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Ultra-Precise Superradiant Atomic Clock from JILA

• Proof-of-principle: ultracold 87Rb atoms 
(N~106) in a bad cavity

• Actual clock: 87Sr or 171YB instead
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Figure 2. Simplified energy level diagrams of (a) a proposed superradiant light source using an ultra-narrow
optical transition in alkaline-earth atoms (Sr, Yb, Ca, etc.) and (b) a superradiant Raman laser. Proposed superra-
diant lasers collectively enhance the emission rate of the nearly-forbidden optical transition |ei to |gi with single
particle excited state decay rate �eg. Non-collective repumping of |gi back to |ei at rate W recycles the atoms
to the excited state after they emit a photon. The superradiant Raman laser uses an e↵ective optical transition,
induced by a dressing laser with Rabi frequency ⌦d, to create a tunable excited state decay rate �eg. The dressing
laser is detuned from an intermediate optically excited state |ii by �. (c) The optical cavity used in our realization
of a superradiant Raman laser. The separation between the cavity mirrors is 1.9 cm. We load atoms into the
standing wave optical lattice trap from a MOT formed between the mirrors (false color). The dressing laser (red)
is applied non-resonantly along the cavity axis. The repumping light (green) is applied perpendicular to the cavity
axis. The emitted light (blue) is detected in upper port, though it is emitted into the lower cavity output port as
well (not shown). The single-particle repumping light is scattered into free space (orange).

[29] for details) has an e↵ective excited state decay rate �eg = �
⌦2

d

4�2 that can be controlled with the
intensity of the dressing laser. We typically operate with �eg ranging from 2 to 60 s�1.

The phase noise of the dressing laser is also imposed on the emitted light’s phase, making this
source technologically uninteresting as a stable optical phase reference. However, the tunability of
the decay rate �eg has proven helpful for exploring the physics of these light sources. The emitted
light is detected in heterodyne with the dressing laser, removing the dressing laser’s phase noise for
our studies.

The e↵ective single particle cooperativity, C =
(2g2)2

�eg
, gives the ratio with which the atom decays

from |ei to |gi by emitting a photon into the cavity mode compared to all other free space modes,
and is equivalent to the Purcell factor [30]. Here g2 is the two-photon coupling of the atoms to the
cavity mode after adiabatic elimination of the intermediate state [29]. The laser operates in the single
particle weak coupling limit C = 8 ⇥ 10�3 ⌧ 1 such that a single atom scarcely experiences the
presence of the cavity. However, the collective coupling NC ⇡ 104 � 1 is strong, a key requirement
for the atoms to collectively establish a strong superradiant coupling to the cavity mode, providing a
collective enhancement with direct analogy to a classical phased-array antenna [31].

4 Steady-state superradiance

The spontaneous synchronization of the individual atomic dipoles leads us to represent the collective
state of the atoms at the heart of the superradiant laser with a Bloch vector ~J [32]. The vector’s axial
projection Jz =

1
2

DP
N

q=1 |ei(q)he|(q) � |gi(q)hg|(q)
E

is proportional to the laser inversion. The magnitude
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Figure 2. Simplified energy level diagrams of (a) a proposed superradiant light source using an ultra-narrow
optical transition in alkaline-earth atoms (Sr, Yb, Ca, etc.) and (b) a superradiant Raman laser. Proposed superra-
diant lasers collectively enhance the emission rate of the nearly-forbidden optical transition |ei to |gi with single
particle excited state decay rate �eg. Non-collective repumping of |gi back to |ei at rate W recycles the atoms
to the excited state after they emit a photon. The superradiant Raman laser uses an e↵ective optical transition,
induced by a dressing laser with Rabi frequency ⌦d, to create a tunable excited state decay rate �eg. The dressing
laser is detuned from an intermediate optically excited state |ii by �. (c) The optical cavity used in our realization
of a superradiant Raman laser. The separation between the cavity mirrors is 1.9 cm. We load atoms into the
standing wave optical lattice trap from a MOT formed between the mirrors (false color). The dressing laser (red)
is applied non-resonantly along the cavity axis. The repumping light (green) is applied perpendicular to the cavity
axis. The emitted light (blue) is detected in upper port, though it is emitted into the lower cavity output port as
well (not shown). The single-particle repumping light is scattered into free space (orange).
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particle excited state decay rate �eg. Non-collective repumping of |gi back to |ei at rate W recycles the atoms
to the excited state after they emit a photon. The superradiant Raman laser uses an e↵ective optical transition,
induced by a dressing laser with Rabi frequency ⌦d, to create a tunable excited state decay rate �eg. The dressing
laser is detuned from an intermediate optically excited state |ii by �. (c) The optical cavity used in our realization
of a superradiant Raman laser. The separation between the cavity mirrors is 1.9 cm. We load atoms into the
standing wave optical lattice trap from a MOT formed between the mirrors (false color). The dressing laser (red)
is applied non-resonantly along the cavity axis. The repumping light (green) is applied perpendicular to the cavity
axis. The emitted light (blue) is detected in upper port, though it is emitted into the lower cavity output port as
well (not shown). The single-particle repumping light is scattered into free space (orange).
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Figure 2. Simplified energy level diagrams of (a) a proposed superradiant light source using an ultra-narrow
optical transition in alkaline-earth atoms (Sr, Yb, Ca, etc.) and (b) a superradiant Raman laser. Proposed superra-
diant lasers collectively enhance the emission rate of the nearly-forbidden optical transition |ei to |gi with single
particle excited state decay rate �eg. Non-collective repumping of |gi back to |ei at rate W recycles the atoms
to the excited state after they emit a photon. The superradiant Raman laser uses an e↵ective optical transition,
induced by a dressing laser with Rabi frequency ⌦d, to create a tunable excited state decay rate �eg. The dressing
laser is detuned from an intermediate optically excited state |ii by �. (c) The optical cavity used in our realization
of a superradiant Raman laser. The separation between the cavity mirrors is 1.9 cm. We load atoms into the
standing wave optical lattice trap from a MOT formed between the mirrors (false color). The dressing laser (red)
is applied non-resonantly along the cavity axis. The repumping light (green) is applied perpendicular to the cavity
axis. The emitted light (blue) is detected in upper port, though it is emitted into the lower cavity output port as
well (not shown). The single-particle repumping light is scattered into free space (orange).
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for the atoms to collectively establish a strong superradiant coupling to the cavity mode, providing a
collective enhancement with direct analogy to a classical phased-array antenna [31].

4 Steady-state superradiance

The spontaneous synchronization of the individual atomic dipoles leads us to represent the collective
state of the atoms at the heart of the superradiant laser with a Bloch vector ~J [32]. The vector’s axial
projection Jz =
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Figure 2. Simplified energy level diagrams of (a) a proposed superradiant light source using an ultra-narrow
optical transition in alkaline-earth atoms (Sr, Yb, Ca, etc.) and (b) a superradiant Raman laser. Proposed superra-
diant lasers collectively enhance the emission rate of the nearly-forbidden optical transition |ei to |gi with single
particle excited state decay rate �eg. Non-collective repumping of |gi back to |ei at rate W recycles the atoms
to the excited state after they emit a photon. The superradiant Raman laser uses an e↵ective optical transition,
induced by a dressing laser with Rabi frequency ⌦d, to create a tunable excited state decay rate �eg. The dressing
laser is detuned from an intermediate optically excited state |ii by �. (c) The optical cavity used in our realization
of a superradiant Raman laser. The separation between the cavity mirrors is 1.9 cm. We load atoms into the
standing wave optical lattice trap from a MOT formed between the mirrors (false color). The dressing laser (red)
is applied non-resonantly along the cavity axis. The repumping light (green) is applied perpendicular to the cavity
axis. The emitted light (blue) is detected in upper port, though it is emitted into the lower cavity output port as
well (not shown). The single-particle repumping light is scattered into free space (orange).

[29] for details) has an e↵ective excited state decay rate �eg = �
⌦2

d

4�2 that can be controlled with the
intensity of the dressing laser. We typically operate with �eg ranging from 2 to 60 s�1.

The phase noise of the dressing laser is also imposed on the emitted light’s phase, making this
source technologically uninteresting as a stable optical phase reference. However, the tunability of
the decay rate �eg has proven helpful for exploring the physics of these light sources. The emitted
light is detected in heterodyne with the dressing laser, removing the dressing laser’s phase noise for
our studies.

The e↵ective single particle cooperativity, C =
(2g2)2

�eg
, gives the ratio with which the atom decays

from |ei to |gi by emitting a photon into the cavity mode compared to all other free space modes,
and is equivalent to the Purcell factor [30]. Here g2 is the two-photon coupling of the atoms to the
cavity mode after adiabatic elimination of the intermediate state [29]. The laser operates in the single
particle weak coupling limit C = 8 ⇥ 10�3 ⌧ 1 such that a single atom scarcely experiences the
presence of the cavity. However, the collective coupling NC ⇡ 104 � 1 is strong, a key requirement
for the atoms to collectively establish a strong superradiant coupling to the cavity mode, providing a
collective enhancement with direct analogy to a classical phased-array antenna [31].

4 Steady-state superradiance

The spontaneous synchronization of the individual atomic dipoles leads us to represent the collective
state of the atoms at the heart of the superradiant laser with a Bloch vector ~J [32]. The vector’s axial
projection Jz =

1
2

DP
N

q=1 |ei(q)he|(q) � |gi(q)hg|(q)
E

is proportional to the laser inversion. The magnitude
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Figure 2. Simplified energy level diagrams of (a) a proposed superradiant light source using an ultra-narrow
optical transition in alkaline-earth atoms (Sr, Yb, Ca, etc.) and (b) a superradiant Raman laser. Proposed superra-
diant lasers collectively enhance the emission rate of the nearly-forbidden optical transition |ei to |gi with single
particle excited state decay rate �eg. Non-collective repumping of |gi back to |ei at rate W recycles the atoms
to the excited state after they emit a photon. The superradiant Raman laser uses an e↵ective optical transition,
induced by a dressing laser with Rabi frequency ⌦d, to create a tunable excited state decay rate �eg. The dressing
laser is detuned from an intermediate optically excited state |ii by �. (c) The optical cavity used in our realization
of a superradiant Raman laser. The separation between the cavity mirrors is 1.9 cm. We load atoms into the
standing wave optical lattice trap from a MOT formed between the mirrors (false color). The dressing laser (red)
is applied non-resonantly along the cavity axis. The repumping light (green) is applied perpendicular to the cavity
axis. The emitted light (blue) is detected in upper port, though it is emitted into the lower cavity output port as
well (not shown). The single-particle repumping light is scattered into free space (orange).

[29] for details) has an e↵ective excited state decay rate �eg = �
⌦2

d

4�2 that can be controlled with the
intensity of the dressing laser. We typically operate with �eg ranging from 2 to 60 s�1.

The phase noise of the dressing laser is also imposed on the emitted light’s phase, making this
source technologically uninteresting as a stable optical phase reference. However, the tunability of
the decay rate �eg has proven helpful for exploring the physics of these light sources. The emitted
light is detected in heterodyne with the dressing laser, removing the dressing laser’s phase noise for
our studies.

The e↵ective single particle cooperativity, C =
(2g2)2

�eg
, gives the ratio with which the atom decays

from |ei to |gi by emitting a photon into the cavity mode compared to all other free space modes,
and is equivalent to the Purcell factor [30]. Here g2 is the two-photon coupling of the atoms to the
cavity mode after adiabatic elimination of the intermediate state [29]. The laser operates in the single
particle weak coupling limit C = 8 ⇥ 10�3 ⌧ 1 such that a single atom scarcely experiences the
presence of the cavity. However, the collective coupling NC ⇡ 104 � 1 is strong, a key requirement
for the atoms to collectively establish a strong superradiant coupling to the cavity mode, providing a
collective enhancement with direct analogy to a classical phased-array antenna [31].

4 Steady-state superradiance

The spontaneous synchronization of the individual atomic dipoles leads us to represent the collective
state of the atoms at the heart of the superradiant laser with a Bloch vector ~J [32]. The vector’s axial
projection Jz =

1
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q=1 |ei(q)he|(q) � |gi(q)hg|(q)
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is proportional to the laser inversion. The magnitude
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• Extremely bad cavity (cavity photon 
decay rate      – largest rate in the 
problem)
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• Incoherent pumping with rate W
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Figure 2. Simplified energy level diagrams of (a) a proposed superradiant light source using an ultra-narrow
optical transition in alkaline-earth atoms (Sr, Yb, Ca, etc.) and (b) a superradiant Raman laser. Proposed superra-
diant lasers collectively enhance the emission rate of the nearly-forbidden optical transition |ei to |gi with single
particle excited state decay rate �eg. Non-collective repumping of |gi back to |ei at rate W recycles the atoms
to the excited state after they emit a photon. The superradiant Raman laser uses an e↵ective optical transition,
induced by a dressing laser with Rabi frequency ⌦d, to create a tunable excited state decay rate �eg. The dressing
laser is detuned from an intermediate optically excited state |ii by �. (c) The optical cavity used in our realization
of a superradiant Raman laser. The separation between the cavity mirrors is 1.9 cm. We load atoms into the
standing wave optical lattice trap from a MOT formed between the mirrors (false color). The dressing laser (red)
is applied non-resonantly along the cavity axis. The repumping light (green) is applied perpendicular to the cavity
axis. The emitted light (blue) is detected in upper port, though it is emitted into the lower cavity output port as
well (not shown). The single-particle repumping light is scattered into free space (orange).

[29] for details) has an e↵ective excited state decay rate �eg = �
⌦2

d

4�2 that can be controlled with the
intensity of the dressing laser. We typically operate with �eg ranging from 2 to 60 s�1.

The phase noise of the dressing laser is also imposed on the emitted light’s phase, making this
source technologically uninteresting as a stable optical phase reference. However, the tunability of
the decay rate �eg has proven helpful for exploring the physics of these light sources. The emitted
light is detected in heterodyne with the dressing laser, removing the dressing laser’s phase noise for
our studies.

