge transformation.
Suppose we identify A up to orthogonal transformations. Then the equivalence class
[A()] is a closed family of operators for 0 < o < 7. If we take a smooth definition of
the Pfaffian of A(a) then we find that it changes sign under o — o+, so in fact, it
behaves more like the section of the Mobius band over the circle. We return to this
in Section §24.7 below.

Exercise
a.) Show that for ¢ = 2 detA = (a12)?
b.) Show that for ¢ =4

Pfaff(A) = 12034 — Q13024 + Q14023 (23.236)
Check by direct compuation that indeed

detA = (aj2a34 — a13a24 + a14a23)2 (23.237)

Exercise

a.) Prove equation (23.221).

b.) Explain why we divide the sum by the order of the group of centrally-symmetric
shuffles (See Chapter 1, Sections 4 and 5) W By,.
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Exercise

Prove (23.224) by completing the argument for nontrivial Jordan form.

b.) Prove (23.224) by a direct evaluation of the integral without changing variables to
obtain the standard expression

detM = > €(0) Myg(1)Mas(2) -+ Myo(n) (23.238)
gESy
Exercise
Let z1,...,zon be points in the complex plane. Show that
k
<Pfaﬂ? ) [z —2)" (23.239)
ATE

is a polynomial in z; of degree N(2N —1){ — kN, so long as k < ¢, which transforms under
Son with the sign e(o)*+¢.
Expressions like this have proven useful in the theory of the fractional quantum Hall

effect.

23.12.3 Gaussian integral on RPI?

Now we put these results together and consider the general Gaussian integral on RP4:

1 1. )
(2) P/ /R  ldtlaelexp [Qt“Qabtb — "B + 56 Ayt (23.240)

We can consider the quadratic form to have matrix elements in a general supercom-
mutative ring (but they are constant in ¢ #°) so we allow odd off-diagonal terms like
Buai.

We can complete the square with the change of variables:

fa = 1@
T X (23.241)
0" = 0"+ (A_ )Z'jtaBaj
The change of variables formula gives [d#|df] = [dt|df] and hence we evaluate the integral
to get
Pfaff(A
aff(4) (23.242)

\/det(Q — BA-1Br)

This can be written as (Ber(Q))_l/ ? where Q is the super-quadratic form

o= <B% i) (23.243)

but the latter expression is slightly ambiguous since there are two squareroots of detA.

— 240 —



23.12.4 Supersymmetric Cancelations

Suppose a super-quadratic form on R™2" is of the special form

MM 0 0
9=1| o0 0 M (23.244)
0 —MT 0

where M is nonsingular and Re(M M) > 0. Then the Gaussian integral is just
sign(det M) (23.245)

Note that M (reduced modulo nilpotents) might be a complex matrix, and the integral is
still sensible so long as Re(M' M) > 0. Therefore we define

+1 |arg(detM)| < w/4

(23.246)
-1 |arg(detM) — 7| < 7/4

sign(detM) := {

Thus, the result of the Gaussian integral (23.245) is “almost” independent of the
details of M. There is a nice “theoretical” explanation of this fact which is a paradigm for
arguments in supersymmetric field theory and topological field theory.

So, let us denote, for brevity

[d9_db.] := [dOL ---do™do": - - db] (23.247)

and we consider the integral

I[M] := (2m) /2 /

1. A ,
[dt|dO_db ]exp [—ztz(M”M)iktk + HZFMUHJ} = sign(det M)
Rnl2n

(23.248)
It is useful to introduce n additional bosonic coordinates H* and instead write this as an
integral over R2"2n:

1 . 4 . . .
I[M} = (27‘(’)_n / o2 [dth\dH,dHJr]eXp |:2HZHZ + Vv *1H1Mijt] + GE‘_M”G]_]
R nlan
(23.249)
Now, introduce the odd vector field
0 0
Q:=0"— ——1H"— (23.250)
otk 8«9{‘;
Note that, on the one hand, the “action” can be written as
1 . . . . ) .
Q(¥) = —5H'H' + V—1H'M;t! 4 0', M; ;6" (23.251)
where .
U= —%HﬁH’“ — O Mt (23.252)
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and on the other hand,
1
Q@*=3Q.Qly =0 (23.253)

So, now suppose we perturb M — M + M. Then the change in the Gaussian integral
can be written as

SI[M] = / [dtdH |dO_dO,)Q(6W)eR™) = / [dtdH |dO_d0,)Q(6We® ™)) =0  (23.254)

where the last inequality follows from integration by parts.

The reader might be bothered by this. The answer (23.248) does depend a little bit on
M. Moreover, why can’t we just use the argument to put M to zero? But then, of course,
the integral would seem to be oo x 0 for M = 0. If a perturbation makes M singular then
we get a factor of co x 0 where the oo comes from the integral dt and the 0 comes from
the fermionic integral. Recall, however, that in the definition of the integral we do the
fermionic integral first and therefore [[dtdH|df_df]1 = 0. Therefore, we could replace
the integrand by

CW _1=0Q <\1; + %\IIQ(\II) + - ) (23.255)

0
ot
which does not vanish at infinity in field space. Thus, singular perturbations can change

There will be a term which survives the fermionic integral but it is a total derivative in

the value of the integral.

23.13 References

In preparing this section we have used the following references:

1. P. Deligne and J.W. Morgan, Notes on Supersymmetry (following Joseph Bernstein
in Quantum Fields and Strings: A Course for Mathematicians, Vol. 1, pp.41-96 AMS

2. D. Leites, “Introduction to supermanifolds,” 1980 Russ. Math. Surv. 35 1.
3. E. Witten, “Notes on Supermanifolds and Integration,” arXiv:1209.2199.
4. www.math.ucla.edu/ vsv/papers/ch3.pdf

5. J. Groeger, Differential Geometry of Supermanifolds, http://www.mathematik.hu-
berlin.de/ groegerj

Possibly useful, but I haven’t seen them yet:
6. V. Varadarajan, Supersymmetry for Mathematicians: An Introduction

7. Super Linear Algebra by Kandasamy and Smarandache

For an extremely accessible discussion of the theory of schemes See

8. D. Eisenbud and J. Harris, The Geometry of Schemes, Springer GTM
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24. Determinant Lines, Pfaffian Lines, Berezinian Lines, and anomalies

24.1 The determinant and determinant line of a linear operator in finite di-
mensions

Recall that a one-dimensional vector space over x is called a line. If L is a line then
a linear transformation T : L — L can canonically be identified with an element of k.
Indeed, choose any basis vector v for L then T'(v) = tv, with ¢ € k, and the number ¢
does not depend on v. On the other hand, suppose we have two lines L1, Lo. They are,
of course, isomorphic, but not naturally so. In this case if we have a linear transformation
T : Ly — Lo then there is not canonical way of identifying T" with an element of
because there is no a priori way of identifying a choice of basis for L; with a choice of
basis for Ly. Put differently, Hom(L,L) = LYV ® L = k is a natural isomorphism, but
Hom(Lq, L2) & LY ® Lo is just another line.
Now suppose that
T:V->W (24.1)

is a linear transformation between different vector spaces over k where the dimension is
possibly larger than one. Then there is no canonical notion of the determinant as a number.
Choose ordered bases {v;} for V and {w,} for W, and define M,; to be the matrix of T
with respect to that basis. Then under this isomorphism 7" € Hom(V, W) = V* @ W may
be written as

T =) Mubd ®w, (24.2)

i,a

and if dimV = dimW one can of course define the number detM,;. However, a change of
basis of V' by S7 and of W by S5 changes the matrix M — S;lMSl and hence leads to

detM’ = detSy 'det MdetS; (24.3)

in the new basis. If V,W are not naturally isomorphic, then we cannot naturally assign
a number we would want to call detT'.

Nevertheless, there is a good mathematical construction of detT” which is natural with
respect to the domain and range of T. What we do is consider the 1-dimensional vector
spaces AV and AYW where d = dimV,d’ = dimW. Then there is a canonically defined
linear transformation

detT : AV — AW (24.4)

For d # d' it is zero, and for d = d’ we can write it by choosing bases v;, w,. Denote the
dual basis 9; so that T' = Z” M,;0; ® wg. Then

1 R .
detT = W ZMalil"'Madidvil A ANDiy @ Way A+ A Way, (24.5)

as,is

The important thing about this formula is that, as opposed to the determinant defined
as a polynomial in matrix elements, the object (24.5) is natural with respect to both V
and W. That is, it is independent of basis (even though we chose a basis to write it out,
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if we change basis we get the same object. This is not true of the determinant defined as
a polynomial in matrix elements.)

While (24.5) is natural it requires interpretation. It is not a number, it is an element
of a one-dimensional vector space, i.e. a line. This line is called the determinant line of T

DET(T) := AV (V") @ AY™W (177) (24.6)

Thus, we have a one-dimensional vector space DET(T') and an element of that vector
space det(T") € DET(T).

This is a nontrivial concept because:

1. Linear operators often come in families Ts. Then DET(T") becomes a nontrivial line
bundle over parameter space.

2. The theory extends to infinite dimensional operators such as the Dirac operator.
Indeed, in finite dimensions DET(7T") does not depend on the choice of operator T' except
through its domain and target. This is no longer true in infinite dimensions.

Remarks

1. When dimV # dimW the line DET(T') defined in (24.6) still makes sense, but we
must define the element in that line, det7” € DET(T) to be detT = 0.

2. When W =V, that is, when they are canonically isomorphic then detM;; is basis
independent. Indeed, in this case there is a canonical isomorphism

AV) @ AW VY) =2k (24.7)

(k can be R or C, or any field.)

Example Above we considered an interesting family of one-dimensional vector spaces
Ly ={(z,v)|z-dv=+v} C §%x C? (24.8)
For each point # € S? we have a one-dimensional subspace £ ; C C2. Let us let
L=5*xC (24.9)
be another family of one-dimensional vector spaces. We can define an operator
Ti: Lys— Ly (24.10)

defined by just projecting to the first component of the vector v € £, ;. To find a matrix
of T; we need to choose a basis. As we discussed we might choose a basis vector

1
_ [ cos3t 24.11
€+ (e’¢ sin %9) (24.11)

away from the south pole, while away from the north pole we might choose:

6 o5 1
e = (e s 29) (24.12)

-1
sin 59
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We can also simply choose 1 as a basis for C for the target of T5.
With respect to this basis we would have a determinant function

1
detM,; = cos 59 0<o<mr (24.13)

, 1
detMy; = e cos 59 0<f6<m (24.14)

Note that the second expression does make sense at the south pole because cos§ = 0.
Clearly this does not define a function on S2. Rather, it defines a section of a line bundle.
Moreover, it has exactly one zero.

Exercise

Consider a finite dimensional vector space V' of dimension d.

a.) Show that there is a canonical isomorphism A¢(VY) = (A?V)Y
b.) Show that there is a canonical isomorphism

AVY @ AV & (24.15)

24.2 Determinant line of a vector space and of a complex

If V is a finite-dimensional vector space of dimension d then the line A%V is often called
the determinant line of V and denoted

DET(V) := A4V (24.16)
Because there is a natural isomorphism
DET(V)Y @ DET(V) = & (24.17)

and since the one-dimensional space k acts like a multiplicative identity under ®, we also
denote
DET(V)™! := DET(V)" (24.18)

Therefore we will also denote
(VP A Avg) L= (v A Aug)Y (24.19)

for any choice of basis {v;}.
Again, when we consider families of vector spaces, we can get interesting line bundles
from this construction:

Example Consider the Grassmannian Gr(k,n) of k-dimensional subspaces of C". For
each subspace W € Gr(k,n) we may associate the line A*IW. This gives another nontrivial

— 245 —



family of lines which is naturally a determinant line bundle. A notable use of this De-
terminant line in physics is that it can be interpreted as the vacuum line in quantization
of n free fermions. Then the possible sets of creation operators form the Grassmannian
Gr(n,2n).

Now consider a short exact sequence of vector spaces:
0—Vi—=Wh51i =0 (24.20)
Then we claim there is a canonical isomorphism
DET (V1) ® DET(V3) 2 DET (V%) (24.21)

To see this, consider any ordered basis {v1,...,vq, } for V1 and {w1,...,wq,} for V5. Then
lift the w, to vectors w, in V5 so that m(w,) = ws. Then

{Ul,...,vdl,lz)l,...,lbd3} (2422)
is an ordered basis for V5. Our canonical isomorphism (24.21) is defined by
(VI A Avg) @ (W1 A Awgg) = V1 A= Avgy A1 A -+ A Way (24.23)

The main point to check here is that the choice of lifts w, do not matter on the RHS. This
is clear since for a different choice W), —w, € V; and the difference is annihilated by the first
part of the product. Next, under changes of bases both sides transform in the same way,
so the isomorphism is basis-independent, and hence natural. Put differently, the element

(I A Avg) P @ (W1 A Avgy Ay A Agy) @ (Wi A Awg,) (24.24)
of the line given in the LHS of (24.25) is actually independent of the choice of bases
{vi,...,v4, }, {wi, ..., wge,}, and the lifts w,. So even though we chose bases to exhibit this
element it is basis-independent, and hence natural. It gives therefore a natural isomorphism

DET(V1) ' @ DET(V2) ® DET(V3) ' = & (24.25)
The same kind of reasoning as we used to prove (24.21) can be used to prove that if
OHW%-'-%%EVLA%'--%V%%O (24.26)
is an exact sequence, so im7; = kerT; 1, then there is a canonical isomorphism
&) DET(V) ' @ (X) DET(V;) = & (24.27)
i odd i even

Exercise Determinant of a complex
A multiplicative version of the Euler-Poincaré principal is that if

O—>V1—>-~—>VZ»$VH1—>---—>V”—>O (24.28)
is a complex d;11d; = 0 (i.e. not necessarily exact) then there is a natural isomorphism:
&) DET(V;)"'® X) DET(V;) = X) DET(H')~' ® (X) DET(H') (24.29)
i odd i even i odd i even
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24.3 Abstract defining properties of determinants

Because we want to speak of determinants and determinant lines in infinite dimensions it
can be useful to take a more abstract approach to the determinant and determinant line
of T. These can be abstractly characterized by the following three properties:

1. det(T) # 0 iff T is invertible.

2. DET(T» o T7) 2 DET(T3) ® DET(17)

3. If T1,T5, T3 map between two short exact sequences

0— E1 — E2 l) E3 — 0
T Tl Tl (24.30)
0— F1 — F2 1) F3 — 0

then
DET(T3) = DET(T}) ® DET(T5) (24.31)

canonically, and under this isomorphism

det(TQ) — detT) ® detT3 (24.32)

Exercise
Show that property (3) means, essentially, that 75 has block upper-triangular form.
Show this by considering

0— C" HCvm 5 C™ =0
"y Tl T3l (24.33)
0= Cr LCcrtm 5L Ccm -0

where
L (X1, oy y) = (T1,...,20,0,...,0
(1 n) = (@1 " ) (24.34)
T (Yls ey Yntm) = (Ynts -5 Yntm)
Show that
T Tz
T, = 24.35
2 (0 T2> (24.35)

where T7 is in general nonzero.

24.4 Pfaffian Line

>sec:Pfaffline ‘

Just as for determinants, Pfaffians are properly regarded as sections of line (bundles).
Recall that for an antisymmetric matrix A, Pfaff(S”" AS) = (detS)Pfaff(A). So the

Pfaffian is basis-dependent, yet, once again, there is a basis independent notion of a Pfaffian.
Let T be an antisymmetric bilinear form on a finite-dimensional vector space V.
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Recall that a bilinear form 7" on a vector space V' can be regarded as an element of
T:V VY (24.36)
Then, from our definition above
DET(T) = (A9VV)®2 (24.37)
For an antisymmetric bilinear form we define the Pfaffian line of T" to be the “squareroot”:
PFAFF(T) := A%V (24.38)

On the other hand, a bilinear form defines a map V ® V' — k and hence is an element
of

TeVvVeVvY (24.39)

Moreover, if T' is antisymmetric then it defines a 2-form
wr € A2V (24.40)
If d = 2m we define the Pfaffian element to be:

pfaffT := “L ¢ A"YY (24.41)
m!

Exercise Comparing Liouville and Riemann volume forms

a.) Suppose V is a real vector space with a a positive definite symmetric form g. Show
that if A;; is the anti-symmetric matrix of 7" with respect to an orthonormal basis with
respect to g, then

% = pfaff(A)vol (g) (24.42)

where vol (g) is the volume form of the metric, i.e. vol (g) = e* A---Ae™ where {e!,... e}
is an ordered ON basis.

Note that if we change ordered ON bases then both pfaff(A) and vol (g) change by
detS, where S € O(2m), so the product is well-defined.

b.) Let M be a symplectic manifold with symplectic form w. Choose any Riemannian
metric g on M. Then let A(g) be the antisymmetric matrix of w with respect to an ON
frame for g. Note that det(A(g)) does not depend on the choice of ON frame, and is
hence a globally well-defined function. Show that M is orientable iff det(A(g)) admits a
globally-defined square root on M.
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24.5 Determinants and determinant lines in infinite dimensions
24.5.1 Determinants

Now let us consider a linear operator T : H — H. We will take H to be an infinite-
dimensional separable Hilbert space.
Can we speak meaningfully of detT in this case? Suppose that T =1+ A, where A is

traceclass. Then it has a set of eigenvalues {05}, with

D 16k] < o0 (24.43)
k=1

In this case Y p-; logdy is a well-defined absolutely convergent series and

N
detT := lim_ kl:[(l + 0k) (24.44)

is well-defined, and can be taken to be the determinant of 7.

This is a good start, but the class of operators 1 + traceclass is far too small for use
in physics and mathematics. Another definition, known as the (-function determinant,
introduced by Ray and Singer 5! can be defined as follows:

Let T : H — H be a self-adjoint operator with discrete point spectrum {\;}72, assume
that

1. No A\ = 0 (otherwise detT = 0).
2. |Ag| = oo for k — oo.

3. If we form the series

Cr(s) =D A= D NS+ D e N (24.45)

k Ar>0 AL<0

then the spectrum goes to infinity rapidly enough so that (r(s) converges to an
analytic function on the half-plane Re(s) > Ry, for some Ry, and admits an analytic
continuation to a holomorphic function of s near s = 0.

When these conditions are satisfied we may define
det¢(T) := exp[—(p(0)] (24.46)

Remark: A typical example of an operator for which these conditions apply is an
elliptic operator on a compact manifold. For example, the Laplacian acting on tensors on
a smooth compact manifold, or the Dirac operator on a smooth compact spin manifold are

common examples. See Example **** below.

50T his is not strictly necessary for some definitions and constructions below.
®'GIVE REFERENCE.
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The next natural question is to consider determinant lines for operators T : H! — H?
between two “different” Hilbert spaces. Of course, we proved in Section §13 that any two
separable Hilbert spaces are isomorphic. However, there is no natural isomorphism, so
the question where an expression like detT should be valued is just as valid as in finite
dimensions. A good example is the chiral Dirac operator on an even dimensional spin
manifold. First, we must identify a suitable class of operators where such determinant
lines can make sense.