The e↵ective single particle cooperativity, C =
(2g2)2

�eg
, gives the ratio with which the atom decays

from |ei to |gi by emitting a photon into the cavity mode compared to all other free space modes,
and is equivalent to the Purcell factor [30]. Here g2 is the two-photon coupling of the atoms to the
cavity mode after adiabatic elimination of the intermediate state [29]. The laser operates in the single
particle weak coupling limit C = 8 ⇥ 10�3 ⌧ 1 such that a single atom scarcely experiences the
presence of the cavity. However, the collective coupling NC ⇡ 104 � 1 is strong, a key requirement
for the atoms to collectively establish a strong superradiant coupling to the cavity mode, providing a
collective enhancement with direct analogy to a classical phased-array antenna [31].

4 Steady-state superradiance

The spontaneous synchronization of the individual atomic dipoles leads us to represent the collective
state of the atoms at the heart of the superradiant laser with a Bloch vector ~J [32]. The vector’s axial
projection Jz =

1
2

DP
N

q=1 |ei(q)he|(q) � |gi(q)hg|(q)
E

is proportional to the laser inversion. The magnitude
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Figure 2. Simplified energy level diagrams of (a) a proposed superradiant light source using an ultra-narrow
optical transition in alkaline-earth atoms (Sr, Yb, Ca, etc.) and (b) a superradiant Raman laser. Proposed superra-
diant lasers collectively enhance the emission rate of the nearly-forbidden optical transition |ei to |gi with single
particle excited state decay rate �eg. Non-collective repumping of |gi back to |ei at rate W recycles the atoms
to the excited state after they emit a photon. The superradiant Raman laser uses an e↵ective optical transition,
induced by a dressing laser with Rabi frequency ⌦d, to create a tunable excited state decay rate �eg. The dressing
laser is detuned from an intermediate optically excited state |ii by �. (c) The optical cavity used in our realization
of a superradiant Raman laser. The separation between the cavity mirrors is 1.9 cm. We load atoms into the
standing wave optical lattice trap from a MOT formed between the mirrors (false color). The dressing laser (red)
is applied non-resonantly along the cavity axis. The repumping light (green) is applied perpendicular to the cavity
axis. The emitted light (blue) is detected in upper port, though it is emitted into the lower cavity output port as
well (not shown). The single-particle repumping light is scattered into free space (orange).
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cavity mode after adiabatic elimination of the intermediate state [29]. The laser operates in the single
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Master Equation: ⇢̇ = �ı[Ĥ, ⇢] +W

NX

j=1

L[�̂j+]⇢
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Adiabatic elimination: 
(bad cavity limit)

Bonifacio et. al., Phys. Rev. A (1971)
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Ultra-Precise Superradiant Atomic Clock from JILA



• Incoherent pumping with rate W
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Figure 2. Simplified energy level diagrams of (a) a proposed superradiant light source using an ultra-narrow
optical transition in alkaline-earth atoms (Sr, Yb, Ca, etc.) and (b) a superradiant Raman laser. Proposed superra-
diant lasers collectively enhance the emission rate of the nearly-forbidden optical transition |ei to |gi with single
particle excited state decay rate �eg. Non-collective repumping of |gi back to |ei at rate W recycles the atoms
to the excited state after they emit a photon. The superradiant Raman laser uses an e↵ective optical transition,
induced by a dressing laser with Rabi frequency ⌦d, to create a tunable excited state decay rate �eg. The dressing
laser is detuned from an intermediate optically excited state |ii by �. (c) The optical cavity used in our realization
of a superradiant Raman laser. The separation between the cavity mirrors is 1.9 cm. We load atoms into the
standing wave optical lattice trap from a MOT formed between the mirrors (false color). The dressing laser (red)
is applied non-resonantly along the cavity axis. The repumping light (green) is applied perpendicular to the cavity
axis. The emitted light (blue) is detected in upper port, though it is emitted into the lower cavity output port as
well (not shown). The single-particle repumping light is scattered into free space (orange).

[29] for details) has an e↵ective excited state decay rate �eg = �
⌦2

d

4�2 that can be controlled with the
intensity of the dressing laser. We typically operate with �eg ranging from 2 to 60 s�1.

The phase noise of the dressing laser is also imposed on the emitted light’s phase, making this
source technologically uninteresting as a stable optical phase reference. However, the tunability of
the decay rate �eg has proven helpful for exploring the physics of these light sources. The emitted
light is detected in heterodyne with the dressing laser, removing the dressing laser’s phase noise for
our studies.

The e↵ective single particle cooperativity, C =
(2g2)2

�eg
, gives the ratio with which the atom decays

from |ei to |gi by emitting a photon into the cavity mode compared to all other free space modes,
and is equivalent to the Purcell factor [30]. Here g2 is the two-photon coupling of the atoms to the
cavity mode after adiabatic elimination of the intermediate state [29]. The laser operates in the single
particle weak coupling limit C = 8 ⇥ 10�3 ⌧ 1 such that a single atom scarcely experiences the
presence of the cavity. However, the collective coupling NC ⇡ 104 � 1 is strong, a key requirement
for the atoms to collectively establish a strong superradiant coupling to the cavity mode, providing a
collective enhancement with direct analogy to a classical phased-array antenna [31].

4 Steady-state superradiance

The spontaneous synchronization of the individual atomic dipoles leads us to represent the collective
state of the atoms at the heart of the superradiant laser with a Bloch vector ~J [32]. The vector’s axial
projection Jz =

1
2

DP
N

q=1 |ei(q)he|(q) � |gi(q)hg|(q)
E

is proportional to the laser inversion. The magnitude
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Figure 2. Simplified energy level diagrams of (a) a proposed superradiant light source using an ultra-narrow
optical transition in alkaline-earth atoms (Sr, Yb, Ca, etc.) and (b) a superradiant Raman laser. Proposed superra-
diant lasers collectively enhance the emission rate of the nearly-forbidden optical transition |ei to |gi with single
particle excited state decay rate �eg. Non-collective repumping of |gi back to |ei at rate W recycles the atoms
to the excited state after they emit a photon. The superradiant Raman laser uses an e↵ective optical transition,
induced by a dressing laser with Rabi frequency ⌦d, to create a tunable excited state decay rate �eg. The dressing
laser is detuned from an intermediate optically excited state |ii by �. (c) The optical cavity used in our realization
of a superradiant Raman laser. The separation between the cavity mirrors is 1.9 cm. We load atoms into the
standing wave optical lattice trap from a MOT formed between the mirrors (false color). The dressing laser (red)
is applied non-resonantly along the cavity axis. The repumping light (green) is applied perpendicular to the cavity
axis. The emitted light (blue) is detected in upper port, though it is emitted into the lower cavity output port as
well (not shown). The single-particle repumping light is scattered into free space (orange).
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intensity of the dressing laser. We typically operate with �eg ranging from 2 to 60 s�1.

The phase noise of the dressing laser is also imposed on the emitted light’s phase, making this
source technologically uninteresting as a stable optical phase reference. However, the tunability of
the decay rate �eg has proven helpful for exploring the physics of these light sources. The emitted
light is detected in heterodyne with the dressing laser, removing the dressing laser’s phase noise for
our studies.

The e↵ective single particle cooperativity, C =
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, gives the ratio with which the atom decays

from |ei to |gi by emitting a photon into the cavity mode compared to all other free space modes,
and is equivalent to the Purcell factor [30]. Here g2 is the two-photon coupling of the atoms to the
cavity mode after adiabatic elimination of the intermediate state [29]. The laser operates in the single
particle weak coupling limit C = 8 ⇥ 10�3 ⌧ 1 such that a single atom scarcely experiences the
presence of the cavity. However, the collective coupling NC ⇡ 104 � 1 is strong, a key requirement
for the atoms to collectively establish a strong superradiant coupling to the cavity mode, providing a
collective enhancement with direct analogy to a classical phased-array antenna [31].

4 Steady-state superradiance

The spontaneous synchronization of the individual atomic dipoles leads us to represent the collective
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• Extremely bad cavity (cavity photon 
decay rate      – largest rate in the 
problem)
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Master Equation:

Adiabatic elimination: 
(bad cavity limit)

Bonifacio et. al., Phys. Rev. A (1971)

⇢̇ = �ı[!Ŝz, ⇢] +W
NX

j=1

L[�̂j+]⇢+ �cL[Ŝ�]⇢

<latexit sha1_base64="eCOwRqk6XqrSkhPx+Soyv4S7l7Y="></latexit><latexit sha1_base64="eCOwRqk6XqrSkhPx+Soyv4S7l7Y="></latexit><latexit sha1_base64="eCOwRqk6XqrSkhPx+Soyv4S7l7Y="></latexit><latexit sha1_base64="eCOwRqk6XqrSkhPx+Soyv4S7l7Y="></latexit>

Collective decay rate �c =
⌦2
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<latexit sha1_base64="P6fXSC5bpSTQE4YY2VU7nq5W5Z0="></latexit>

â = �i
⌦


Ŝ�, t � �1

87Sr

Ultra-Precise Superradiant Atomic Clock from JILA



Master Equation: ⇢̇ = �ı[!Ŝz, ⇢] +W
NX

j=1

L[�̂j+]⇢+ �cL[Ŝ�]⇢

<latexit sha1_base64="eCOwRqk6XqrSkhPx+Soyv4S7l7Y="></latexit><latexit sha1_base64="eCOwRqk6XqrSkhPx+Soyv4S7l7Y="></latexit><latexit sha1_base64="eCOwRqk6XqrSkhPx+Soyv4S7l7Y="></latexit><latexit sha1_base64="eCOwRqk6XqrSkhPx+Soyv4S7l7Y="></latexit>

System Size Expansion in Mean-Field Equations,1/
p
N

<latexit sha1_base64="YcmKtzYhdQXxHtOmP32vVlqS2Cw=">AAAAAHicbVDLSgNBEOyNrxhfUY9eBoPgKe5KQI9BL54kgnlgsoTZySQZMju7zvQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSrYAaLoXidRQoeSvWnIaB5M1gdD31m09cGxGpexzH3A/pQIm+YBSt9OCddcyjxvR20i2W3LI7A1kmXkZKkKHWLX51ehFLQq6QSWpM23Nj9FOqUTDJJ4VOYnhM2YgOeNtSRUNu/HR28YScWKVH+pG2pZDM1N8TKQ2NGYeB7QwpDs2iNxX/89oJ9i/9VKg4Qa7YfFE/kQQjMn2f9ITmDOXYEsq0sLcSNqSaMrQhFWwI3uLLy6RxXvYqZfeuUqpeZXHk4QiO4RQ8uIAq3EAN6sBAwTO8wptjnBfn3fmYt+acbOYQ/sD5/AFOQJCt</latexit>

<latexit sha1_base64="HKe07rX/HvFJmMILr2nFcS6ZNf8="></latexit>

ṡ+ = (i! � W

2
)s+ +

1

2
szs+

ṡz = W (1� sz)�
1

2
s+s�

<latexit sha1_base64="wJobQfzt/NeCErsy1DtPU85TmKk=">AAACJnicbZDLSgMxFIYzXmu9jbp0EyyCG8tMKepGKLpxJRXtBTqlZNJMG5pkhiQjlGGewpfwFdzq3p2IO/FJzLSzsK0HAj//fw7n5PMjRpV2nC9raXlldW29sFHc3Nre2bX39psqjCUmDRyyULZ9pAijgjQ01Yy0I0kQ9xlp+aPrLG89EqloKB70OCJdjgaCBhQjbayefer5PFHppRdIhJNKmtymHkNiwAj0hkgnWXyfpp6ceD275JSdScFF4eaiBPKq9+wfrx/imBOhMUNKdVwn0t0ESU0xI2nRixWJEB6hAekYKRAnqptMvpXCY+P0YRBK84SGE/fvRIK4UmPum06O9FDNZ5n5X9aJdXDRTaiIYk0Eni4KYgZ1CDNGsE8lwZqNjUBYUnMrxENkAGlDcmaLz9OigeLOI1gUzUrZPStX76ql2lWOpwAOwRE4AS44BzVwA+qgATB4Ai/gFbxZz9a79WF9TluXrHzmAMyU9f0LNg2nIg==</latexit>

s =
2

N
hŜi

3 energy scales

<latexit sha1_base64="KUTJoXcvgsODATFW9YLqWc1XCzU=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE1I1QdOOygn1AG8JkOmmHziRhZiINob/ixoUibv0Rd/6N0zYLbT1wuYdz7mXunCDhTGnH+bZKa+sbm1vl7crO7t7+gX1Ybas4lYS2SMxj2Q2wopxFtKWZ5rSbSIpFwGknGN/N/M4TlYrF0aPOEuoJPIxYyAjWRvLtqvL7ibhR/sQ0xJDyM9+uOXVnDrRK3ILUoEDTt7/6g5ikgkaacKxUz3US7eVYakY4nVb6qaIJJmM8pD1DIyyo8vL57VN0apQBCmNpKtJorv7eyLFQKhOBmRRYj9SyNxP/83qpDq+9nEVJqmlEFg+FKUc6RrMg0IBJSjTPDMFEMnMrIiMsMdEmrooJwV3+8ippn9fdy/rFw0WtcVvEUYZjOIEzcOEKGnAPTWgBgQk8wyu8WVPrxXq3PhajJavYOYI/sD5/AJSOlCc=</latexit>

s± = sx ± isy

Without pumping,                 :
<latexit sha1_base64="gz18B/Qy45A4D+viTefbG5kHSS0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9NC6dnvlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmWdW7qJ7fn1dqN3kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7A+fwBpxuNZQ==</latexit>