24.5.2 Fredholom Operators

Definition

a.) An operator T : H' — H? between two separable Hilbert spaces is said to be
Fredholm if kerT and cokT are finite-dimensional.

b.) The indezx of a Fredholm operator is defined to be

Ind(7T) := dim kerT — dim cokT (24.47)
Comments and Facts

1. We are generally interested in unbounded operators. Then, as we have discussed the
domain D(T) is an important part of the definition of 7. The above definition is a
little sloppy for unbounded operators. For some purposes, such as index theory one
can replace T by T//(1 4+ TTT) and work with a bounded operator.

2. One often sees Fredholm operators defined with the extra requirement that im(7) C
H? is a closed subspace. In fact, it can be shown (using the closed graph theorem)
that if T" is bounded and kerT and cokT are finite dimensional then this requirement
is satisfied.

3. Another definition one finds is that a bounded operator T is Fredholm iff there is
an inverse up to compact operators. That is, T is Fredholm iff there is a bounded
operator S : H2 — H! so that T'S — 1 and ST — 1 are compact operators. (Recall
that compact operators are finite-rank operators, or limits in the norm topology of
finite-rank operators.) The equivalence of these definitions is known as Atkinson’s
theorem.

4. The space of all bounded Fredholm operators F(#H', ?) inherits a topology from the
operator norm.

5. If T is Fredholm then there is an ¢ > 0 (depending on T') so that if || K ||< € then
T + K is Fredholm and Ind(7") = Ind(7 + K). Therefore, the index is a continuous
map:

Ind: F(H) = Z (24.48)

and is hence constant on connected components.
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6. In fact, the space of Fredholm operators has infinitely many connected components,
in the norm topology, and these are in 1-1 correspondence with the integers and can
be labeled by the index.

7. Warning: In the compact-open and strong operator topologies F(H) is contractible.
62

&&h: EXPLAIN: Even for unbounded operators (with dense domain of definition) the
definition of Fredholm is that the kernel and cokernel are finite dimensional. There is
no need to say that the range is closed. But only when the range is closed is there an
isomorphism of the kernel of TT with the cokernel. A good example is d/dz on L?([1,00)
(or do we need the half-line?) The kernel is zero because 1 is not normalizable, so the
kernel of T'T is also zero. But we can construct a lot of states which are not in the cokernel.
For example 1/2" is in the image of d/dx if n > 3/2 but not if n < 3/2 since the preimage
would not be L?-normalizable. So the range is not closed and the cokernel is not isomorphic
to the kernel of the adjoint.

24.5.3 The determinant line for a family of Fredholm operators

There are two descriptions of the determinant line:

Construction 1: We define a line bundle DET first over the index zero component
F(H', H?)o whose fiber at T € F(H', H?) is

DET|r := {(S,\)|S: H* - H', ST T € ;}/ ~ (24.49)
where the equivalence relation is
(S1, A1) ~ (S2, A2) o A2 = Aidet (S5 1S) (24.50)

where 55151 =1 + traceclass and we use the standard definition for this.

To check this one has to check that ~ really is an equivalence relation. Next, note
that DET|y is indeed a one-dimensional vector space with vector space structure z -
[(S,N\)] == [(S,zM)], so any two vectors are proportional: [(S1,A1)] = £[(S2, A2)] with
€= M\ det(S51S).

The next thing to check is that, in the norm topology, the lines are indeed a continuous
family of lines.

There is a canonical section of this line: det(7") := [(7,1)] (in the index zero compo-
nent).

52Here is an argument provided by Graeme Segal: Identify H with L?[0, 1] and then write H = H; ®H1 .
where H; and Hi_; are the Hilbert spaces on the intervals [0,¢] and [¢,1], respectively. Then H is also
isomorphic to H;. For an operator A on H let A; be its image under this isomorphism. Then, one can check
that ¢t — A; @ 1%, , is continuous in the norm topology, deforms A to 1, and stays in the set of Fredholm
operators if A is Fredholm.
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One can show that for any T there is a canonical isomorphism
DET|7 = DET (kerT) ' @ DET(cokT) (24.51)

The reason we can’t just use the RHS as a definition of the determinant line is that
in families T'(s), we can have the spaces kerT'(s) and cokT'(s) jump discontinuously in
dimension.

This leads us to consider the second construction:

Construction 2: Let S be a family of Fredholm operators T'(s). For any positive real
number a define
U, = {T|a ¢ o(TT)} (24.52)

If T € U, then we can use the spectral decomposition of the Hermitian operator TTT to
split the Hilbert space into the “low energy” and “high energy” modes:

,H - H<a @ H>a (24.53)

(i.e. we use the spectral projection operators). Moreover, since T is Fredholm, the “low

)

energy” space H, is in fact finite-dimensional.
Now notice that we have an exact sequence:

0 kerT > HL, 5 HZ, — cokT =0 (24.54)

Now, using the property of determinant lines in exact sequences we conclude that there is
a canonical isomorphism

DET (kerT) ™! ® DET(cokT) = DET(H.,)™' @ DET(#H2,) (24.55)

The advantage of using the RHS of this equation is that now we can consider what happens
on overlaps U, = U, N Uy, where we can assume WLOG that a < b. Then

Hb - HQ ©® Ha’b (24.56)

where H, 3 is the sum of eigenspaces with eigenvalues between a,b. Note that there is an
isomorphism Tj : ’H}Lb — ’H?l’b (which is just the restriction of T') and hence detT,; is
nonzero and a canonical trivialization of

DET(#,;,)”! ® DET(H},) (24.57)
Using these trivializations the determinant line bundles patch together to give a smooth
determinant line bundle over the whole family.
24.5.4 The Quillen norm

In physical applications we generally want our path integrals and correlation functions to
be numbers, rather than sections of line bundles. (Sometimes, we just have to live with
the latter situation.)
_ det(w®, w®)
LA aomt La... my (2= =07 0 7 ) Getl (T
| (0" A AV @ (W A Aw™) || dct (o7, o7} dete(T7T) (24.58)
& SHOW IT PATCHES NICELY &
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24.5.5 References
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4. D. Freed and G. Moore, “Setting the Quantum Integrand of M Theory,” hep-th/0409135.

24.6 Berezinian of a free module

There is an analog of the determinant line of a vector space also in Zo-graded linear algebra.
Let A be a supercommutative superalgebra and consider a free module M = APla,
Then we can define a free module Ber(M) of rank (1]0) or (0|1) over A by assigning for

every isomorphism

M=ZeA® - BeprgA (24.59)

a basis vector in Ber(M) denoted by [e1, ..., eplept1 ..., ep,] so that if T' is an automorphism
of M then T'(e;) = ekaj, with the matrix elements ij € A and we take

[Tei,...,Tey|Tepy1...,Tep,] = Ber(X)er, ... eplepr1...,ep,] (24.60)

To complete the definition we take the parity of Ber(M) to be

A0 g = Omod2
Ber(M) & 4= e (24.61)
A g = 1mod2
Now, given an exact sequence
0—>M —-M-—M' -0 (24.62)

with M’ = AP'ld N7 = AP"ld" and M = API9 then there is a natural isomorphism

Ber(M") ® Ber(M") — Ber(M) (24.63)
This isomorphism is defined by choosing a basis {e/, ..., e;), n q,} for M’ and a complemen-
tary basis {€/,... ,ég/urq,,} for M which projects to a basis {ef,..., 61/0/”+q”} for M". Then

the multiplicativity isomorphism (24.63) is defined by

/ / / / ! 1 1 1
[61, ey €p/’€p/+1, . €p/+q/] &® [61, e 761)”’6])”4-17 ceey ep//+q//]
/ / ~// ~// / / ~// ~//
(€1, s €y €1y Epr| € s €ty s s €y ]

(24.64)

Although we have chosen bases to define the isomorphism one can check that under changes
of bases the isomorphism remains of the same form, so in this sense it is “natural.”

Now in our discussion of integration over a superdomain the densities DPI7 on RP!? can
be recognized to be simply Ber(Q'RPI7). This behaves well under coordinate transforma-
tions and so defines a sheaf on M,.q on a supermanifold, and so:
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1omalyComments

The analog of a density for a manifold is a global section of Ber(2' M) on a super-

manifold M.

In supersymmetric field theories, this is the kind of quantity we should be integrating.

24.7 Brief Comments on fermionic path integrals and anomalies
24.7.1 General Considerations

Determinant lines are of great importance in quantum field theory, especially in the theory
of anomalies.

Typically one has a fermionic field 1(z) and a Dirac-like-operator and the path integral
involves an expression like

[1avadiess [ b (24.65)

where [[dydi] is formally an infinite-dimensional version of the Berezin integral. At least
formally this should be the determinant of D.

However, it is often the case that D is an operator between two different spaces, e.g.
on an even-dimensional spin manifold M the chiral Dirac operator is an operator

D:L*M,S"®E) = L*(M,S™ ® E) (24.66)

where S* are the chiral spin bundles on M and E is a bundle with connection (in some
representation of the gauge group). There is no canonical way of relating bases for these
two Hilbert spaces, so detD must be an element of the determinant line DET(D).