W = 0

<latexit sha1_base64="D35T5YgG3eY0+WXDSPv+C2uQSFA="></latexit>

ds

dt
= H⇥ s+ �(H⇥ s)⇥ s

<latexit sha1_base64="rA/LGherafbtHtjNhtC+Hxm9rzI=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIp6kYouumygn1AE8pkOmmHziPMTIQ2FH/FjQtF3Pof7vwbp20W2nrgwuGce7n3nihhVBvP+3ZWVtfWNzYLW8Xtnd29fffgsKllqjBpYMmkakdIE0YFaRhqGGkniiAeMdKKhndTv/VIlKZSPJhRQkKO+oLGFCNjpa57nAVRDGuTm0By0kfBABk47rolr+zNAJeJn5MSyFHvul9BT+KUE2EwQ1p3fC8xYYaUoZiRSTFINUkQHqI+6VgqECc6zGbXT+CZVXowlsqWMHCm/p7IENd6xCPbyZEZ6EVvKv7ndVITX4cZFUlqiMDzRXHKoJFwGgXsUUWwYSNLEFbU3grxACmEjQ2saEPwF19eJs2Lsn9ZrtxXStXbPI4COAGn4Bz44ApUQQ3UQQNgMAbP4BW8OU/Oi/PufMxbV5x85gj8gfP5A9MElNU=</latexit>

H = !ẑ
Landau-Lifshitz equation



Master Equation: ⇢̇ = �ı[!Ŝz, ⇢] +W
NX

j=1

L[�̂j+]⇢+ �cL[Ŝ�]⇢

<latexit sha1_base64="eCOwRqk6XqrSkhPx+Soyv4S7l7Y="></latexit><latexit sha1_base64="eCOwRqk6XqrSkhPx+Soyv4S7l7Y="></latexit><latexit sha1_base64="eCOwRqk6XqrSkhPx+Soyv4S7l7Y="></latexit><latexit sha1_base64="eCOwRqk6XqrSkhPx+Soyv4S7l7Y="></latexit>

hâi / |s�| = 0
<latexit sha1_base64="pd+Ru2L2HOVd4H/mKwnrWtaFNqg=">AAACFnicbVDLSgMxFM3UVx1fVZdugkVw0zIjom6EghuXFewDOsNwJ03b0ExmSDJCmfYr3Pgrblwo4lbc+Tem7Sy09UDg5Jx7Sc4JE86Udpxvq7Cyura+Udy0t7Z3dvdK+wdNFaeS0AaJeSzbISjKmaANzTSn7URSiEJOW+HwZuq3HqhULBb3epRQP4K+YD1GQBspKFVs2+Mg+pxibwA6gwn2ZH5PZJzoGI9VkFUmY3yNnaBUdqrODHiZuDkpoxz1oPTldWOSRlRowkGpjusk2s9AakY4ndheqmgCZAh92jFUQESVn81iTfCJUbq4F0tzhMYz9fdGBpFSoyg0kxHogVr0puJ/XifVvSs/YyJJNRVk/lAv5diEnXaEu0xSovnIECCSmb9iMgAJRJsmbVOCuxh5mTTPqq5Tde/Oy7WLvI4iOkLH6BS56BLV0C2qowYi6BE9o1f0Zj1ZL9a79TEfLVj5ziH6A+vzB0s9nic=</latexit><latexit sha1_base64="pd+Ru2L2HOVd4H/mKwnrWtaFNqg=">AAACFnicbVDLSgMxFM3UVx1fVZdugkVw0zIjom6EghuXFewDOsNwJ03b0ExmSDJCmfYr3Pgrblwo4lbc+Tem7Sy09UDg5Jx7Sc4JE86Udpxvq7Cyura+Udy0t7Z3dvdK+wdNFaeS0AaJeSzbISjKmaANzTSn7URSiEJOW+HwZuq3HqhULBb3epRQP4K+YD1GQBspKFVs2+Mg+pxibwA6gwn2ZH5PZJzoGI9VkFUmY3yNnaBUdqrODHiZuDkpoxz1oPTldWOSRlRowkGpjusk2s9AakY4ndheqmgCZAh92jFUQESVn81iTfCJUbq4F0tzhMYz9fdGBpFSoyg0kxHogVr0puJ/XifVvSs/YyJJNRVk/lAv5diEnXaEu0xSovnIECCSmb9iMgAJRJsmbVOCuxh5mTTPqq5Tde/Oy7WLvI4iOkLH6BS56BLV0C2qowYi6BE9o1f0Zj1ZL9a79TEfLVj5ziH6A+vzB0s9nic=</latexit><latexit sha1_base64="pd+Ru2L2HOVd4H/mKwnrWtaFNqg=">AAACFnicbVDLSgMxFM3UVx1fVZdugkVw0zIjom6EghuXFewDOsNwJ03b0ExmSDJCmfYr3Pgrblwo4lbc+Tem7Sy09UDg5Jx7Sc4JE86Udpxvq7Cyura+Udy0t7Z3dvdK+wdNFaeS0AaJeSzbISjKmaANzTSn7URSiEJOW+HwZuq3HqhULBb3epRQP4K+YD1GQBspKFVs2+Mg+pxibwA6gwn2ZH5PZJzoGI9VkFUmY3yNnaBUdqrODHiZuDkpoxz1oPTldWOSRlRowkGpjusk2s9AakY4ndheqmgCZAh92jFUQESVn81iTfCJUbq4F0tzhMYz9fdGBpFSoyg0kxHogVr0puJ/XifVvSs/YyJJNRVk/lAv5diEnXaEu0xSovnIECCSmb9iMgAJRJsmbVOCuxh5mTTPqq5Tde/Oy7WLvI4iOkLH6BS56BLV0C2qowYi6BE9o1f0Zj1ZL9a79TEfLVj5ziH6A+vzB0s9nic=</latexit><latexit sha1_base64="pd+Ru2L2HOVd4H/mKwnrWtaFNqg=">AAACFnicbVDLSgMxFM3UVx1fVZdugkVw0zIjom6EghuXFewDOsNwJ03b0ExmSDJCmfYr3Pgrblwo4lbc+Tem7Sy09UDg5Jx7Sc4JE86Udpxvq7Cyura+Udy0t7Z3dvdK+wdNFaeS0AaJeSzbISjKmaANzTSn7URSiEJOW+HwZuq3HqhULBb3epRQP4K+YD1GQBspKFVs2+Mg+pxibwA6gwn2ZH5PZJzoGI9VkFUmY3yNnaBUdqrODHiZuDkpoxz1oPTldWOSRlRowkGpjusk2s9AakY4ndheqmgCZAh92jFUQESVn81iTfCJUbq4F0tzhMYz9fdGBpFSoyg0kxHogVr0puJ/XifVvSs/YyJJNRVk/lAv5diEnXaEu0xSovnIECCSmb9iMgAJRJsmbVOCuxh5mTTPqq5Tde/Oy7WLvI4iOkLH6BS56BLV0C2qowYi6BE9o1f0Zj1ZL9a79TEfLVj5ziH6A+vzB0s9nic=</latexit>

hâi / |s�| > 0
<latexit sha1_base64="xGIizlCGvqVwbGNmQ0dsqtD9knM=">AAACFnicbVDLSgMxFM3UVx1fVZdugkVw0zIjoq6k4MZlBfuAzjDcSdM2NJMZkoxQpv0KN/6KGxeKuBV3/o1pOwttPRA4OedeknPChDOlHefbKqysrq1vFDftre2d3b3S/kFTxakktEFiHst2CIpyJmhDM81pO5EUopDTVji8mfqtByoVi8W9HiXUj6AvWI8R0EYKShXb9jiIPqfYG4DOYII9md8TGSc6xmMVZJXJGF9jJyiVnaozA14mbk7KKEc9KH153ZikERWacFCq4zqJ9jOQmhFOJ7aXKpoAGUKfdgwVEFHlZ7NYE3xilC7uxdIcofFM/b2RQaTUKArNZAR6oBa9qfif10l178rPmEhSTQWZP9RLOTZhpx3hLpOUaD4yBIhk5q+YDEAC0aZJ25TgLkZeJs2zqutU3bvzcu0ir6OIjtAxOkUuukQ1dIvqqIEIekTP6BW9WU/Wi/VufcxHC1a+c4j+wPr8AUzDnig=</latexit><latexit sha1_base64="xGIizlCGvqVwbGNmQ0dsqtD9knM=">AAACFnicbVDLSgMxFM3UVx1fVZdugkVw0zIjoq6k4MZlBfuAzjDcSdM2NJMZkoxQpv0KN/6KGxeKuBV3/o1pOwttPRA4OedeknPChDOlHefbKqysrq1vFDftre2d3b3S/kFTxakktEFiHst2CIpyJmhDM81pO5EUopDTVji8mfqtByoVi8W9HiXUj6AvWI8R0EYKShXb9jiIPqfYG4DOYII9md8TGSc6xmMVZJXJGF9jJyiVnaozA14mbk7KKEc9KH153ZikERWacFCq4zqJ9jOQmhFOJ7aXKpoAGUKfdgwVEFHlZ7NYE3xilC7uxdIcofFM/b2RQaTUKArNZAR6oBa9qfif10l178rPmEhSTQWZP9RLOTZhpx3hLpOUaD4yBIhk5q+YDEAC0aZJ25TgLkZeJs2zqutU3bvzcu0ir6OIjtAxOkUuukQ1dIvqqIEIekTP6BW9WU/Wi/VufcxHC1a+c4j+wPr8AUzDnig=</latexit><latexit sha1_base64="xGIizlCGvqVwbGNmQ0dsqtD9knM=">AAACFnicbVDLSgMxFM3UVx1fVZdugkVw0zIjoq6k4MZlBfuAzjDcSdM2NJMZkoxQpv0KN/6KGxeKuBV3/o1pOwttPRA4OedeknPChDOlHefbKqysrq1vFDftre2d3b3S/kFTxakktEFiHst2CIpyJmhDM81pO5EUopDTVji8mfqtByoVi8W9HiXUj6AvWI8R0EYKShXb9jiIPqfYG4DOYII9md8TGSc6xmMVZJXJGF9jJyiVnaozA14mbk7KKEc9KH153ZikERWacFCq4zqJ9jOQmhFOJ7aXKpoAGUKfdgwVEFHlZ7NYE3xilC7uxdIcofFM/b2RQaTUKArNZAR6oBa9qfif10l178rPmEhSTQWZP9RLOTZhpx3hLpOUaD4yBIhk5q+YDEAC0aZJ25TgLkZeJs2zqutU3bvzcu0ir6OIjtAxOkUuukQ1dIvqqIEIekTP6BW9WU/Wi/VufcxHC1a+c4j+wPr8AUzDnig=</latexit><latexit sha1_base64="xGIizlCGvqVwbGNmQ0dsqtD9knM=">AAACFnicbVDLSgMxFM3UVx1fVZdugkVw0zIjoq6k4MZlBfuAzjDcSdM2NJMZkoxQpv0KN/6KGxeKuBV3/o1pOwttPRA4OedeknPChDOlHefbKqysrq1vFDftre2d3b3S/kFTxakktEFiHst2CIpyJmhDM81pO5EUopDTVji8mfqtByoVi8W9HiXUj6AvWI8R0EYKShXb9jiIPqfYG4DOYII9md8TGSc6xmMVZJXJGF9jJyiVnaozA14mbk7KKEc9KH153ZikERWacFCq4zqJ9jOQmhFOJ7aXKpoAGUKfdgwVEFHlZ7NYE3xilC7uxdIcofFM/b2RQaTUKArNZAR6oBa9qfif10l178rPmEhSTQWZP9RLOTZhpx3hLpOUaD4yBIhk5q+YDEAC0aZJ25TgLkZeJs2zqutU3bvzcu0ir6OIjtAxOkUuukQ1dIvqqIEIekTP6BW9WU/Wi/VufcxHC1a+c4j+wPr8AUzDnig=</latexit>

W = 1
<latexit sha1_base64="qzsS9hbaBDXf0N38ulrMaWlyWdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ8OKxgmkLbSib7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4etXSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2O72Z++wmV5ol8NJMUg5gOJY84o8ZKfpvcEq9frbl1dw6ySryC1KBAs1/96g0SlsUoDRNU667npibIqTKcCZxWepnGlLIxHWLXUklj1EE+P3ZKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYlugpzLNDMo2WJRlAliEjL7nAy4QmbExBLKFLe3EjaiijJj86nYELzll1dJ66LuuXXv4bLWuCriKMMJnMI5eHANDbiHJvjAgMMzvMKbI50X5935WLSWnGLmGP7A+fwBTmGNpQ==</latexit><latexit sha1_base64="qzsS9hbaBDXf0N38ulrMaWlyWdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ8OKxgmkLbSib7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4etXSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2O72Z++wmV5ol8NJMUg5gOJY84o8ZKfpvcEq9frbl1dw6ySryC1KBAs1/96g0SlsUoDRNU667npibIqTKcCZxWepnGlLIxHWLXUklj1EE+P3ZKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYlugpzLNDMo2WJRlAliEjL7nAy4QmbExBLKFLe3EjaiijJj86nYELzll1dJ66LuuXXv4bLWuCriKMMJnMI5eHANDbiHJvjAgMMzvMKbI50X5935WLSWnGLmGP7A+fwBTmGNpQ==</latexit><latexit sha1_base64="qzsS9hbaBDXf0N38ulrMaWlyWdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ8OKxgmkLbSib7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4etXSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2O72Z++wmV5ol8NJMUg5gOJY84o8ZKfpvcEq9frbl1dw6ySryC1KBAs1/96g0SlsUoDRNU667npibIqTKcCZxWepnGlLIxHWLXUklj1EE+P3ZKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYlugpzLNDMo2WJRlAliEjL7nAy4QmbExBLKFLe3EjaiijJj86nYELzll1dJ66LuuXXv4bLWuCriKMMJnMI5eHANDbiHJvjAgMMzvMKbI50X5935WLSWnGLmGP7A+fwBTmGNpQ==</latexit><latexit sha1_base64="qzsS9hbaBDXf0N38ulrMaWlyWdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ8OKxgmkLbSib7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4etXSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2O72Z++wmV5ol8NJMUg5gOJY84o8ZKfpvcEq9frbl1dw6ySryC1KBAs1/96g0SlsUoDRNU667npibIqTKcCZxWepnGlLIxHWLXUklj1EE+P3ZKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYlugpzLNDMo2WJRlAliEjL7nAy4QmbExBLKFLe3EjaiijJj86nYELzll1dJ66LuuXXv4bLWuCriKMMJnMI5eHANDbiHJvjAgMMzvMKbI50X5935WLSWnGLmGP7A+fwBTmGNpQ==</latexit>