If we have families of Dirac operators parametrized, say, by gauge fields, then we have
a determinant line bundle DET(D) over that family, and detD is a section of that line
bundle. If D is Fredholm then we can still define

DET(D) = A™*(kerD)" ® A™*(cokD) (24.67)

The above remarks have implications for the theory of anomalies. In particular the
geometrical theory of anomalies due to Atiyah and Singer.
In a general Lagrangian quantum field theory the path integral might look like

Z~ [ 140] [ [00dilexp(Sumonc() + [ FDg0+ Suscin]  (2468)
where B is some space of bosonic fields. For example it might consist of the set of maps
from a worldvolume W to a target manifold M, in the case of a nonlinear sigma model,
or it might be the set of gauge equivalence classes of gauge fields, or some combination
of these ingredients. Note that the Dirac-like operator D, typically depends on ¢ and
Sinteraction here indicates interactions of higher order in the fermions. Let us suppose that
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the interactions between bosons and fermions can be handled perturbatively. If we first
integrate over the fermions then we obtain an expression like

ZN/[d¢]exp[8bosonic(¢)]detD¢ (24‘69)
B

where detDy is a section of a line bundle DET(D,) over B, rather than a C*-valued
function on B.

This expression is meaningless, even at the most formal level, unless the line bundle

has been trivialized with a trivial flat connection.

Remarks

1. In physical examples there is a natural connection on DET(Dy) and it turns out that
the vanishing of the curvature is the vanishing of the “perturbative anomaly.”

2. If the perturbative anomaly is nonzero then the path integral does not even make for-
mal sense. Of course, there are many other demonstrations using techniques of local
field theory that the theory is ill-defined. But this is one elegant way to understand
that fact.

3. There can be anomaly-canceling mechanisms. One of the most interesting is the
Green-Schwarz mechanism. In this method one introduces an action exp[Sgs[¢]]
which is actually not a well-defined function from B — C*, but rather is a section
of a line bundle over B, where B is the space of bosonic fields. If the line bundle
with connection is dual to that of the fermions so that Lgg ® DET(Dy) has a flat
trivialization then e%¢s [¢]detD¢ can be given a meaning as a well-defined function on
B. Then it can - at least formally - be integrated in the functional integral. AActually, the
general mechanism
4. Even if the perturbative anomalies cancel, i.e. the connection is flat, if the space of as, Eﬁ?vé‘sﬁifif f
very nice example o

bosonic fields is not simply connected then the flat connection on the determinant ihe general idea. &
line can have nontrivial holonomy. This is the “global anomaly.”

In Section §24.7.3 below we will give perhaps the simplest illustration of a global
anomaly.

24.7.2 Determinant of the one-dimensional Dirac operator

As a warmup, let us consider the odd-dimensional Dirac operator on the circle. This
maps L?(S1,S) — L%(S',S) where S is the spin bundle on the circle. There are two
spin structures. The tangent bundle is trivial and hence we can simply think of spinors
as complex functions on the circle with periodic or anti-periodic boundary conditions. So,
concretely, we identify the Dirac operator coupled to a real U(1) gauge field as

d
Dy,=—+41 24.
7 +ia(t) (24.70)
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where t ~ t + 1 is a coordinate on S!, a(t) € R is periodic and identified via gauge trans-
formations, and D acts on complex-valued functions which are periodic or antiperiodic.

The operator D, is Fredholm and maps H — H, detD, as a complex number. The first
simplification we can make is that we can gauge a(t) to be constant. But we cannot remove
the constant by a well-defined gauge transformation since ¢ a(t)dt is gauge invariant. Once
this is done the eigenfunctions are €2 ("9t where n € Z and € = 5 for AP and ¢ = 0 for
P boundary conditions. The eigenvalue is then 27i(n + €) + ia. Note that we can account
for both boundary conditions by shifting a — a + 2me so we will temporarily set € = 0 to
simplify the formulae.

We could proceed by evaluating the ¢ function. However, it is actually easier to proceed
formally as follows:

detD, = [](2rin+ia) (24.71)
nez

It is good to rearrange this formal expression by putting together the positive and negative
integers and separating out the n = 0 term:

H (2min + ia) ﬁ 2min + ia)(—2mwin + ia)
nez n=1
= (ia) H (27n)?(1 — ( 27m)2) (24.72)

)

Note that we can separate out the infinite factor [[°°(27n)?, and what remains contains
all the a-dependence and is in fact a well-defined product so we have:

= 2isin(a/2) (24.73)

det(D, ﬁ

where we have used the famous formula

s 22 sinwz
1-—= ] = 24.74
IT(1-5) =" (2470

n=1

This is the result for P-boundary conditions. The result for AP-boundary conditions is
obtained by shifting a — a + 7

Remark: Using (-function regularization the “constant” (Hgozl(QﬂnV) can be argued
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to be in fact = 1 as follows:

1_[(27m)2 = eXp[Z log(27n)?]
n=1 n=1

— exp[—%\szo > (2mn) ]
n=1 (24.75)

_ eXp[_%\szo(%)‘%C (2s)]

= exp[2log(27)¢(0) — 2¢'(0)]
=1

where in the last line we used the expansion of the Riemann zeta function around s = 0:

C(s) = —% — slog/27 + O(s?) (24.76)

The first equality above is formal. The second is a definition. The remaining ones are
straightforward (and rigorous) manipulations.

24.7.3 A supersymmetric quantum mechanics

Now, let us consider a supersymmetric quantum mechanics with target space given by a
Riemannian manifold (M, g,,). If 2#, p = 1,...,n = dimM, are local coordinates in a
patch of M then there are maps from the one-dimensional worldline (z#(t),¥*(t)). We can
think of (a#(t),4*"(t)) as functions on the supermanifold IIT'M and we have a map from
R — IITM. The action is:

S = / dt{ g (x(t))i"3" + W[%aab + (6wl (1)} (24.77)

Here g, is a Riemannian metric on M and wzbdﬂv“ is a spin connection. Thea,b=1,...,n
refer to tangent space indices.

Let us consider just the theory of the fermions in a fixed bosonic background.

Consider briefly the Hamiltonian quantization of the system. Classically the bosonic
field is just a point zg € M. The canonical quantization relations on the fermions ¥ gives
a real Clifford algebra:

{v*, 9} =1 (24.78)

If n = 2m then the irreducible representations are the chiral spin representations of M.
Therefore, the wavefunctions of the theory are sections of a spinor bundle over M. There-
fore, the Hilbert space is L?(M; S), the L? sections of the spin bundle over M. Therefore,
if the theory is sensible, M should be spin. It is interesting to see how that constraint
arises just by considering the path integral on the circle.

Let us consider the path integral on the circle, so t ~ t + 1. Again, we focus on the
fermionic part of the path integral, so fix a loop = : S* — M.

The fermionic path integral gives, formally pfaff(D 4) where

(d ab ab A
Da=i( o+ 4% (24.79)
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where A%(t) is the real so(2m) gauge field

A (1) = (™ (2(t)). (24.80)

It is very useful to generalize the problem and consider the operator D, in (24.79) for
an arbitrary SO(2m) gauge field A% (t), with a,b = 1,...,2m. So we consider the Berezin
integral

7 /[dap“(t)]efol 1% (1) (L 590+ A (1) ) g0 ()t (2481)

Formally, this is just pfaff(D4). In this infinite-dimensional setting we have two approaches
to defining it:

1. We can consider the formal product of skew eigenvalues and regularize the product,
say, using (-function regularization. Then we must choose a sign for each skew eigenvalue.

2. We can evaluate the determinant and attempt to take a squareroot.

We will explain (2), leaving (1) as an interesting exercise.

24.7.4 Real Fermions in one dimension coupled to an orthogonal gauge field

So, we want to evaluate det(D4), where D4 : L?(St R*™) — L[2(S!,R?™). (Note we have
complexified our fermions by doubling the degrees of freedom to compute the determinant.)

All the gauge invariant information is in Pexp ¢ A(t)dt € SO(2m). By a constant
orthogonal transformation the path ordered exponent can be put in a form

Pexp 7{ A(t)dt = R(a) & R(aa) @ -+ - @ R(aum,) (24.82)

and by a single-valued gauge transformation A®(t) can be gauged to a form which is
t-independent. Recall that

Rla) = ( Cos «v sinoz) (24.83)

—sin o cos o

so that the gauge invariant information only depends on a; ~ «; + 27.
Therefore using gauge transformations we can reduce the problem of evaluating det(D 4)
to the evaluation of the determinant of

d 0 «
D, = — 24.84
dt + <—a ()) ( )

We can diagonalize the matrix and hence we get the Dirac operator

d i 0
D, =— 24.
dt + <O —ioz) (24.85)

Now, using the result (24.73) above we learn that

(Pfaff D, )? = 4sin’(a/2) = det(1 — R(a)) (24.86)
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In general, for the antisymmetric operator D4 (24.79) coupled to any SO(2m) gauge
field on the circle we have

(PfaffD4)? = det(1 — hol(A)) (24.87)

Now we would like to take a square root of the determinant to define the Pfaffian.
Let us consider a family of operators parametrized by g € SO(2m) with Pexp § Adt = g.
Then det(1 — g) is a function on SO(2m) which is conjugation invariant, and hence we
can restrict to the Cartan torus (24.82). It is clear that this does not have a well-defined
square-root. If we try to take [[;", 2sin(a;/2) then the expression has an ill-defined sign
because we identify «; ~ «; + 2w. The expression does have a good meaning as a section
of a principal Zo bundle over SO(2m). Put differently, if we pull back the function to
Spin(2m):
1 — Zs — Spin(2m) — SO(2m) — 1 (24.88)

then the function det(1 — g) (where we take the determinant in the 2m-dimensional repre-
sentation) does have a well-defined square-root. To see this it suffices to work again with
the Cartan torus since the functions are conjugation invariant and therefore we need really
only consider

1 — Zs — Spin(2) — SO(2) — 1 (24.89)

The group Spin(2) is the group of even invertible elements

r(B) := exp[fe1ea/2] = cos(/2) + sin(5/2)e1es (24.90)

in the Clifford algebra C?¢ 9. Here § ~ [+ 4w. The projection to SO(2) is given by
r(B) — R(a) with a = 3, but a full period in « only lifts to a half-period in 5. So on

Spin(2m) we have
m

det(1 — g) = [ [(2sin 5i/2) (24.91)

i=1
and this expression is well-defined.
Remark: In fact, this expression has a nice interpretation in terms of the characters
in the chiral spin representations:

m

[1(2sinBi/2) =i (chg+(g) — chg-(3)) (24.92)

i=1
24.7.5 The global anomaly when M is not spin

Let us now return to our supersymmetric quantum mechanics above. We have learned that
after integrating out the fermions the path integral on the circle is

Z(S") = / [da (t)]e ™ Jo dtanv (=()E"" | [er(T — Hol(z*w)) (24.93)

where now for a given loop in the manifold = : S* — M we are using the holonomy of the
orthogonal gauge field (24.80).
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The question is: Can we consistently define the sign of the square root over all of loop
space LM = Map(S* — M)?

Let us fix a point 29 € M and choose a basis for the tangent space at . Then consider
based loops z(t) that begin and end at xg. Then Hol(z*w) defines a map from based loops
Qg (M) — SO(2m). If M is a spin manifold then there is a well-defined lift of this map
to Spin(2m). Then a well-defined square-root exists.

On the other hand, it can be shown using topology that if M is not spin then there
will be a family of based loops: x#(t;s) = x*(t; s + 1) so that at s = 0 we have a constant
map to a point z#(t;0) = xf) € M and 2#(t; s) loops around a nontrivial 2-sphere in M

such that

V/det(1 — Hol(z*w))|s=0 = —v/det(1 — Hol(z*w))|s=1 (24.94)

Thus, if M is not spin, the fermionic path integral in the SQM theory (24.77) cannot
be consistently defined for all closed paths x#(t) and therefore the path integral does not

makes sense. This is an example of a global anomaly.

Remark: Recall the exercise from §24.4. Apply this to the 2-form on LM defined
by:

dt

One can argue that w is closed and nondegenerate, hence it is a symplectic form. Then

W= 75 1 dt5z(t) <daab + g'cﬂ(t)wgb(x(t))> 520 (¢) (24.95)
0

we can interpret the above remarks as the claim that A manifold M is spin iff LM is
orientable.
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25. Quadratic Forms And Lattices

Lattices show up in many ways in physics. The study of lattices in 2 and 3 dimensions is
quite useful in solid state physics, in part because the types of atoms in a crystal are (by
definition of a crystal) invariant under translation by a lattice. Higher dimensional lattices
have also played a role in solid state physics, in the context of “quasicrystals” and also in
the classification of quantum Hall states.
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In this course we will encounter many very symmetric higher dimensional lattices as
root lattices and weight lattices of Lie algebras. These encode many important aspects of
the representation theory of compact Lie groups.

It turns out that many special lattices, such as even unimodular lattices play a dis-
tinguished role in string theory and in conformal field theory through vertex operator
constructions. Lattices also play an important role in the study of compactifications of
string theory.

Lattices of charges are again of importance in studying duality symmetries in super-
symmetric quantum field theory and string theory.

In math lattices are studied for their own sake, as very beautiful objects, but they
also have far flung connections to other branches of math such as number theory and
error-correcting codes. See Conway & Sloane, Sphere Packings, Lattices, and Groups for a
comprehensive survey. Finally, they are also important in topology (as intersection forms),
especially in the topology of four-manifolds.

25.1 Definition

The word “lattice” means different things to different people. For some people it is a finitely
generated free abelian group. In this case, up to isomorphism there is just one invariant:
the rank, and any “lattice” in this sense is just Z", up to isomorphism. To some people
it is a regular array of points in some space (we will regard these as lattices embedded in
a space.) In these notes we take a “lattice” to be a finitely generated free Abelian group
with the extra data of a nondegenerate symmetric bilinear form: 3

Definition A lattice A is a free abelian group equipped with a nondegenerate,
symmetric bilinear quadratic form:

() AXA=SR (25.1)
where R is a Z-module. Thus:
1. (v1,v2) = (ve, v1), Yoy, v9 € A
2. (nv1 + mug,v3) = n(vy, v3) + mve,vs), Yvi,v9,v3 € A, and n,m € Z.

3. (v,w) =0 for all w € A implies v = 0.

When R = 7Z we say we have an integral lattice. 'We will also consider the cases
R=Q,R.

We say that two lattice (A1, (,-)1) and (Ag, (-, )2) are equivalent if there is a group
isomorphism ¢ : Ay — Ag so that ¢*((-,-)2) = (-,-)1. The automorphism group of the
lattice is the group of ¢’s which are isomorphisms of the lattice with itself. These can be
a finite or infinite discrete groups and can be very interesting.

There is a simple way of thinking about lattices in terms of matrices of integers. A
(finitely generated) free abelian group of rank n is isomorphic, as a group, to Z". Therefore,

53Hence, sometimes the term “quadratic module” is used.
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we can choose an ordered integral basis {e;}}_; for the lattice (that is, a set of generators
for the abelian group) and then define the n x n Gram-Matriz

Gij = <ei7€j>- (25.2)

Of course, the basis is not unique, another one is defined by
&= Sjie; (25.3)
J
where, now, the matrix S must be both invertible and integral valued, that is

S € GL(n,7) (25.4)

Under the change of bases (25.3) the Gram matrix changes to

G—G=5"GS (25.5)

So lattices can be thought of as symmetric nondegenerate matrices of integers with an
equivalence relation given by (25.5).

Remark. As we will soon begin to see, the classification of lattices is somewhat
nontrivial. In fact, it is an extremely subtle and beautiful problem, only partially solved.
By contrast, the classification of integral antisymmetric forms is fairly straightforward.

Any such form can be brought by an integral transformation to the shape: %4

0 d; 0 do 0 ds 0 dy
25,

and this form is unique if we require d; > 0 and dy|da|- - - |d. This is important in the
quantization of certain mechanical systems with compact coordinates and momenta. It
classifies the integral symplectic forms on a torus, for example.

Exercise

a.) Show that the group of integer invertible matrices whose inverses are also integer
matrices form a group. This is the group GL(n,Z).

Note that it is not the same as the set of integer matrices which are invertible. For
example

2 3
(1 1) € GL(2,7) (25.7)

21
(1 3) ¢ GL(2,7) (25.8)

54For a proof see Lang, Algebra, p. 380.
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b.) Show that for S € GL(n,Z), we necessarily have |detS| = 1.
c.) SL(n,Z) is the subgroup of matrices of determinant 1. What is the center of
SL(n,Z)?

41113 Lattice (group) - Wikipedia, the free encyclopedia
emm, (2%22), [%.27,x] pdm, (*442), [4.4] pom, (¥632), [6,3]
e e SESEEEEEH 7 INARARRERNY -
Tetata SRttt  BRAARARRY
rhombic lattice square lattice hexagonal lattice
also centered rectangular lattice (equilateral triangular lattice)
isosceles triangular lattice
pmm, *2222, [,2,x] p2, 2222, 2,2, p3ml, (*333), 3P
Y eiie e Eive vevevense o o lasEisaains
PR Vevevess S |2 EER TR
SEEEEEEE I EAARARANY Bl i
rectangular lattice parallelogrammic lattice equilateral triangular lattice
primitive rectangular lattice also oblique lattice (hexagonal lattice)

Figure 17: A picture of some important two-dimensional lattices embedded into Euclidean R2.
From Wikipedia. ‘ fig:latticeii

NN

Figure 18: A three-dimensional lattice, known as the body centered cubic lattice. fig:BodyCenter

25.2 Embedded Lattices

Quite often we do not think of lattices in the above abstract way but rather as a discrete
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Figure 19: A three-dimensional lattice, known as the face centered cubic lattice.

subgroup of R™. % See for example Figure 17, above for some rank 2 lattices in R? and
Figures 18 and 19 for some embedded lattices in R3.
To describe an embedded lattice we can consider the generators to be linearly inde-

pendent vectors €1, - -- , €, € R"™. (Necessarily, m > n). Define
n
A={) et € Z}. (25.9)
i=1

As an Abelian group, under vector addition, A is isomorphic to Z"™. Moreover, if R™ is
equipped with a symmetric quadratic form (e.g. the Euclidean metric) then the lattice
inherits one:

() AxA—=R (25.10)

We simply restrict the quadratic form to the subset A C R™. (We can also go the other
way: The tensor product
ARzR=ZR" (25.11)

so by extending scalars from Z to R a quadratic form on an abstract rank n lattice deter-
mines one on R™.)

If the coordinates of the vectors are €; = (e;1,. .., €im) (S0 we view vectors as 1 X m
matrices) then we can form an n X m generating matriz

€11 €12 " €1m
M=1: : (25.12)

€nl €n2 " Enm

The lattice is the set of vectors €M where € € Z" is viewed as a 1 x n matrix. If we use
the Euclidean metric on R™ to induce the bilinear form on A then the Gram-Matrix is the

55By a discrete subgroup we mean, heuristically, that there are no accumulation points. Technically, the
action on G should be properly discontinuous.
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n x n matrix, G = M M?. Different generating matrices are related by M ~— S M, for
S e GL(n,Z).

Example 1: The most obvious example is A = Z" C R™. For n = 2 this is a square lattice,
for n = 3 it is the simple cubic lattice. For general n we will refer to it as a “hypercubic

9

lattice.” The automorphisms will be linear transformations on the vectors, and using the

standard basis we can identify them with n x n matrices. The matrices must be integral
matrices to preserve Z". But they must also be in in O(n;R) to preserve the quadratic
form M! M = 1, that is S"1S = 1. Since the rows and columns must square to 1 and be
orthogonal these are signed permutation matrices. Therefore

Aut(Z") = Z3 % S, (25.13)

where S,, acts by permuting the coordinates (x1,...,x,) and Z% acts by changing signs
T; — €T, € € {:I:l}.