Phase Diagram (1D): Two phases

<latexit sha1_base64="HKe07rX/HvFJmMILr2nFcS6ZNf8="></latexit>

ṡ+ = (i! � W

2
)s+ +

1

2
szs+

ṡz = W (1� sz)�
1

2
s+s�

v Rotating frame:

v One parameter (W) – phase diagram is 1D

v Single attractor – fixed point

System Size Expansion in Mean-Field Equations,1/
p
N

<latexit sha1_base64="YcmKtzYhdQXxHtOmP32vVlqS2Cw=">AAAAAHicbVDLSgNBEOyNrxhfUY9eBoPgKe5KQI9BL54kgnlgsoTZySQZMju7zvQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSrYAaLoXidRQoeSvWnIaB5M1gdD31m09cGxGpexzH3A/pQIm+YBSt9OCddcyjxvR20i2W3LI7A1kmXkZKkKHWLX51ehFLQq6QSWpM23Nj9FOqUTDJJ4VOYnhM2YgOeNtSRUNu/HR28YScWKVH+pG2pZDM1N8TKQ2NGYeB7QwpDs2iNxX/89oJ9i/9VKg4Qa7YfFE/kQQjMn2f9ITmDOXYEsq0sLcSNqSaMrQhFWwI3uLLy6RxXvYqZfeuUqpeZXHk4QiO4RQ8uIAq3EAN6sBAwTO8wptjnBfn3fmYt+acbOYQ/sD5/AFOQJCt</latexit>

<latexit sha1_base64="wJobQfzt/NeCErsy1DtPU85TmKk=">AAACJnicbZDLSgMxFIYzXmu9jbp0EyyCG8tMKepGKLpxJRXtBTqlZNJMG5pkhiQjlGGewpfwFdzq3p2IO/FJzLSzsK0HAj//fw7n5PMjRpV2nC9raXlldW29sFHc3Nre2bX39psqjCUmDRyyULZ9pAijgjQ01Yy0I0kQ9xlp+aPrLG89EqloKB70OCJdjgaCBhQjbayefer5PFHppRdIhJNKmtymHkNiwAj0hkgnWXyfpp6ceD275JSdScFF4eaiBPKq9+wfrx/imBOhMUNKdVwn0t0ESU0xI2nRixWJEB6hAekYKRAnqptMvpXCY+P0YRBK84SGE/fvRIK4UmPum06O9FDNZ5n5X9aJdXDRTaiIYk0Eni4KYgZ1CDNGsE8lwZqNjUBYUnMrxENkAGlDcmaLz9OigeLOI1gUzUrZPStX76ql2lWOpwAOwRE4AS44BzVwA+qgATB4Ai/gFbxZz9a79WF9TluXrHzmAMyU9f0LNg2nIg==</latexit>

s =
2

N
hŜi

! ! 0
<latexit sha1_base64="2FPKruAp0wDZdskhCLL8PFRjRTQ=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRS0GXBjcsK9gFNKJPpJB06jzAzUUKov+LGhSJu/RB3/o3TNgttPXDhcM693HtPlDKqjed9O5WNza3tnepubW//4PDIPT7paZkpTLpYMqkGEdKEUUG6hhpGBqkiiEeM9KPpzdzvPxClqRT3Jk9JyFEiaEwxMlYaufVAcpKgQNFkYpBS8hF6I7fhNb0F4DrxS9IAJToj9ysYS5xxIgxmSOuh76UmLJAyFDMyqwWZJinCU5SQoaUCcaLDYnH8DJ5bZQxjqWwJAxfq74kCca1zHtlOjsxEr3pz8T9vmJn4OiyoSDNDBF4uijMGjYTzJOCYKoINyy1BWFF7K8QTpBA2Nq+aDcFffXmd9C6bvtf071qNdquMowpOwRm4AD64Am1wCzqgCzDIwTN4BW/Ok/PivDsfy9aKU87UwR84nz+n55S1</latexit><latexit sha1_base64="2FPKruAp0wDZdskhCLL8PFRjRTQ=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRS0GXBjcsK9gFNKJPpJB06jzAzUUKov+LGhSJu/RB3/o3TNgttPXDhcM693HtPlDKqjed9O5WNza3tnepubW//4PDIPT7paZkpTLpYMqkGEdKEUUG6hhpGBqkiiEeM9KPpzdzvPxClqRT3Jk9JyFEiaEwxMlYaufVAcpKgQNFkYpBS8hF6I7fhNb0F4DrxS9IAJToj9ysYS5xxIgxmSOuh76UmLJAyFDMyqwWZJinCU5SQoaUCcaLDYnH8DJ5bZQxjqWwJAxfq74kCca1zHtlOjsxEr3pz8T9vmJn4OiyoSDNDBF4uijMGjYTzJOCYKoINyy1BWFF7K8QTpBA2Nq+aDcFffXmd9C6bvtf071qNdquMowpOwRm4AD64Am1wCzqgCzDIwTN4BW/Ok/PivDsfy9aKU87UwR84nz+n55S1</latexit><latexit sha1_base64="2FPKruAp0wDZdskhCLL8PFRjRTQ=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRS0GXBjcsK9gFNKJPpJB06jzAzUUKov+LGhSJu/RB3/o3TNgttPXDhcM693HtPlDKqjed9O5WNza3tnepubW//4PDIPT7paZkpTLpYMqkGEdKEUUG6hhpGBqkiiEeM9KPpzdzvPxClqRT3Jk9JyFEiaEwxMlYaufVAcpKgQNFkYpBS8hF6I7fhNb0F4DrxS9IAJToj9ysYS5xxIgxmSOuh76UmLJAyFDMyqwWZJinCU5SQoaUCcaLDYnH8DJ5bZQxjqWwJAxfq74kCca1zHtlOjsxEr3pz8T9vmJn4OiyoSDNDBF4uijMGjYTzJOCYKoINyy1BWFF7K8QTpBA2Nq+aDcFffXmd9C6bvtf071qNdquMowpOwRm4AD64Am1wCzqgCzDIwTN4BW/Ok/PivDsfy9aKU87UwR84nz+n55S1</latexit><latexit sha1_base64="2FPKruAp0wDZdskhCLL8PFRjRTQ=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRS0GXBjcsK9gFNKJPpJB06jzAzUUKov+LGhSJu/RB3/o3TNgttPXDhcM693HtPlDKqjed9O5WNza3tnepubW//4PDIPT7paZkpTLpYMqkGEdKEUUG6hhpGBqkiiEeM9KPpzdzvPxClqRT3Jk9JyFEiaEwxMlYaufVAcpKgQNFkYpBS8hF6I7fhNb0F4DrxS9IAJToj9ysYS5xxIgxmSOuh76UmLJAyFDMyqwWZJinCU5SQoaUCcaLDYnH8DJ5bZQxjqWwJAxfq74kCca1zHtlOjsxEr3pz8T9vmJn4OiyoSDNDBF4uijMGjYTzJOCYKoINyy1BWFF7K8QTpBA2Nq+aDcFffXmd9C6bvtf071qNdquMowpOwRm4AD64Am1wCzqgCzDIwTN4BW/Ok/PivDsfy9aKU87UwR84nz+n55S1</latexit>



Macroscopic population 
of cavity mode    

Superradiance Ultra-stable, submilihertz linewidth 
optical laserIntensity / N2

<latexit sha1_base64="zt+zU5kXpmpvpAxglCbR9zKFhQU=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclaQUdFlwoxupYB/QxjKZTtqhk0mYuRFD6M6Nv+LGhSJu/QV3/o3TNgttPTBwOOde7pzjx4JrcJxva2l5ZXVtvbBR3Nza3tm19/abOkoUZQ0aiUi1faKZ4JI1gINg7VgxEvqCtfzRxcRv3TOleSRvIY2ZF5KB5AGnBIzUs4+6wB5AhdmVBCY1h3SMu7GKYojw9V2lZ5ecsjMFXiRuTkooR71nf3X7EU1CJoEKonXHdWLwMqKAU8HGxW6iWUzoiAxYx1BJQqa9bJpjjE+M0sdBpMyTgKfq742MhFqnoW8mQwJDPe9NxP+8TgLBuZdxGScmJJ0dChKBTchJKbjPFaMgUkMIVdz8FdMhUYSCqa5oSnDnIy+SZqXsOmX3plqqVfM6CugQHaNT5KIzVEOXqI4aiKJH9Ixe0Zv1ZL1Y79bHbHTJyncO0B9Ynz+IDpmm</latexit><latexit sha1_base64="zt+zU5kXpmpvpAxglCbR9zKFhQU=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclaQUdFlwoxupYB/QxjKZTtqhk0mYuRFD6M6Nv+LGhSJu/QV3/o3TNgttPTBwOOde7pzjx4JrcJxva2l5ZXVtvbBR3Nza3tm19/abOkoUZQ0aiUi1faKZ4JI1gINg7VgxEvqCtfzRxcRv3TOleSRvIY2ZF5KB5AGnBIzUs4+6wB5AhdmVBCY1h3SMu7GKYojw9V2lZ5ecsjMFXiRuTkooR71nf3X7EU1CJoEKonXHdWLwMqKAU8HGxW6iWUzoiAxYx1BJQqa9bJpjjE+M0sdBpMyTgKfq742MhFqnoW8mQwJDPe9NxP+8TgLBuZdxGScmJJ0dChKBTchJKbjPFaMgUkMIVdz8FdMhUYSCqa5oSnDnIy+SZqXsOmX3plqqVfM6CugQHaNT5KIzVEOXqI4aiKJH9Ixe0Zv1ZL1Y79bHbHTJyncO0B9Ynz+IDpmm</latexit><latexit sha1_base64="zt+zU5kXpmpvpAxglCbR9zKFhQU=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclaQUdFlwoxupYB/QxjKZTtqhk0mYuRFD6M6Nv+LGhSJu/QV3/o3TNgttPTBwOOde7pzjx4JrcJxva2l5ZXVtvbBR3Nza3tm19/abOkoUZQ0aiUi1faKZ4JI1gINg7VgxEvqCtfzRxcRv3TOleSRvIY2ZF5KB5AGnBIzUs4+6wB5AhdmVBCY1h3SMu7GKYojw9V2lZ5ecsjMFXiRuTkooR71nf3X7EU1CJoEKonXHdWLwMqKAU8HGxW6iWUzoiAxYx1BJQqa9bJpjjE+M0sdBpMyTgKfq742MhFqnoW8mQwJDPe9NxP+8TgLBuZdxGScmJJ0dChKBTchJKbjPFaMgUkMIVdz8FdMhUYSCqa5oSnDnIy+SZqXsOmX3plqqVfM6CugQHaNT5KIzVEOXqI4aiKJH9Ixe0Zv1ZL1Y79bHbHTJyncO0B9Ynz+IDpmm</latexit><latexit sha1_base64="zt+zU5kXpmpvpAxglCbR9zKFhQU=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclaQUdFlwoxupYB/QxjKZTtqhk0mYuRFD6M6Nv+LGhSJu/QV3/o3TNgttPTBwOOde7pzjx4JrcJxva2l5ZXVtvbBR3Nza3tm19/abOkoUZQ0aiUi1faKZ4JI1gINg7VgxEvqCtfzRxcRv3TOleSRvIY2ZF5KB5AGnBIzUs4+6wB5AhdmVBCY1h3SMu7GKYojw9V2lZ5ecsjMFXiRuTkooR71nf3X7EU1CJoEKonXHdWLwMqKAU8HGxW6iWUzoiAxYx1BJQqa9bJpjjE+M0sdBpMyTgKfq742MhFqnoW8mQwJDPe9NxP+8TgLBuZdxGScmJJ0dChKBTchJKbjPFaMgUkMIVdz8FdMhUYSCqa5oSnDnIy+SZqXsOmX3plqqVfM6CugQHaNT5KIzVEOXqI4aiKJH9Ixe0Zv1ZL1Y79bHbHTJyncO0B9Ynz+IDpmm</latexit>

)
<latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit><latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit><latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit><latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit> )

<latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit><latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit><latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit><latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit>

Accurate frequency 
source

Accurate time 
measurement)

<latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit><latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit><latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit><latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit>

)
<latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit><latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit><latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit><latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit>