Example 2 As a good example of the utility of allowing m > n let us define:
n
Ap = {(z0,21,...,20) € Z"M Y "z =0} CR™! (25.14)
i=0
A group of automorphisms of the lattice A, is is rather obvious from (25.14), namely

the symmetric group S,+1 acts by permutation of the coordinates. Another obvious sym-
metry is (zg,...,zn) — (=g, ..., —x,). These generate the full automorphism group

Aut(An) = 7o X SnJrl n>1 (2515)

for n =1, A; = +/2Z C R and the automorphism group is just Zs.
A nice basis is given by

aizé’i—é’i,l i:1,...,n (25.16)

where €;, i = 0,...,n, are the standard basis vectors in R”*!. The Gram matrix is then
the famous Cartan matrix for A,:

Gij = Cij = 2(52"]‘ — 5i,j—1 — (5i,j+1 i,j =1,...,n (25.17)

The corresponding matrix is tridiagonal:

2 10 -+ --- 0
1 2 —1--v -- 0
0 —=1 2 v «.. 0

CAp) = | ~or oo e e e (25.18)
0 - --- 2 -1 0
0 -« ... -1 2 -1
0 -« ... 0 —1 2
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Note that we could project two basis vectors of Ay into a plane R? to get

a1 = \/5(1, 0)
(25.19)

and as a check we can use these to compute

C(Ag) = (_21 _21 ) (25.20)

Using these vectors we generate a beautifully symmetric hexagonal lattice in the plane.
& FIGURE OF HEXAGONAL LATTICE HERE &
Similarly we have
2 -1 0
C(A3)=1-1 2 -1 (25.21)
0 -1 2

and we could also realize the lattice as the span of vectors in R?

=
ay = (25.22)

a3 —

Example 3 Consider the set of points D,, C Z"™ defined by
D, :={(x1,...,zp) €EZ" 21+ -+ 2, =0 mod2} (25.23)

If we embed into R” in the obvious way then we can use the Euclidean metric to induce
an integer-valued quadratic form. To get some intuition, let us consider Dg. This is known
as the “face-centered-cubic” or fcc lattice. To justify the name note that there is clearly
a lattice proportional to the cubic lattice and spanned by (2,0,0), (0,2,0), and (0,0, 2).
However in each xy, xz, and yz plane the midpoint of each 2 x 2 square is also a lattice
vector. Choosing such midpoint lattice vectors in each plane gives a generating matrix:

1 -1 0
M=|0 1 -1 (25.24)
-1-10
and one then computes
2 -1 0
MM"™=1-1 2 —1 (25.25)
0 -1 2

so in fact D3 = As. (This reflects a special isomorphism of simple Lie algebras.)
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Example 4 The n-dimensional bee lattice, BCC,,, where bcc stands for “body-centered
cubic” is the sublattice of Z" consisting of (x1,...,x,) so that the z; are either all even or
all odd. Note that if all the z; are odd then adding € produces a vector with all x; even,
where €= (1,1,...,1) = &1 + - -+ 4+ &,. Therefore, we can write:

BCC,, = 2Z" U (2Z" + &) (25.26)

Clearly 2Z" is proportional to the “cubic” lattice. Adding in the orbit of & produces one
extra lattice vector inside each n-cube of side length 2, hence the name bcc.

Example 5: Now take R? as a vector space but we do not use the Euclidean metric on
R? to induce the bilinear form on A. Rather we use the Minkowski signature metric

R = {(t,2)|((t,z), (t,2)) = —£2 + 27} (25.27)

Let R > 0, and consider the lattice A(R) generated by

1
‘? (25.28)
V2

Note that for any R we have simply:

01
Gij = (1 0) (25.29)

So, manifestly, as lattices these are all isomorphic, although as embedded lattices they
depend on R.
& FIGURE OF e1,e5 IN THE PLANE &

Remarks: Solids comprised of a single element will form simple three-dimensional
lattices in nature, at least in the limit that they are infinitely pure and large. Those on
the LHS of the periodic table tend to be bcc e.g. the alkali metals of column one and Ba,
Ra, while those towards the right tend to be fcc (e.g. Cu, Ni, Ag, Au, Pt, Ir, Al, Pb) or
the column of noble gases (except He).

Exercise

If A is a lattice, let 2A be the lattice of elements divisible by 2, i.e., vectors ¥ such that
%17 € A. Show that 2A is a subgroup of A. Suppose ¥ is not divisible by 2. Is 2A + ¥ a
subgroup?
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Exercise Automorphisms of Z"
Check that the group of signed permutations is isomorphic to the semidirect product
(25.13). Write explicitly o : S, — Aut(Z%).

25.3 Some Invariants of Lattices

What can we say about the classification of lattices?
If we were allowed to take S € GL(n,R) then Sylvester’s theorem guarantees that we
can change basis to put the Gram matrix into diagonal form so that

Gij = Diag{—1', +1°} (25.30)

This provides us with two important invariants of the lattice, the signature and the rank.
The rank is
r=t+s (25.31)

and we will define the signature to be
c=s—1 (25.32)

When we work of R = Z there are going to be more invariants:
Example: Consider two lattices:

A . Ajp =e1Z D eaZ with form:
-1 0
G = 25.33
A ( 0 +1> (25.33)

B. Ap = e1Z @ esZ with form:

01
— 25.34
Gg (1()) (25.34)
We ask:

Can these be transformed into each other by a change of basis with S € GL(2,7Z)?

The answer is clearly “yes” over R because they both have Lorentzian signature.

The answer is clearly “no” over Z because the norm-square of any vector in Ag is even
(n1e1 + noes)? = 2nyng, while this is not true of A 4.

The lattice Ap is an important lattice, it is denoted by 11! or by H(1). 66

Definition. A lattice A is called an even lattice if, for all x € A
(x,x) € 2Z (25.35)

(Note: This does not preclude (z,y) being odd for x # y. ) A lattice is called odd if it is

not even.

56Some authors use the notation U(1). We do not use this notation since it can cause confusion.
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Note that under G — ST GS,

(S"GS)ii =Y (Ski)’*Gr +2_ GrjSkiSii (25.36)
k k<j

Now, S € GL(n,Z), so the S;; are integers, so if the diagonal elements of G are even in
one basis then they are even in all bases.
In order to describe our next invariant of lattices we need to introduce the dual lattice.

Given a lattice A we can define the dual lattice 67

A" :=Homgz(A, Z) (25.37)

where Hom means a Z-linear mapping.
As we have now seen several times, given the data of a bilinear form there is a Z-linear
map £ : A — A* defined by
() (V') := (v,0'). (25.38)
This has no kernel for a nondegenerate form and hence we can consider A C A* and so we

may form:

D(A) := A*/A (25.39)

This abelian group is known as the discriminant group, or glue group.
Next we make A* into a lattice by declaring ¢ to be an isometry onto its image:

(v,wHp = (E(v), L(w)) A= (25.40)

We then extend to the rest of A* to make it a lattice,
To make this more concrete suppose e; is a basis for A and let é* be the dual basis for
A* so that

&'(ej) =o', (25.41)

It follows that
E(ez) = Z Gijéj (25.42)
J
Now, using (25.40) it follows that A* has the Gram matrix
(6", &%) = GY (25.43)
where Gijij = 5ik.
Note that in general A* is not an integral lattice since G¥ will be a rational matrix if

G;j is an integral matrix. Let us denote

g = detGij (25.44)

57The lattice A* is closely related to the reciprocal lattice of solid state physics. However, there are some
differences. Conceptually, the reciprocal lattice is an embedded lattice, embedded in momentum space.
Moreover, there are some normalization differences by factors of 2w. More importantly, the reciprocal
lattice depends on things like lattice spacings.
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D I
GV = QGZJ (25.45)

where G¥ is a matrix of integers.
Lemma The discriminant group is a finite abelian group of order g

Proof: To see that it is finite we note that
g¢/ = 1(GYe;) (25.46)

and hence [gé/] = 0 in the discriminant group. Therefore, every element is torsion and
hence the group is finite. By the classification of finite abelian groups we see that the order
|D(A)| divides g.

In fact |[D(A)| = g as the following argument shows:

If A C R™ is an embedded lattice of maximal rank, and both the dual pairing and the
Gram-matrix are inherited from the standard Euclidean bilinear form on R™ and we may
write:

¢ =3 Gie;
J

€; — Z Gijéj
J

Now use the notion of fundamental domain defined in the next chapter. By comparing
the volume of a unit cell of A* to that of A we find:

detG;
ID(A)| = YT _ getay, (25.48)

(25.47)

concluding the proof &

Moreover, D(A) inherits a bilinear form valued in Q/Z. (Recall that an abelian group
is a Z-module and one can define bilinear forms modules over a ring.) Specifically, we
define

b ([v1], [v2]) = (v1,v2)modZ (25.49)

The finite group D(A) together with its bilinear form to Q/Z is an invariant of the
lattice.

Example 1: Consider A = vZ C R. We use the standard Euclidean metric on R so that

v? must be an integer n. Then A* = 1Z. Note that A C A*, indeed, D(A) = Z/nZ so

[A*: Al =n (25.50)

There are only two choices of basis for A, namely e; = £v. The Gram matrix is G1; =

v? = n. The bilinear form on the discriminant group is

b (f vz, 2y UZ) = P odz (25.51)
1% 1% n
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Example 2: A]. The Gram matrix is just the 1 x 1 matrix 2 so if A; = Za then A} = ZA,
with A = %a. The discriminant group is clearly Zs.