Atomic Clock

hâi / |s�| > 0
<latexit sha1_base64="xGIizlCGvqVwbGNmQ0dsqtD9knM=">AAACFnicbVDLSgMxFM3UVx1fVZdugkVw0zIjoq6k4MZlBfuAzjDcSdM2NJMZkoxQpv0KN/6KGxeKuBV3/o1pOwttPRA4OedeknPChDOlHefbKqysrq1vFDftre2d3b3S/kFTxakktEFiHst2CIpyJmhDM81pO5EUopDTVji8mfqtByoVi8W9HiXUj6AvWI8R0EYKShXb9jiIPqfYG4DOYII9md8TGSc6xmMVZJXJGF9jJyiVnaozA14mbk7KKEc9KH153ZikERWacFCq4zqJ9jOQmhFOJ7aXKpoAGUKfdgwVEFHlZ7NYE3xilC7uxdIcofFM/b2RQaTUKArNZAR6oBa9qfif10l178rPmEhSTQWZP9RLOTZhpx3hLpOUaD4yBIhk5q+YDEAC0aZJ25TgLkZeJs2zqutU3bvzcu0ir6OIjtAxOkUuukQ1dIvqqIEIekTP6BW9WU/Wi/VufcxHC1a+c4j+wPr8AUzDnig=</latexit><latexit sha1_base64="xGIizlCGvqVwbGNmQ0dsqtD9knM=">AAACFnicbVDLSgMxFM3UVx1fVZdugkVw0zIjoq6k4MZlBfuAzjDcSdM2NJMZkoxQpv0KN/6KGxeKuBV3/o1pOwttPRA4OedeknPChDOlHefbKqysrq1vFDftre2d3b3S/kFTxakktEFiHst2CIpyJmhDM81pO5EUopDTVji8mfqtByoVi8W9HiXUj6AvWI8R0EYKShXb9jiIPqfYG4DOYII9md8TGSc6xmMVZJXJGF9jJyiVnaozA14mbk7KKEc9KH153ZikERWacFCq4zqJ9jOQmhFOJ7aXKpoAGUKfdgwVEFHlZ7NYE3xilC7uxdIcofFM/b2RQaTUKArNZAR6oBa9qfif10l178rPmEhSTQWZP9RLOTZhpx3hLpOUaD4yBIhk5q+YDEAC0aZJ25TgLkZeJs2zqutU3bvzcu0ir6OIjtAxOkUuukQ1dIvqqIEIekTP6BW9WU/Wi/VufcxHC1a+c4j+wPr8AUzDnig=</latexit><latexit sha1_base64="xGIizlCGvqVwbGNmQ0dsqtD9knM=">AAACFnicbVDLSgMxFM3UVx1fVZdugkVw0zIjoq6k4MZlBfuAzjDcSdM2NJMZkoxQpv0KN/6KGxeKuBV3/o1pOwttPRA4OedeknPChDOlHefbKqysrq1vFDftre2d3b3S/kFTxakktEFiHst2CIpyJmhDM81pO5EUopDTVji8mfqtByoVi8W9HiXUj6AvWI8R0EYKShXb9jiIPqfYG4DOYII9md8TGSc6xmMVZJXJGF9jJyiVnaozA14mbk7KKEc9KH153ZikERWacFCq4zqJ9jOQmhFOJ7aXKpoAGUKfdgwVEFHlZ7NYE3xilC7uxdIcofFM/b2RQaTUKArNZAR6oBa9qfif10l178rPmEhSTQWZP9RLOTZhpx3hLpOUaD4yBIhk5q+YDEAC0aZJ25TgLkZeJs2zqutU3bvzcu0ir6OIjtAxOkUuukQ1dIvqqIEIekTP6BW9WU/Wi/VufcxHC1a+c4j+wPr8AUzDnig=</latexit><latexit sha1_base64="xGIizlCGvqVwbGNmQ0dsqtD9knM=">AAACFnicbVDLSgMxFM3UVx1fVZdugkVw0zIjoq6k4MZlBfuAzjDcSdM2NJMZkoxQpv0KN/6KGxeKuBV3/o1pOwttPRA4OedeknPChDOlHefbKqysrq1vFDftre2d3b3S/kFTxakktEFiHst2CIpyJmhDM81pO5EUopDTVji8mfqtByoVi8W9HiXUj6AvWI8R0EYKShXb9jiIPqfYG4DOYII9md8TGSc6xmMVZJXJGF9jJyiVnaozA14mbk7KKEc9KH153ZikERWacFCq4zqJ9jOQmhFOJ7aXKpoAGUKfdgwVEFHlZ7NYE3xilC7uxdIcofFM/b2RQaTUKArNZAR6oBa9qfif10l178rPmEhSTQWZP9RLOTZhpx3hLpOUaD4yBIhk5q+YDEAC0aZJ25TgLkZeJs2zqutU3bvzcu0ir6OIjtAxOkUuukQ1dIvqqIEIekTP6BW9WU/Wi/VufcxHC1a+c4j+wPr8AUzDnig=</latexit>

hâi / |s�| = 0
<latexit sha1_base64="pd+Ru2L2HOVd4H/mKwnrWtaFNqg=">AAACFnicbVDLSgMxFM3UVx1fVZdugkVw0zIjom6EghuXFewDOsNwJ03b0ExmSDJCmfYr3Pgrblwo4lbc+Tem7Sy09UDg5Jx7Sc4JE86Udpxvq7Cyura+Udy0t7Z3dvdK+wdNFaeS0AaJeSzbISjKmaANzTSn7URSiEJOW+HwZuq3HqhULBb3epRQP4K+YD1GQBspKFVs2+Mg+pxibwA6gwn2ZH5PZJzoGI9VkFUmY3yNnaBUdqrODHiZuDkpoxz1oPTldWOSRlRowkGpjusk2s9AakY4ndheqmgCZAh92jFUQESVn81iTfCJUbq4F0tzhMYz9fdGBpFSoyg0kxHogVr0puJ/XifVvSs/YyJJNRVk/lAv5diEnXaEu0xSovnIECCSmb9iMgAJRJsmbVOCuxh5mTTPqq5Tde/Oy7WLvI4iOkLH6BS56BLV0C2qowYi6BE9o1f0Zj1ZL9a79TEfLVj5ziH6A+vzB0s9nic=</latexit><latexit sha1_base64="pd+Ru2L2HOVd4H/mKwnrWtaFNqg=">AAACFnicbVDLSgMxFM3UVx1fVZdugkVw0zIjom6EghuXFewDOsNwJ03b0ExmSDJCmfYr3Pgrblwo4lbc+Tem7Sy09UDg5Jx7Sc4JE86Udpxvq7Cyura+Udy0t7Z3dvdK+wdNFaeS0AaJeSzbISjKmaANzTSn7URSiEJOW+HwZuq3HqhULBb3epRQP4K+YD1GQBspKFVs2+Mg+pxibwA6gwn2ZH5PZJzoGI9VkFUmY3yNnaBUdqrODHiZuDkpoxz1oPTldWOSRlRowkGpjusk2s9AakY4ndheqmgCZAh92jFUQESVn81iTfCJUbq4F0tzhMYz9fdGBpFSoyg0kxHogVr0puJ/XifVvSs/YyJJNRVk/lAv5diEnXaEu0xSovnIECCSmb9iMgAJRJsmbVOCuxh5mTTPqq5Tde/Oy7WLvI4iOkLH6BS56BLV0C2qowYi6BE9o1f0Zj1ZL9a79TEfLVj5ziH6A+vzB0s9nic=</latexit><latexit sha1_base64="pd+Ru2L2HOVd4H/mKwnrWtaFNqg=">AAACFnicbVDLSgMxFM3UVx1fVZdugkVw0zIjom6EghuXFewDOsNwJ03b0ExmSDJCmfYr3Pgrblwo4lbc+Tem7Sy09UDg5Jx7Sc4JE86Udpxvq7Cyura+Udy0t7Z3dvdK+wdNFaeS0AaJeSzbISjKmaANzTSn7URSiEJOW+HwZuq3HqhULBb3epRQP4K+YD1GQBspKFVs2+Mg+pxibwA6gwn2ZH5PZJzoGI9VkFUmY3yNnaBUdqrODHiZuDkpoxz1oPTldWOSRlRowkGpjusk2s9AakY4ndheqmgCZAh92jFUQESVn81iTfCJUbq4F0tzhMYz9fdGBpFSoyg0kxHogVr0puJ/XifVvSs/YyJJNRVk/lAv5diEnXaEu0xSovnIECCSmb9iMgAJRJsmbVOCuxh5mTTPqq5Tde/Oy7WLvI4iOkLH6BS56BLV0C2qowYi6BE9o1f0Zj1ZL9a79TEfLVj5ziH6A+vzB0s9nic=</latexit><latexit sha1_base64="pd+Ru2L2HOVd4H/mKwnrWtaFNqg=">AAACFnicbVDLSgMxFM3UVx1fVZdugkVw0zIjom6EghuXFewDOsNwJ03b0ExmSDJCmfYr3Pgrblwo4lbc+Tem7Sy09UDg5Jx7Sc4JE86Udpxvq7Cyura+Udy0t7Z3dvdK+wdNFaeS0AaJeSzbISjKmaANzTSn7URSiEJOW+HwZuq3HqhULBb3epRQP4K+YD1GQBspKFVs2+Mg+pxibwA6gwn2ZH5PZJzoGI9VkFUmY3yNnaBUdqrODHiZuDkpoxz1oPTldWOSRlRowkGpjusk2s9AakY4ndheqmgCZAh92jFUQESVn81iTfCJUbq4F0tzhMYz9fdGBpFSoyg0kxHogVr0puJ/XifVvSs/YyJJNRVk/lAv5diEnXaEu0xSovnIECCSmb9iMgAJRJsmbVOCuxh5mTTPqq5Tde/Oy7WLvI4iOkLH6BS56BLV0C2qowYi6BE9o1f0Zj1ZL9a79TEfLVj5ziH6A+vzB0s9nic=</latexit>

hâi / |s�| > 0
<latexit sha1_base64="xGIizlCGvqVwbGNmQ0dsqtD9knM=">AAACFnicbVDLSgMxFM3UVx1fVZdugkVw0zIjoq6k4MZlBfuAzjDcSdM2NJMZkoxQpv0KN/6KGxeKuBV3/o1pOwttPRA4OedeknPChDOlHefbKqysrq1vFDftre2d3b3S/kFTxakktEFiHst2CIpyJmhDM81pO5EUopDTVji8mfqtByoVi8W9HiXUj6AvWI8R0EYKShXb9jiIPqfYG4DOYII9md8TGSc6xmMVZJXJGF9jJyiVnaozA14mbk7KKEc9KH153ZikERWacFCq4zqJ9jOQmhFOJ7aXKpoAGUKfdgwVEFHlZ7NYE3xilC7uxdIcofFM/b2RQaTUKArNZAR6oBa9qfif10l178rPmEhSTQWZP9RLOTZhpx3hLpOUaD4yBIhk5q+YDEAC0aZJ25TgLkZeJs2zqutU3bvzcu0ir6OIjtAxOkUuukQ1dIvqqIEIekTP6BW9WU/Wi/VufcxHC1a+c4j+wPr8AUzDnig=</latexit><latexit sha1_base64="xGIizlCGvqVwbGNmQ0dsqtD9knM=">AAACFnicbVDLSgMxFM3UVx1fVZdugkVw0zIjoq6k4MZlBfuAzjDcSdM2NJMZkoxQpv0KN/6KGxeKuBV3/o1pOwttPRA4OedeknPChDOlHefbKqysrq1vFDftre2d3b3S/kFTxakktEFiHst2CIpyJmhDM81pO5EUopDTVji8mfqtByoVi8W9HiXUj6AvWI8R0EYKShXb9jiIPqfYG4DOYII9md8TGSc6xmMVZJXJGF9jJyiVnaozA14mbk7KKEc9KH153ZikERWacFCq4zqJ9jOQmhFOJ7aXKpoAGUKfdgwVEFHlZ7NYE3xilC7uxdIcofFM/b2RQaTUKArNZAR6oBa9qfif10l178rPmEhSTQWZP9RLOTZhpx3hLpOUaD4yBIhk5q+YDEAC0aZJ25TgLkZeJs2zqutU3bvzcu0ir6OIjtAxOkUuukQ1dIvqqIEIekTP6BW9WU/Wi/VufcxHC1a+c4j+wPr8AUzDnig=</latexit><latexit sha1_base64="xGIizlCGvqVwbGNmQ0dsqtD9knM=">AAACFnicbVDLSgMxFM3UVx1fVZdugkVw0zIjoq6k4MZlBfuAzjDcSdM2NJMZkoxQpv0KN/6KGxeKuBV3/o1pOwttPRA4OedeknPChDOlHefbKqysrq1vFDftre2d3b3S/kFTxakktEFiHst2CIpyJmhDM81pO5EUopDTVji8mfqtByoVi8W9HiXUj6AvWI8R0EYKShXb9jiIPqfYG4DOYII9md8TGSc6xmMVZJXJGF9jJyiVnaozA14mbk7KKEc9KH153ZikERWacFCq4zqJ9jOQmhFOJ7aXKpoAGUKfdgwVEFHlZ7NYE3xilC7uxdIcofFM/b2RQaTUKArNZAR6oBa9qfif10l178rPmEhSTQWZP9RLOTZhpx3hLpOUaD4yBIhk5q+YDEAC0aZJ25TgLkZeJs2zqutU3bvzcu0ir6OIjtAxOkUuukQ1dIvqqIEIekTP6BW9WU/Wi/VufcxHC1a+c4j+wPr8AUzDnig=</latexit><latexit sha1_base64="xGIizlCGvqVwbGNmQ0dsqtD9knM=">AAACFnicbVDLSgMxFM3UVx1fVZdugkVw0zIjoq6k4MZlBfuAzjDcSdM2NJMZkoxQpv0KN/6KGxeKuBV3/o1pOwttPRA4OedeknPChDOlHefbKqysrq1vFDftre2d3b3S/kFTxakktEFiHst2CIpyJmhDM81pO5EUopDTVji8mfqtByoVi8W9HiXUj6AvWI8R0EYKShXb9jiIPqfYG4DOYII9md8TGSc6xmMVZJXJGF9jJyiVnaozA14mbk7KKEc9KH153ZikERWacFCq4zqJ9jOQmhFOJ7aXKpoAGUKfdgwVEFHlZ7NYE3xilC7uxdIcofFM/b2RQaTUKArNZAR6oBa9qfif10l178rPmEhSTQWZP9RLOTZhpx3hLpOUaD4yBIhk5q+YDEAC0aZJ25TgLkZeJs2zqutU3bvzcu0ir6OIjtAxOkUuukQ1dIvqqIEIekTP6BW9WU/Wi/VufcxHC1a+c4j+wPr8AUzDnig=</latexit>

W = 1
<latexit sha1_base64="qzsS9hbaBDXf0N38ulrMaWlyWdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ8OKxgmkLbSib7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4etXSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2O72Z++wmV5ol8NJMUg5gOJY84o8ZKfpvcEq9frbl1dw6ySryC1KBAs1/96g0SlsUoDRNU667npibIqTKcCZxWepnGlLIxHWLXUklj1EE+P3ZKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYlugpzLNDMo2WJRlAliEjL7nAy4QmbExBLKFLe3EjaiijJj86nYELzll1dJ66LuuXXv4bLWuCriKMMJnMI5eHANDbiHJvjAgMMzvMKbI50X5935WLSWnGLmGP7A+fwBTmGNpQ==</latexit><latexit sha1_base64="qzsS9hbaBDXf0N38ulrMaWlyWdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ8OKxgmkLbSib7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4etXSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2O72Z++wmV5ol8NJMUg5gOJY84o8ZKfpvcEq9frbl1dw6ySryC1KBAs1/96g0SlsUoDRNU667npibIqTKcCZxWepnGlLIxHWLXUklj1EE+P3ZKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYlugpzLNDMo2WJRlAliEjL7nAy4QmbExBLKFLe3EjaiijJj86nYELzll1dJ66LuuXXv4bLWuCriKMMJnMI5eHANDbiHJvjAgMMzvMKbI50X5935WLSWnGLmGP7A+fwBTmGNpQ==</latexit><latexit sha1_base64="qzsS9hbaBDXf0N38ulrMaWlyWdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ8OKxgmkLbSib7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4etXSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2O72Z++wmV5ol8NJMUg5gOJY84o8ZKfpvcEq9frbl1dw6ySryC1KBAs1/96g0SlsUoDRNU667npibIqTKcCZxWepnGlLIxHWLXUklj1EE+P3ZKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYlugpzLNDMo2WJRlAliEjL7nAy4QmbExBLKFLe3EjaiijJj86nYELzll1dJ66LuuXXv4bLWuCriKMMJnMI5eHANDbiHJvjAgMMzvMKbI50X5935WLSWnGLmGP7A+fwBTmGNpQ==</latexit><latexit sha1_base64="qzsS9hbaBDXf0N38ulrMaWlyWdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ8OKxgmkLbSib7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4etXSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2O72Z++wmV5ol8NJMUg5gOJY84o8ZKfpvcEq9frbl1dw6ySryC1KBAs1/96g0SlsUoDRNU667npibIqTKcCZxWepnGlLIxHWLXUklj1EE+P3ZKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYlugpzLNDMo2WJRlAliEjL7nAy4QmbExBLKFLe3EjaiijJj86nYELzll1dJ66LuuXXv4bLWuCriKMMJnMI5eHANDbiHJvjAgMMzvMKbI50X5935WLSWnGLmGP7A+fwBTmGNpQ==</latexit>

Phase Diagram (1D): Two phases



Q: Do atomic clocks synchronize?



Synchronization:

Christiaan Huygens
Letters to de Sluse, 1665  

v First observed by Huygens in maritime clocks 1665 – “an odd kind 
of sympathy”

v The opposite swings of the pendulums coincide, when two pendulum 
clocks are hung from same support.

v Anti-phase synchronization

v Reason: “…imperceptible motion of the beam…” 

Original drawing by Huygens 

ü Also observed by J. W. Strutt (3rd Baron Rayleigh): 
“When two organ-pipes of same pitch stand side by 
side…cause the pipes to speak in absolute unison, in 
spite of inevitable small differences.”  

ü Frequency Locking



Two atomic clocks in a bad cavity

Two dimensionless parameters: 2D phase diagram

Re-pump rate Detuning

<latexit sha1_base64="xEmRARMxqfiTdLpEWKzYqtYQytY=">AAACCXicbZC7SgNBFIZnvcZ4i1raDAbBQsOuBLURYmwsI5gLZEM4O3uSDJm9ODMrhJDWxlexsVDE1jew822cJFto4g8DH/85hzPn92LBlbbtb2thcWl5ZTWzll3f2Nzazu3s1lSUSIZVFolINjxQKHiIVc21wEYsEQJPYN3rX4/r9QeUikfhnR7E2AqgG/IOZ6CN1c7R+rF7n4BPXR+Fhks3CrAL7auTFMrtXN4u2BPReXBSyJNUlXbuy/UjlgQYaiZAqaZjx7o1BKk5EzjKuonCGFgfutg0GEKAqjWcXDKih8bxaSeS5oWaTtzfE0MIlBoEnukMQPfUbG1s/ldrJrpz0RryME40hmy6qJMIqiM6joX6XCLTYmAAmOTmr5T1QALTJrysCcGZPXkeaqcF56xQvC3mS+U0jgzZJwfkiDjknJTIDamQKmHkkTyTV/JmPVkv1rv1MW1dsNKZPfJH1ucPUJuZeQ==</latexit>

W, � = !A � !B



Two atomic clocks in a bad cavity

Experiment: Weiner et. al., PRA (2017)

Theory: Xu et al., PRL (2014) 
Roth & Hammerer, PRA (2016)
Li et. al., Comm. Non. Sci (2017)
Shankar et. al., PRA (2017)…

 

The phase diagram consists of same two phases as for one clock???



Our result: complete, exact nonequilibrium phase diagram

Normal Phase

Monochromatic 
Superrad.

Ø Incredibly rich phase diagram. 5 new phases in 
addition to the 2 one-clock phases! Dynamics 
extremely rare in other driven-dissipative 
systems. 

Ø Normal phase (no radiation): I

Ø Monochromatic superradiance: II

W – re-pump rate, d - detuning
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Our result: complete, exact nonequilibrium phase diagram

Ø Incredibly rich phase diagram. 5 new phases in 
addition to the 2 one-clock phases! Dynamics 
extremely rare in other driven-dissipative 
systems. 

Ø Normal phase (no radiation): I

Ø Monochromatic superradiance: II

Ø Amplitude-modulated superradiance: III
ü Symmetric Limit Cycle (green inside III)
ü Symmetry-broken Limit Cycle (yellow to the 

left of dashed line inside III)

Normal Phase

Monochromatic 
Superrad.

W – re-pump rate, d - detuning



Our result: complete, exact nonequilibrium phase diagram

W – re-pump rate, d - detuning

Ø Amplitude-modulated superradiance: III
ü Symmetric Limit Cycle (green inside III)
ü Symmetry-broken Limit Cycle (yellow to the 

left of dashed line inside III)

ü Quasiperiodic attractor (dark blue points)
ü Chaos (orange points)
ü Red points: synchronized chaos! Extremely 

rare with bidirectional coupling. Never seen 
or predicted in cavity QED.

Appearance, disappearance (via quasiperiodic 
route to chaos) and restoration of synchronization.

Three different kinds of synchronized dynamics.



Our result: complete, exact nonequilibrium phase diagram

Normal Phase

Monochromatic 
Superrad.

W – re-pump rate, d - detuning

This talk: synchronized chaos
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Two atomic clocks in bad cavity: equations of motion
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j = A,B l = sA + sB

Two coupled Landau-Lifshitz 
equations + pumping
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j = A,B l = sA + sB

Two coupled Landau-Lifshitz 
equations + pumping

Symmetries:
ü Axial symmetry about z-axis

2 symmetry (similar to particle hole)             
In a frame rotating with mean frequency

ü Steady states (attractors, phases) can brake 
one symmetry or both
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sAx $ sBx , sAz $ sBz , sAy $ �sBy



Synchronization of atomic clocks

v Clocks A & B are synchronized when the steady state is 2 symmetric. Then, spins 
corresponding to the two atomic ensembles follow one another 

v Compare with anti-phase synchronization of classical clocks. The pendula are at opposite 
apexes at the same time.
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sAx = sBx , sAy = �sBy , sAz = sBz

For atomic clocks we replace pendula with spins and 
the median (dashed line) with the xz-plane.



This talk: synchronized chaos

ü Origin
ü Experimental signature 
ü Applications



v Chaotic phases (orange and red). Maximum Lyapunov exponent is positive.

v Ordinary chaotic trajectories do not posses 2 symmetry. They occupy 6D regions of the 6D 
phase space. 

2 symmetry is restored for the chaotic trajectories in 
the red part of the phase diagram. They occupy 3D 
regions.

Chaotic synchronization: Origin



Chaotic synchronization: Origin
To determine the origin we study the equations of motion restricted to the 2-symmetric 
synchronization submanifold, 6D        3D <latexit sha1_base64="K9DK13xsdMKibmIROgdde0IBrJ0="></latexit>
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Ø The phase diagram is 2D 
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Chaotic synchronization: Origin
To determine the origin we study the equations of motion restricted to the 2-symmetric 
synchronization submanifold, 6D        3D <latexit sha1_base64="K9DK13xsdMKibmIROgdde0IBrJ0="></latexit>
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Ø Distinct from one clock equations: 2 parameters 

instead of 1

Ø The phase diagram is 2D, but with fewer phases 
than without 2: fixed point, limit cycle & chaos

Ø Synchronized chaos originates directly from the  
2 symmetric limit cycle
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We determine the nature of the transition from the 2 symmetric limit cycle to synchronized 
chaos via Floquet stability analysis
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(r1, r2, r3)



<latexit sha1_base64="SdIB3hXQoxdOqiFlpA92UGN6Hm4="></latexit>

d�sx
dt

= ��

2
�sy �

W

2
�sx +�szsx + sz�sx

d�sy
dt

=
�

2
�sx � W

2
�sy

d�sz
dt

= �W�sz � 2sx�sx

<latexit sha1_base64="LEbONdkI6/azfXlmiBfMBMsunIU=">AAACKnicbVDLSgMxFM3Ud32NunQTLIIglBkp6kYQdeFGqGBV6AwlSVMNTTJDckcow3yHP+EvuNW9u+JO/BBn2llY64HA4ZxzuTeHxlJY8LyhU5mZnZtfWFyqLq+srq27G5u3NkoM4y0WycjcU2K5FJq3QIDk97HhRFHJ72j/vPDvnrixItI3MIh5qMiDFj3BCORSx/WDCy6B4ICq1GadVO/72UmgCDxSiq8C1o1gnCgDutpxa17dGwFPE78kNVSi2XG/gm7EEsU1MEmsbfteDGFKDAgmeVYNEstjwvrkgbdzqoniNkxHX8vwbq50cS8y+dOAR+rviZQoaweK5sniaPvXK8T/vHYCveMwFTpOgGs2XtRLJIYIFz3hrjCcgRzkhDAj8lsxeySGMMjbnNhCVVaU4v+tYJrcHtT9w3rjulE7PSvrWUTbaAftIR8doVN0iZqohRh6Rq/oDb07L86HM3Q+x9GKU85soQk43z9igKeO</latexit>

�sn+1 = M ·�sn 3 Floquet multipliers:  

We determine the nature of the transition from the 2 symmetric limit cycle to synchronized 
chaos via Floquet stability analysis

(a) (b) (c)

Figure 33: Different periodic attractors in the Z2-symmetric submanifold to the right of the dot-
dashed line of Fig. 30. We show the absolute values of three Floquet multipliers as functions
of � for W = 0.055. Same initial condition s0 = (0.4,�0.469, 0.7) leads to different periodic
attractors to the right (in (b) � = 0.118) and left (in (c) � = 0.11) of � ⇡ 0.1104 (red dotted line).
Thus we linearize about different attractors in Eq. (45) while in different ranges of �. Our analysis
shows the loss of stability of (b) and (c) at � ⇡ 0.1104 and � ⇡ 0.107, respectively. For � / 0.107
the periodic attractor ceases to exist and so continuing the Floquet analysis is impossible past this
point.

Figure 34: Cartoon of tangent bifurcation intermittency. Consider the Poincaré map function:
f(yn) = yn+1 that is implicitly defined as

�
f(y) � y + 1

�2
/2 =

�
y � a

�2
+

�
f(y) � 1

�2 (solid
blue) and the diagonal line: yn+1 = yn line (dashed red). From left to right we gradually decrease
a (a = 0.1, 0.0 and �0.1 in (a), (b) and (c), respectively.) In (b), for y⇤ = 0.5 the map obeys
Eq. (52), and the diagonal line becomes tangential to the graph of the map there. Notice the small
gap between the line and the graph near (y⇤, y⇤) in (c). With the thin black dashed line we depict
successive iterations. This shows that indeed they spend considerable amount of time near the
point y = y⇤ even though this is no longer a fixed point.
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r3 ⌧ 1 (numerical
observation)
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r2 � 1 changes sign
across the transtion
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�sn+1 = M ·�sn 3 Floquet multipliers:  

We determine the nature of the transition from the 2 symmetric limit cycle to synchronized 
chaos via Floquet stability analysis

(a) (b) (c)

Figure 33: Different periodic attractors in the Z2-symmetric submanifold to the right of the dot-
dashed line of Fig. 30. We show the absolute values of three Floquet multipliers as functions
of � for W = 0.055. Same initial condition s0 = (0.4,�0.469, 0.7) leads to different periodic
attractors to the right (in (b) � = 0.118) and left (in (c) � = 0.11) of � ⇡ 0.1104 (red dotted line).
Thus we linearize about different attractors in Eq. (45) while in different ranges of �. Our analysis
shows the loss of stability of (b) and (c) at � ⇡ 0.1104 and � ⇡ 0.107, respectively. For � / 0.107
the periodic attractor ceases to exist and so continuing the Floquet analysis is impossible past this
point.

Figure 34: Cartoon of tangent bifurcation intermittency. Consider the Poincaré map function:
f(yn) = yn+1 that is implicitly defined as

�
f(y) � y + 1

�2
/2 =

�
y � a

�2
+

�
f(y) � 1

�2 (solid
blue) and the diagonal line: yn+1 = yn line (dashed red). From left to right we gradually decrease
a (a = 0.1, 0.0 and �0.1 in (a), (b) and (c), respectively.) In (b), for y⇤ = 0.5 the map obeys
Eq. (52), and the diagonal line becomes tangential to the graph of the map there. Notice the small
gap between the line and the graph near (y⇤, y⇤) in (c). With the thin black dashed line we depict
successive iterations. This shows that indeed they spend considerable amount of time near the
point y = y⇤ even though this is no longer a fixed point.
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r1 ⌘ 1, because
�s = ṡ is a solution
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r3 ⌧ 1 (numerical
observation)
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(r1, r2, r3)

<latexit sha1_base64="mqGRCNtI6G+bAm0C5BPDOhr7fWw="></latexit>

r2 � 1 changes sign
across the transtion

Tangent Bifurcation



SC: � = 0.106,W = 0.055
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v Synchronized chaos originates directly from the 2-symmetric limit cycle 

v Near transition, synchronized chaotic dynamics stay close to the 2 symmetric limit cycles. 