Example 3: A3: Consider the Cartan matrix

C(Ay) =Gy = (_21 _21> (25.52)

and detGij = 3.
We easily compute

o121
i = - 25.
G 3<12> (25.53)

and hence the dual basis is given by

1
A= 5(2051 + 042)

1
)\2 = g(al + 2042)

The group A*/A = Z3. Since o = 2\ — A2, as = —A! +2)2, 2A! = A?modA. So one
set of representatives is given by OmodA, A'modA, 2A\'modA. Alternatively, we could take

(25.54)

A2modA as the generator.
If we take the embedding *** above then

Al = (L i
V2 V6 (25.55)

generate a triangular lattice.

& FIGURE &
As we shall see, the hexagonal lattice A is the root lattice of SU(3), while A* is the
weight lattice.

Example 4: A’. One could just invert the Cartan matrix and proceed as above. (See
exercise below.) However, an alternative route is to view A, as embedded in Z"*! @ R as
above. Then relative to the basis o; (25.16) above we will find a dual basis:

Aag =4 (25.56)
Writing out the equation in components one easily finds (and even more easily checks):
n 1 1

n+1n+1" " Tn+1

n times

A=

(25.57)
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Now that we have ! it is also easy to solve for the A\, i > 1 in terms of A! from:
ap =2\" — N’
ag = A +22% = N\

(25.58)
oy = =N 2)"
to get
=2 —a
)\3 = 3)\1 — 2041 — (9
M =4\ =301 — 200 — vy (25.59)
AN = (n+ DN —nay — (n—Dag — - — ay,
and explicit substitute of the vectors shows that A"*! = 0.
Thus
» i i j
M= — ..., = 25.60
n+1"7""7 n+1'n+1""" "n+1 ( )
j times 7 times
where i + 7 =n + 1.
Thus, the discriminant group is cyclic,
D(A)ZZ/(n+1)Z (25.61)

and is generated, for example, by [A!]. Therefore, to compute the quadratic form it suffices

to compute

BN, [\]) = —nilmodz (25.62)

The inverse Cartan matrix is given in the exercise below.

Example 5: D;: We claim the dual lattice of the “n-dimensional fcc lattice” is one half
of the “n-dimensional bcc lattice”:

1
D} = ;BCC, (25.63)

To see this note first that if x € BCC), and y € D,, then x -y is even. This is obvious if all
the x; are even, and if they are all odd then ), z;y; = >, (2n; + 1)y; = >, yi = Omod2,
by the definition of D,,. Therefore %BCCH C Dj. Conversely, if v € D;, then 2v; must
be integer, since 2e; € D,,, and moreover, looking at the products with (1,-1,0,...,0),
(0,1,—1,0,...,0) and so forth gives

vy — v =Ky

V2 — V3 = ]{32
(25.64)

Up—1 — Up = kp—1
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Multiply these equations by 2. Then 2v; are integers, and on the RHS we have even integers.
Therefore the 2v; are all even or all odd. Therefore D} C %BCCn, and this establishes
(25.63).

Remark: Combining Example 5 with the observation above on the periodic table we see
that the periodic table has a (very approximate) self-duality! It works best for exchanging

the first and last column (excluding H, He). A conceptual reason for this is the following.
68 The noble gases have a filled electron shell and to a good approximation act as hard
spheres. So their crystal structure should be a minimal sphere packing in three-dimensional
space. This means they should be hcp or fee, and many-body effects break the degeneracy
to fcc. On the other hand, in the first column we have a filled shell with a single electron.
Therefore, to a good approximation the metals can be treated in the free one-electron pic-
ture. Then their Fermi surface is a sphere in momentum space. Now, this Fermi surface is a
good approximation to the boundary of the Wigner-Seitz cell. Therefore the crystal struc-
ture is given by solving a sphere-packing problem in momentum space! Fcc in momentum
space implies bcc in real space.

Exercise Inverse of a generalized Cartan matriz
Let an, o =1,...,r be a set of positive integers and consider the generalized Cartan

matrix
Gaﬁ = aaéaﬁ - 5044‘176 - 5(1_1”3 (2565)

a.) Show that the inverse matrix is

1
= 1<a<p<lr
Gop — | mlabs 1sasfs (25.66)
thags 1<a<p<r
Where n = detG,p and the integers pa, g, and n are defined as follows.

Define [z,y] := = — %, then [z,y,z] = [z, [y, z]], then [z,y,z,w] = [z, [y, z,w]], etc.
That is, these are continued fractions with signs. Now in terms of these we define p,, qo
from

Pj-1
;% = [aj, Ajt1y--- ,ar]
i (25.67)
Jiz[ajaaj—h'"aal] 1§j§r
4aj
with boundary conditions ¢ = 1,p, = 1.
b.) Show that n = py.
c.) Show that
1
2,2, 2= & (25.68)
r

r times

58This argument was worked out with K. Rabe.
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25.3.1 The characteristic vector

The next useful invariant of a lattice is based on a

Definition A characteristic vector on an integral lattice is a vector w € A such that

(v,v) = (w,v)mod2 (25.69)

for every v € A.

Lemma A characteristic vector always exists.

Proof: Consider the lattice A/2A. Denote elements in the quotient by . Note that the
quadratic form Q(v) = (v,v) descends to a Zs-valued form ¢(v) = (v, v)mod2. Moreover,
over the field kK = Zo note that ¢ is linear:

q(v1 + v2) = q(v1) + q(v2) + 2(v1, V2) = q(v1) + q(2) (25.70)

But any linear function must be of the form ¢(v) = (v, w). Now let w € A be any lift of w.
This will do. &

Note that characteristic vectors are far from unique. Indeed, if w is a characteristic
vector and v is any other vector then w + 2v is characteristic. Moreover, any characteristic
vector is of this form if the form is nondegenerate when reduced mod two. Therefore the
quantity

w(A) := (w,w)mod8 (25.71)

does not depend on the choice of w and is an invariant of the lattice A.

Remark There is a great deal of magic associated with the number 8 in lattice theory. *Say more? &

25.3.2 The Gauss-Milgram relation
&ALSO DERIVE

. . . . . . THIS FROM THE
The invariants we have just described are all related by a beautiful formula sometimes ,;opurar

3 . TRANSFORMA-
called the Gauss-Milgram sum formula: TION LAW FOR
Let A be an integral lattice. Choose a characteristic vector w € A and define the [ATTICR THETA

TAKE LIMIT AS
Im tau GOES TO

Q: AR —-R (25.72) INFINITY AND

COMPARE &

quadratic function

by )
Q) = 5{v,v —w) (25.73)

Note that () takes integral values on A and rational values on A*. Moreover, if z € A*

note that
Qz+v) = Q) + (z,v) + %@, v —w) (25.74)

and the second and third terms are in fact integral, so that if we may define

q:D(A) - Q/Z (25.75)
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by
q(z) := Q(z)modZ

where z is any lift of Z to A. Thanks to (25.74), ¢(Z) is well-defined.
This is an example of a quadratic function on a finite group. It satisfies

q(z+79) —q@) — q(7) + q(0) = b(z,7)

Now, the Gauss-Milgram sum formula states that if D = D(A) then

Z e2miq(Z) _ \/ﬁe%i(M)

zeD

Proof:

(25.76)

(25.77)

(25.78)

Let us begin with the one-dimensional case A = vZ with v?> = n is a positive integer.

Then, as we have seen D = Z/nZ, and

b(z,7y) = %mod 1

Moreover, we can take

0 n even
w =
1 n odd

So we have Q(z) = x@;;w), Let g(z) = Q(z)mod1.

Now we would like to evaluate:
S, = Z 627riq(a:)
D

Evaluation: Let g(t) := Y7} >R+ Note that g(t + 1) = g(t) so that

+o00
g(t) = Z cpe 2kt
— 00
We want g(0) = > cx. Write
1 n
cp = / g(t)e* ikt dt — / 2mi(Q(D)+ht) gy
0

0

So now write -
9(0) = Z ck = Z / 2miQ(t) g2mikt gy
kez k=—o00"0
But
Q(t+kn) = Q) + Q(kn) + tk
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and Q(kn) is an integer. Therefore,

too oo T w2
Z / eZmQ(tJrkn)dt — / eZmQ(t) dt = .7627”@ (25.86)
o o —im/n

S emial) — \/n = \mexpl2ri (é _ <wéw>>] (25.87)
D

SO

Now, for the opposite signature we just take the complex conjugate.
Finally, to go to the general case note that we could have run a very similar argument
by considering

g(t)y =Y et (25.88)
zeA /A

The Fourier analysis is very similar. Once we get to the Gaussian integral we can diagonalize

it over R and then factorize the result into the one-dimensional case. &
Remarks

1. Note that it follows that for self-dual lattices p(A) = o(A)mod8.

2. Quadratic functions on finite abelian groups and quadratic refinements
& Explain the general problem of finding a quadratic refinement of a bilinear form

on a finite abelian group. &

3. Gauss sums in general

25.4 Self-dual lattices

Definition: An integral lattice is self-dual, or unimodular if A = A*. Equivalently, A is
unimodular if the determinant of the integral Gram matrix is detG;; = £1.

Example 1: The Narain lattices generated by (25.28) above satisfy A(R)* = A(R) and
are unimodular for all R.