LC: � = 0.107,W = 0.055
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Chaotic synchronization: Origin - Tangent Bifurcation Intermittency

Lyapunov exponents:



Chaotic synchronization: Origin - Tangent Bifurcation Intermittency

(a) (b)

(c) (d)

Figure 35: Comparison of Poincaré sections for the Z2-symmetric periodic attractor (first row)
and the synchronized chaotic one (second row). The parameters are the same as in Figs. 28, 29
and 31. Both the trajectories (first column) and the Poincaré sections (second column) illustrate
how the synchronized chaos evolves out of the Z2-symmetric limit cycle. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)
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Figure 35: Comparison of Poincaré sections for the Z2-symmetric periodic attractor (first row)
and the synchronized chaotic one (second row). The parameters are the same as in Figs. 28, 29
and 31. Both the trajectories (first column) and the Poincaré sections (second column) illustrate
how the synchronized chaos evolves out of the Z2-symmetric limit cycle. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)
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(a) (b)

Figure 15: Different projections of the 6D chaotic attractor at � = 0.100 and W = 0.055. In (a)

and (b), we show sA? vs. sB? and sAz vs. sBz , respectively. Note that these projections fill up finite
regions more densely compared to the ones in Fig. 7.

(a) (b)

z

Figure 16: Poincaré section of the A spin, when the system is in the chaotic superradiant phase.
The parameters (�,W ) are the same as in Figs. 14 and 15. We show the orbit crossing the trans-
verse plane (translucent red in Fig. 16a) from above and below in green crosses and red circle,
respectively. The scattered nature of Fig. 16b corroborates the chaotic nature of the attractor. (For
interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)
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Poincare sections:

2-symmetric limit cycle Synchronized chaos Ordinary (6D) chaos



At inception, synchronized chaos is unstable in the full 6D phase space. 
Compare the full 6D and 2-restricted dynamics. 

Back to 6D: stability of synchronized chaos



As we decrease δ keeping W fixed, chaos synchronizes via on-off intermittency  

W = 0.055, � = 0.08021
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On-off intermittency
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sAz � sBz = 0 for synchronized chaos



As we decrease δ keeping W fixed, chaos synchronizes via on-off intermittency  

On-off intermittency

W = 0.055, � = 0.08010
<latexit sha1_base64="g/x6WC3tXfSKXoeOoiQZfIllRsY=">AAACBHicbZDLSgMxFIYzXmu9jbrsJlgEF1Iy0mI3QsGNywr2Au1QMpkzbWjmQpIRytCFG1/FjQtF3PoQ7nwb03YW2vpD4Mt/ziE5v5cIrjQh39ba+sbm1nZhp7i7t39waB8dt1WcSgYtFotYdj2qQPAIWpprAd1EAg09AR1vfDOrdx5AKh5H93qSgBvSYcQDzqg21sAudfA1JhVSq13gvg9C08W9ThwysMuG5sKr4ORQRrmaA/ur78csDSHSTFCleg5JtJtRqTkTMC32UwUJZWM6hJ7BiIag3Gy+xBSfGcfHQSzNiTSeu78nMhoqNQk90xlSPVLLtZn5X62X6qDuZjxKUg0RWzwUpALrGM8SwT6XwLSYGKBMcvNXzEZUUqZNbkUTgrO88iq0LysOqTh31XKjmsdRQCV0is6Rg65QA92iJmohhh7RM3pFb9aT9WK9Wx+L1jUrnzlBf2R9/gBOm5P9</latexit><latexit sha1_base64="g/x6WC3tXfSKXoeOoiQZfIllRsY=">AAACBHicbZDLSgMxFIYzXmu9jbrsJlgEF1Iy0mI3QsGNywr2Au1QMpkzbWjmQpIRytCFG1/FjQtF3PoQ7nwb03YW2vpD4Mt/ziE5v5cIrjQh39ba+sbm1nZhp7i7t39waB8dt1WcSgYtFotYdj2qQPAIWpprAd1EAg09AR1vfDOrdx5AKh5H93qSgBvSYcQDzqg21sAudfA1JhVSq13gvg9C08W9ThwysMuG5sKr4ORQRrmaA/ur78csDSHSTFCleg5JtJtRqTkTMC32UwUJZWM6hJ7BiIag3Gy+xBSfGcfHQSzNiTSeu78nMhoqNQk90xlSPVLLtZn5X62X6qDuZjxKUg0RWzwUpALrGM8SwT6XwLSYGKBMcvNXzEZUUqZNbkUTgrO88iq0LysOqTh31XKjmsdRQCV0is6Rg65QA92iJmohhh7RM3pFb9aT9WK9Wx+L1jUrnzlBf2R9/gBOm5P9</latexit><latexit sha1_base64="g/x6WC3tXfSKXoeOoiQZfIllRsY=">AAACBHicbZDLSgMxFIYzXmu9jbrsJlgEF1Iy0mI3QsGNywr2Au1QMpkzbWjmQpIRytCFG1/FjQtF3PoQ7nwb03YW2vpD4Mt/ziE5v5cIrjQh39ba+sbm1nZhp7i7t39waB8dt1WcSgYtFotYdj2qQPAIWpprAd1EAg09AR1vfDOrdx5AKh5H93qSgBvSYcQDzqg21sAudfA1JhVSq13gvg9C08W9ThwysMuG5sKr4ORQRrmaA/ur78csDSHSTFCleg5JtJtRqTkTMC32UwUJZWM6hJ7BiIag3Gy+xBSfGcfHQSzNiTSeu78nMhoqNQk90xlSPVLLtZn5X62X6qDuZjxKUg0RWzwUpALrGM8SwT6XwLSYGKBMcvNXzEZUUqZNbkUTgrO88iq0LysOqTh31XKjmsdRQCV0is6Rg65QA92iJmohhh7RM3pFb9aT9WK9Wx+L1jUrnzlBf2R9/gBOm5P9</latexit><latexit sha1_base64="g/x6WC3tXfSKXoeOoiQZfIllRsY=">AAACBHicbZDLSgMxFIYzXmu9jbrsJlgEF1Iy0mI3QsGNywr2Au1QMpkzbWjmQpIRytCFG1/FjQtF3PoQ7nwb03YW2vpD4Mt/ziE5v5cIrjQh39ba+sbm1nZhp7i7t39waB8dt1WcSgYtFotYdj2qQPAIWpprAd1EAg09AR1vfDOrdx5AKh5H93qSgBvSYcQDzqg21sAudfA1JhVSq13gvg9C08W9ThwysMuG5sKr4ORQRrmaA/ur78csDSHSTFCleg5JtJtRqTkTMC32UwUJZWM6hJ7BiIag3Gy+xBSfGcfHQSzNiTSeu78nMhoqNQk90xlSPVLLtZn5X62X6qDuZjxKUg0RWzwUpALrGM8SwT6XwLSYGKBMcvNXzEZUUqZNbkUTgrO88iq0LysOqTh31XKjmsdRQCV0is6Rg65QA92iJmohhh7RM3pFb9aT9WK9Wx+L1jUrnzlBf2R9/gBOm5P9</latexit>

The frequency and magnitude of chaotic 
outbursts progressively decrease with δ



As we decrease δ keeping W fixed, chaos synchronizes via on-off intermittency  

On-off intermittency

W = 0.055, � = 0.08000
<latexit sha1_base64="lgLVDy/o0+klU3crytMNVoepyJE=">AAACBHicbZDLSgMxFIbPeK31Nuqym2ARXEjJSIvdCAU3LivYC7RDyWQybWjmQpIRytCFG1/FjQtF3PoQ7nwb03YW2vpD4Mt/ziE5v5cIrjTG39ba+sbm1nZhp7i7t39waB8dt1WcSspaNBax7HpEMcEj1tJcC9ZNJCOhJ1jHG9/M6p0HJhWPo3s9SZgbkmHEA06JNtbALnXQNcIVXKtdoL7PhCaLex1jPLDLhuZCq+DkUIZczY H91fdjmoYs0lQQpXoOTrSbEak5FWxa7KeKJYSOyZD1DEYkZMrN5ktM0ZlxfBTE0pxIo7n7eyIjoVKT0DOdIdEjtVybmf/VeqkO6m7GoyTVLKKLh4JUIB2jWSLI55JRLSYGCJXc/BXREZGEapNb0YTgLK+8Cu3LioMrzl213KjmcRSgBKdwDg5cQQNuoQktoPAIz/AKb9aT9WK9Wx+L1jUrnzmBP7I+fwBNFpP8</latexit><latexit sha1_base64="lgLVDy/o0+klU3crytMNVoepyJE=">AAACBHicbZDLSgMxFIbPeK31Nuqym2ARXEjJSIvdCAU3LivYC7RDyWQybWjmQpIRytCFG1/FjQtF3PoQ7nwb03YW2vpD4Mt/ziE5v5cIrjTG39ba+sbm1nZhp7i7t39waB8dt1WcSspaNBax7HpEMcEj1tJcC9ZNJCOhJ1jHG9/M6p0HJhWPo3s9SZgbkmHEA06JNtbALnXQNcIVXKtdoL7PhCaLex1jPLDLhuZCq+DkUIZczY H91fdjmoYs0lQQpXoOTrSbEak5FWxa7KeKJYSOyZD1DEYkZMrN5ktM0ZlxfBTE0pxIo7n7eyIjoVKT0DOdIdEjtVybmf/VeqkO6m7GoyTVLKKLh4JUIB2jWSLI55JRLSYGCJXc/BXREZGEapNb0YTgLK+8Cu3LioMrzl213KjmcRSgBKdwDg5cQQNuoQktoPAIz/AKb9aT9WK9Wx+L1jUrnzmBP7I+fwBNFpP8</latexit><latexit sha1_base64="lgLVDy/o0+klU3crytMNVoepyJE=">AAACBHicbZDLSgMxFIbPeK31Nuqym2ARXEjJSIvdCAU3LivYC7RDyWQybWjmQpIRytCFG1/FjQtF3PoQ7nwb03YW2vpD4Mt/ziE5v5cIrjTG39ba+sbm1nZhp7i7t39waB8dt1WcSspaNBax7HpEMcEj1tJcC9ZNJCOhJ1jHG9/M6p0HJhWPo3s9SZgbkmHEA06JNtbALnXQNcIVXKtdoL7PhCaLex1jPLDLhuZCq+DkUIZczY H91fdjmoYs0lQQpXoOTrSbEak5FWxa7KeKJYSOyZD1DEYkZMrN5ktM0ZlxfBTE0pxIo7n7eyIjoVKT0DOdIdEjtVybmf/VeqkO6m7GoyTVLKKLh4JUIB2jWSLI55JRLSYGCJXc/BXREZGEapNb0YTgLK+8Cu3LioMrzl213KjmcRSgBKdwDg5cQQNuoQktoPAIz/AKb9aT9WK9Wx+L1jUrnzmBP7I+fwBNFpP8</latexit><latexit sha1_base64="lgLVDy/o0+klU3crytMNVoepyJE=">AAACBHicbZDLSgMxFIbPeK31Nuqym2ARXEjJSIvdCAU3LivYC7RDyWQybWjmQpIRytCFG1/FjQtF3PoQ7nwb03YW2vpD4Mt/ziE5v5cIrjTG39ba+sbm1nZhp7i7t39waB8dt1WcSspaNBax7HpEMcEj1tJcC9ZNJCOhJ1jHG9/M6p0HJhWPo3s9SZgbkmHEA06JNtbALnXQNcIVXKtdoL7PhCaLex1jPLDLhuZCq+DkUIZczY H91fdjmoYs0lQQpXoOTrSbEak5FWxa7KeKJYSOyZD1DEYkZMrN5ktM0ZlxfBTE0pxIo7n7eyIjoVKT0DOdIdEjtVybmf/VeqkO6m7GoyTVLKKLh4JUIB2jWSLI55JRLSYGCJXc/BXREZGEapNb0YTgLK+8Cu3LioMrzl213KjmcRSgBKdwDg5cQQNuoQktoPAIz/AKb9aT9WK9Wx+L1jUrnzmBP7I+fwBNFpP8</latexit>