Example 2: Of course, if A; and Ag are unimodular then so is Ay & As. So H(1)&--- H(1)
with d factors is an even unimodular lattice of signature (d,d). Similarly, I** = Z? with
quadratic form:

Diag{(—1)%, (+1)%} (25.89)
on Z¢, d =t + s, is an odd unimodular lattice.
Example 3: Positive definite even unimodular. There is a class of very interesting positive

definite even unimodular lattices which are of rank r = 8k for k a positive integer. Introduce
the vector

_ 1 1 8k
5=(513) €Q (25.90)
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Ly, 12{(1‘1,'-'96%) € 2% in:O(Z)}

(25.91)
U{(m,'--,xg) € Z8 + s inZO(z)}
Let us check this lattice is even unimodular:
a.) Integral: The only nonobvious part is whether the product of two vectors from
78% + s is integral. Write these as x; = n;+ %, Yi = mi—i-% where n;,m; € Z and > _n; = 0(2)
and > m; = 0(2). Then

Z(ni-l- %)(mz—l—%) :Znimi—F%(Zm—i—mi)—i—Qk €7 (25.92)

b.) Even: Use n? = n;(2) for n; integral.
c.) Self-dual: Suppose (vi,...,v8x) € I's,. Then, v; £ v; € Z and therefore 2v; € Z
and moreover, the v; are either all integral or all half-integral. Now,

1
s-v:§Zvi€Z (25.93)

implies ) v; = 0(2), hence v € Iy, and hence I, C I'g;, implies it is unimodular.
The case k = 1 defines what is known as the Eg-lattice, which is of particular interest
in group theory and some areas of physics. Here is a particular lattice basis:

1

1
041:5(6’1—1-68)—§(€2+€3+64+65+66+€7)

a9 =e1 + ey
a3 =e2 —eq

A4 =€3 = €2 (25.94)
gy = €4 — €3

Qg =— €5 — €4
Q7 = €6 — €5

ag = €7 — €6

The form «; - o5 is the famous Fg matrix:

(2 0 -10 0 0 0 0]
02 0-100 0 0
~10 2 -10 0 0 0
0 -1-12 -10 0 0 (25.95)
0 0 0-12—-10 0
00 0 0 -12-10
00 00 0-12 —1
(00 00 0 0 —1 2]

- 277 -



One can check that this is in fact of determinant 1. This data is often encoded in a
Dynkin diagram shown in Figure 20. A dot corresponds to a basis vector. Two dots are
connected by a single line if ;- = —1 (i.e. if the angle between them is 27/3). One gets

3C

o—0

=]
Q
o

Figure 20: Dynkin diagram of the FEg lattice. The numbers attached to the nodes have some
interesting magical problems which will be discussed later.

Remarks

1. The automorphism group of the Fg lattice is an extremely intricate object. It is
known as the Weyl group of Eg and it is generated by the reflections in the hyper-
planes orthogonal to the simple roots «; listed above. There is an obvious subgroup
isomorphic to

(Z)" x Sg (25.96)

where the Sg acts by permuting the coordinates and (Z2)7 22 (Z2)®/Zs is the group of
sign-flips x; — ¢;x; where an even number of signs are flipped. What is not obvious
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Figure 21: A projection of the 240 roots of the E8 root lattice in a two-dimensional plane. Copied
from http://www.madore.org/ david/math/e8w.html.

is that this group is only a subgroup and in fact the full Weyl group has order
W (Eg)| = 278! x 135
=8'x(1-2-3-4-5-6-4-2-3)
=21« 3P x52xT

= 696729600

(25.97)

2. & SAY SOMETHING ABOUT VECTORS OF SQUARELENGTH TWO &

25.4.1 Some classification results

There are some interesting results on the classification of unimodular lattices. We now
briefly review some of the most important ones.

The nature of the classification of lattices depends very strongly on the signature and
rank of the form. For example, the classification of definite integral forms is a very difficult
problem which remains unsolved in general.

By contrast, the classification is much simpler for indefinite signature: (i.e. t > 0,s > 0).
& EXPLAIN THE PROOF IN SERRE’S BOOK. THIS IS A BEAUTIFUL AND
SIMPLE APPLICATION OF GENERAL IDEAS OF K-THEORY &
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1. Odd unimodular lattices are unique. By change of basis we always get the lattice:
I~ 1" (25.98)

2. Even unimodular lattices only exist for (¢ — s) = Omod8 and are again unique for s,t
both nonzero. They are denoted:

INESD IS (25.99)

An explicit consturction of I75* may be given by taking the lattice of d-tuples of points
(21,...,29) € RS with d = t + s, where the x; are either all integral, or all half-integral,
and in either case ) x; = Omod2.

Although the indefinite even unimodular lattices are unique, their embedding into RP+¢
is highly nonunique. We have already seen this in example 3 above.

Note that A(R) = A(1/R). The inequivalent embeddings of IT'! into RL! are
parametrized by R > 1.

There are some partial results on positive definite even unimodular lattices.
1. In fact, they only exist for

dimA = Omod8 (25.100)

2. In any dimension there is a finite number of inequivalent lattices. In fact, we can
count them! That is, we can count them using the Smith-Minkowski-Siegel “mass formula”
which gives a formula for

1 _ [Bny2l | Baj|
PBirerreyinia | S v (25.101)
(A] 1<j<n/2

The sum on the left is over inequivalent even unimodular positive definite lattice of dimen-
sion n. The Bs; are the Bernoulli numbers defined by

x > " x 2 xt
_1:Z%Bnm:1—+—i"‘ (25.102)
n=

2 12 720

ex

The growth of the Bernoulli number is given by Euler’s result:

2(2n)!

BQn = (_1)n+1 (27‘1’)2”

¢(2n) (25.103)

and hence the product on the RHS grows very fast. (Note that ((2n) is exponentially close
to 1.

& Reference: A. Eskin, Z. Rudnik, and P. Sarnak, “A Proof of Siegel’s Weight For-
mula,” (There should be a simple topological field theory proof.) &

In higher dimensions there can be many inequivalent even integral unimodular lattices.
The number n(d) of such lattices is known to be:
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n(8) =1
n(16) = 2
n(24) = 24 (25.104)
n(32) > 80 x 10°

Indeed, if we compute the RHS of the SMS formula for n = 8 then we get

By, By By Bg 1 1 1 1 1
xS X —x—=(—|x|=|x|z=])x =) === (25.105)
4 4 8 12 120 24 240 504 696729600

This is exactly one over the order of the automorphism group of Eg, confirming n(d) = 1.
Of the 24 even unimodular lattices in dimension 24 one stands out, it is the Leech
lattice, which is the unique lattice whose minimal length-square is 4.
There are many constructions of the Leech lattice, but one curious one is that we
consider the light-like vector:

w = (70;24,23,...,3,2,1,0) (25.106)
in 1752 ¢ RM?® and consider the lattice w™/wZ. This is a positive definite even integral
lattice of rank 24. Note that the vectors of length-squared two are not orthogonal to w.
Remarks

1. Topology of 4-manifolds.

2. Abelian Chern-Simons theory.

Exercise

Compute the number of vectors of square-length = 2 in Ag(Es).

Exercise For any integer k construct an even unimodular lattice whose minimum
length vector is 2%,

Exercise Narain lattices
Let V be a vector space and V" be the dual space.
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Using only the dual pairing one defines a natural signature (d, d) nondegenerate metric
onVaVY:

(2, 0), (2, 0")) =0 (x) — £(2)) (25.107)

a.) Show that if A C V' is a lattice then
Ay ={(p+w,p—w)|p € A,w € A"} (25.108)

is an even unimodular lattice.

b.) Show that the space of inequivalent embedded lattices isomorphic to I7%? is
O(d, d, Z)\O(d, d, R) & This is out of

place. We haven’t
done quotients yet.

&

Exercise

Show that the lattice of (z1,...,74) € RS, with z; all integral or all half-integral and
> x; = 0(2) is an even self-dual lattice.

Hint: Use the same procedure as in the Eg case above.

Exercise

Show that if s > ¢ then I7%' must be isomorphic as a lattice to a lattice of the form
IMe...oll"eokke  -oF (25.109)
while if ¢ > s it is of the form
Mo ..ol o Ey(-1)®--- @ Es(-1) (25.110)

of signature ((4—1)17 (_1)l+8m)'

Exercise Lattice Theta functions
If A is a positive definite lattice one can associate to it the Theta function

Op =Y ¢z (25.111)
vEA

This is a series in ¢'/2 and it converges absolutely for |¢'/2| < 1. This function counts the
number of lattice vectors of a given length.
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For 7 a complex number of positive imaginary part define ¢ := €2™7. Using the Poisson
summation formula show that the theta functions for A and A* are related by:

OA(-1/7) = (—iT)dimA/QW@A* (r) (25.112)

&& EXPLAIN RELATION OF FINITE HEISENBERG GROUPS AND THETA
FUNCTIONS &

25.5 Embeddings of lattices: The Nikulin theorem

& Explain the terminology “glue group” o

25.6 References

Reference: For much more about lattices, see
J.H. Conway and N.J.A. Sloane, Sphere Packings, Lattices, and Groups.
A beautiful and concise treatment of some of the material above can be found in:
J.-P. Serre, A Course on Arithmetic

26. Positive definite Quadratic forms

Criteria for A to be positive definite:

A > 0 iff the determinants of all minors is positive.

If A is a positive definite matrix with integer entries then it satisfies some remarkable
properties:

1. Kronecker’s theorem: || A ||> 2 or || A ||=2cos(7/q), ¢ > 3.

2. Perron-Frobenius theorem: A has a maximal positive eigenvalue and the eigenvector
can be taken to have all positive entries. (Actually, the PF theorem is far more general.)

See V. Jones, et. al. Coxeter graphs... and Gantmacher, for a discussion.

Nice Application: GOOGLE search algorithm PageRank

27. Quivers and their representations

Nice application of linear algebra.
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