W = 0.055, � = 0.08000
<latexit sha1_base64="lgLVDy/o0+klU3crytMNVoepyJE=">AAACBHicbZDLSgMxFIbPeK31Nuqym2ARXEjJSIvdCAU3LivYC7RDyWQybWjmQpIRytCFG1/FjQtF3PoQ7nwb03YW2vpD4Mt/ziE5v5cIrjTG39ba+sbm1nZhp7i7t39waB8dt1WcSspaNBax7HpEMcEj1tJcC9ZNJCOhJ1jHG9/M6p0HJhWPo3s9SZgbkmHEA06JNtbALnXQNcIVXKtdoL7PhCaLex1jPLDLhuZCq+DkUIZczYH91fdjmoYs0lQQpXoOTrSbEak5FWxa7KeKJYSOyZD1DEYkZMrN5ktM0ZlxfBTE0pxIo7n7eyIjoVKT0DOdIdEjtVybmf/VeqkO6m7GoyTVLKKLh4JUIB2jWSLI55JRLSYGCJXc/BXREZGEapNb0YTgLK+8Cu3LioMrzl213KjmcRSgBKdwDg5cQQNuoQktoPAIz/AKb9aT9WK9Wx+L1jUrnzmBP7I+fwBNFpP8</latexit><latexit sha1_base64="lgLVDy/o0+klU3crytMNVoepyJE=">AAACBHicbZDLSgMxFIbPeK31Nuqym2ARXEjJSIvdCAU3LivYC7RDyWQybWjmQpIRytCFG1/FjQtF3PoQ7nwb03YW2vpD4Mt/ziE5v5cIrjTG39ba+sbm1nZhp7i7t39waB8dt1WcSspaNBax7HpEMcEj1tJcC9ZNJCOhJ1jHG9/M6p0HJhWPo3s9SZgbkmHEA06JNtbALnXQNcIVXKtdoL7PhCaLex1jPLDLhuZCq+DkUIZczYH91fdjmoYs0lQQpXoOTrSbEak5FWxa7KeKJYSOyZD1DEYkZMrN5ktM0ZlxfBTE0pxIo7n7eyIjoVKT0DOdIdEjtVybmf/VeqkO6m7GoyTVLKKLh4JUIB2jWSLI55JRLSYGCJXc/BXREZGEapNb0YTgLK+8Cu3LioMrzl213KjmcRSgBKdwDg5cQQNuoQktoPAIz/AKb9aT9WK9Wx+L1jUrnzmBP7I+fwBNFpP8</latexit><latexit sha1_base64="lgLVDy/o0+klU3crytMNVoepyJE=">AAACBHicbZDLSgMxFIbPeK31Nuqym2ARXEjJSIvdCAU3LivYC7RDyWQybWjmQpIRytCFG1/FjQtF3PoQ7nwb03YW2vpD4Mt/ziE5v5cIrjTG39ba+sbm1nZhp7i7t39waB8dt1WcSspaNBax7HpEMcEj1tJcC9ZNJCOhJ1jHG9/M6p0HJhWPo3s9SZgbkmHEA06JNtbALnXQNcIVXKtdoL7PhCaLex1jPLDLhuZCq+DkUIZczYH91fdjmoYs0lQQpXoOTrSbEak5FWxa7KeKJYSOyZD1DEYkZMrN5ktM0ZlxfBTE0pxIo7n7eyIjoVKT0DOdIdEjtVybmf/VeqkO6m7GoyTVLKKLh4JUIB2jWSLI55JRLSYGCJXc/BXREZGEapNb0YTgLK+8Cu3LioMrzl213KjmcRSgBKdwDg5cQQNuoQktoPAIz/AKb9aT9WK9Wx+L1jUrnzmBP7I+fwBNFpP8</latexit><latexit sha1_base64="lgLVDy/o0+klU3crytMNVoepyJE=">AAACBHicbZDLSgMxFIbPeK31Nuqym2ARXEjJSIvdCAU3LivYC7RDyWQybWjmQpIRytCFG1/FjQtF3PoQ7nwb03YW2vpD4Mt/ziE5v5cIrjTG39ba+sbm1nZhp7i7t39waB8dt1WcSspaNBax7HpEMcEj1tJcC9ZNJCOhJ1jHG9/M6p0HJhWPo3s9SZgbkmHEA06JNtbALnXQNcIVXKtdoL7PhCaLex1jPLDLhuZCq+DkUIZczYH91fdjmoYs0lQQpXoOTrSbEak5FWxa7KeKJYSOyZD1DEYkZMrN5ktM0ZlxfBTE0pxIo7n7eyIjoVKT0DOdIdEjtVybmf/VeqkO6m7GoyTVLKKLh4JUIB2jWSLI55JRLSYGCJXc/BXREZGEapNb0YTgLK+8Cu3LioMrzl213KjmcRSgBKdwDg5cQQNuoQktoPAIz/AKb9aT9WK9Wx+L1jUrnzmBP7I+fwBNFpP8</latexit>

The frequency and magnitude of chaotic 
outbursts progressively decrease with δ



As we decrease δ keeping W fixed, chaos synchronizes via on-off intermittency  

Stable synchronized chaos

W = 0.055, � = 0.08000
<latexit sha1_base64="lgLVDy/o0+klU3crytMNVoepyJE=">AAACBHicbZDLSgMxFIbPeK31Nuqym2ARXEjJSIvdCAU3LivYC7RDyWQybWjmQpIRytCFG1/FjQtF3PoQ7nwb03YW2vpD4Mt/ziE5v5cIrjTG39ba+sbm1nZhp7i7t39waB8dt1WcSspaNBax7HpEMcEj1tJcC9ZNJCOhJ1jHG9/M6p0HJhWPo3s9SZgbkmHEA06JNtbALnXQNcIVXKtdoL7PhCaLex1jPLDLhuZCq+DkUIZczYH91fdjmoYs0lQQpXoOTrSbEak5FWxa7KeKJYSOyZD1DEYkZMrN5ktM0ZlxfBTE0pxIo7n7eyIjoVKT0DOdIdEjtVybmf/VeqkO6m7GoyTVLKKLh4JUIB2jWSLI55JRLSYGCJXc/BXREZGEapNb0YTgLK+8Cu3LioMrzl213KjmcRSgBKdwDg5cQQNuoQktoPAIz/AKb9aT9WK9Wx+L1jUrnzmBP7I+fwBNFpP8</latexit><latexit sha1_base64="lgLVDy/o0+klU3crytMNVoepyJE=">AAACBHicbZDLSgMxFIbPeK31Nuqym2ARXEjJSIvdCAU3LivYC7RDyWQybWjmQpIRytCFG1/FjQtF3PoQ7nwb03YW2vpD4Mt/ziE5v5cIrjTG39ba+sbm1nZhp7i7t39waB8dt1WcSspaNBax7HpEMcEj1tJcC9ZNJCOhJ1jHG9/M6p0HJhWPo3s9SZgbkmHEA06JNtbALnXQNcIVXKtdoL7PhCaLex1jPLDLhuZCq+DkUIZczYH91fdjmoYs0lQQpXoOTrSbEak5FWxa7KeKJYSOyZD1DEYkZMrN5ktM0ZlxfBTE0pxIo7n7eyIjoVKT0DOdIdEjtVybmf/VeqkO6m7GoyTVLKKLh4JUIB2jWSLI55JRLSYGCJXc/BXREZGEapNb0YTgLK+8Cu3LioMrzl213KjmcRSgBKdwDg5cQQNuoQktoPAIz/AKb9aT9WK9Wx+L1jUrnzmBP7I+fwBNFpP8</latexit><latexit sha1_base64="lgLVDy/o0+klU3crytMNVoepyJE=">AAACBHicbZDLSgMxFIbPeK31Nuqym2ARXEjJSIvdCAU3LivYC7RDyWQybWjmQpIRytCFG1/FjQtF3PoQ7nwb03YW2vpD4Mt/ziE5v5cIrjTG39ba+sbm1nZhp7i7t39waB8dt1WcSspaNBax7HpEMcEj1tJcC9ZNJCOhJ1jHG9/M6p0HJhWPo3s9SZgbkmHEA06JNtbALnXQNcIVXKtdoL7PhCaLex1jPLDLhuZCq+DkUIZczYH91fdjmoYs0lQQpXoOTrSbEak5FWxa7KeKJYSOyZD1DEYkZMrN5ktM0ZlxfBTE0pxIo7n7eyIjoVKT0DOdIdEjtVybmf/VeqkO6m7GoyTVLKKLh4JUIB2jWSLI55JRLSYGCJXc/BXREZGEapNb0YTgLK+8Cu3LioMrzl213KjmcRSgBKdwDg5cQQNuoQktoPAIz/AKb9aT9WK9Wx+L1jUrnzmBP7I+fwBNFpP8</latexit><latexit sha1_base64="lgLVDy/o0+klU3crytMNVoepyJE=">AAACBHicbZDLSgMxFIbPeK31Nuqym2ARXEjJSIvdCAU3LivYC7RDyWQybWjmQpIRytCFG1/FjQtF3PoQ7nwb03YW2vpD4Mt/ziE5v5cIrjTG39ba+sbm1nZhp7i7t39waB8dt1WcSspaNBax7HpEMcEj1tJcC9ZNJCOhJ1jHG9/M6p0HJhWPo3s9SZgbkmHEA06JNtbALnXQNcIVXKtdoL7PhCaLex1jPLDLhuZCq+DkUIZczYH91fdjmoYs0lQQpXoOTrSbEak5FWxa7KeKJYSOyZD1DEYkZMrN5ktM0ZlxfBTE0pxIo7n7eyIjoVKT0DOdIdEjtVybmf/VeqkO6m7GoyTVLKKLh4JUIB2jWSLI55JRLSYGCJXc/BXREZGEapNb0YTgLK+8Cu3LioMrzl213KjmcRSgBKdwDg5cQQNuoQktoPAIz/AKb9aT9WK9Wx+L1jUrnzmBP7I+fwBNFpP8</latexit>

The conditional Lyapunov exponent (maximum Lyapunov exponent for 
directions transverse to the synchronization manifold) is negative



Chaotic synchronization: Experimental Signature

Observable: Power spectrum of radiated electric field. Measured with Michelson interferometry.
Proportional to 

<latexit sha1_base64="w1t3ITk7sS8vAnxUPXVC+Yz+Cd8=">AAAB8XicbVBNT8JAEJ3iF+IHqEcvG4kJHiQtIeqR6MUjJvIRoZLtsoUN222zuzUhhX/hxYPGePXfePPfuEAPCr5kkpf3ZjIzz4s4U9q2v63M2vrG5lZ2O7ezu7efLxwcNlUYS0IbJOShbHtYUc4EbWimOW1HkuLA47TljW5mfuuJSsVCca/HEXUDPBDMZwRrIz1MeO+85J9NHiu9QtEu23OgVeKkpAgp6r3CV7cfkjigQhOOleo4dqTdBEvNCKfTXDdWNMJkhAe0Y6jAAVVuMr94ik6N0kd+KE0Jjebq74kEB0qNA890BlgP1bI3E//zOrH2r9yEiSjWVJDFIj/mSIdo9j7qM0mJ5mNDMJHM3IrIEEtMtAkpZ0Jwll9eJc1K2bkoV++qxdp1GkcWjuEESuDAJdTgFurQAAICnuEV3ixlvVjv1seiNWOlM0fwB9bnD27dkB4=</latexit>

|l�(f)|2

Ø Each phase leaves a unique signature in the radiated power spectrum



Chaotic synchronization: Experimental Signature

Observable: Power spectrum of radiated electric field. Measured with Michelson interferometry.
Proportional to 

<latexit sha1_base64="w1t3ITk7sS8vAnxUPXVC+Yz+Cd8=">AAAB8XicbVBNT8JAEJ3iF+IHqEcvG4kJHiQtIeqR6MUjJvIRoZLtsoUN222zuzUhhX/hxYPGePXfePPfuEAPCr5kkpf3ZjIzz4s4U9q2v63M2vrG5lZ2O7ezu7efLxwcNlUYS0IbJOShbHtYUc4EbWimOW1HkuLA47TljW5mfuuJSsVCca/HEXUDPBDMZwRrIz1MeO+85J9NHiu9QtEu23OgVeKkpAgp6r3CV7cfkjigQhOOleo4dqTdBEvNCKfTXDdWNMJkhAe0Y6jAAVVuMr94ik6N0kd+KE0Jjebq74kEB0qNA890BlgP1bI3E//zOrH2r9yEiSjWVJDFIj/mSIdo9j7qM0mJ5mNDMJHM3IrIEEtMtAkpZ0Jwll9eJc1K2bkoV++qxdp1GkcWjuEESuDAJdTgFurQAAICnuEV3ixlvVjv1seiNWOlM0fwB9bnD27dkB4=</latexit>

|l�(f)|2

ü Chaos: continuous spectrum

ü Synchronization ( 2 symmetry): 
reflection symmetry about the origin

� = 0.080,W = 0.055
<latexit sha1_base64="YybvwwpSR7yJci6SkD+y42KHUWI=">AAACAnicbZDLSgMxFIbPeK31NupK3ASL4ELKjLTYjVBw47KCvUA7lEwm04ZmMkOSEcpQ3Pgqblwo4tancOfbmLaz0NYDIR//fw7J+f2EM6Ud59taWV1b39gsbBW3d3b39u2Dw5aKU0lok8Q8lh0fK8qZoE3NNKedRFIc+Zy2/dHN1G8/UKlYLO71OKFehAeChYxgbaS+fdwLKNcYXSOn7NScC9SeY7Xat0vmnhVaBjeHEuTV6NtfvSAmaUSFJhwr1XWdRHsZlpoRTifFXqpogskID2jXoMARVV42W2GCzowSoDCW5giNZurviQxHSo0j33RGWA/VojcV//O6qQ5rXsZEkmoqyPyhMOVIx2iaBwqYpETzsQFMJDN/RWSIJSbapFY0IbiLKy9D67LsOmX3rlKqV/I4CnACp3AOLlxBHW6hAU0g8AjP8Apv1pP1Yr1bH/PWFSufOYI/ZX3+AHEkk4g=</latexit><latexit sha1_base64="YybvwwpSR7yJci6SkD+y42KHUWI=">AAACAnicbZDLSgMxFIbPeK31NupK3ASL4ELKjLTYjVBw47KCvUA7lEwm04ZmMkOSEcpQ3Pgqblwo4tancOfbmLaz0NYDIR//fw7J+f2EM6Ud59taWV1b39gsbBW3d3b39u2Dw5aKU0lok8Q8lh0fK8qZoE3NNKedRFIc+Zy2/dHN1G8/UKlYLO71OKFehAeChYxgbaS+fdwLKNcYXSOn7NScC9SeY7Xat0vmnhVaBjeHEuTV6NtfvSAmaUSFJhwr1XWdRHsZlpoRTifFXqpogskID2jXoMARVV42W2GCzowSoDCW5giNZurviQxHSo0j33RGWA/VojcV//O6qQ5rXsZEkmoqyPyhMOVIx2iaBwqYpETzsQFMJDN/RWSIJSbapFY0IbiLKy9D67LsOmX3rlKqV/I4CnACp3AOLlxBHW6hAU0g8AjP8Apv1pP1Yr1bH/PWFSufOYI/ZX3+AHEkk4g=</latexit><latexit sha1_base64="YybvwwpSR7yJci6SkD+y42KHUWI=">AAACAnicbZDLSgMxFIbPeK31NupK3ASL4ELKjLTYjVBw47KCvUA7lEwm04ZmMkOSEcpQ3Pgqblwo4tancOfbmLaz0NYDIR//fw7J+f2EM6Ud59taWV1b39gsbBW3d3b39u2Dw5aKU0lok8Q8lh0fK8qZoE3NNKedRFIc+Zy2/dHN1G8/UKlYLO71OKFehAeChYxgbaS+fdwLKNcYXSOn7NScC9SeY7Xat0vmnhVaBjeHEuTV6NtfvSAmaUSFJhwr1XWdRHsZlpoRTifFXqpogskID2jXoMARVV42W2GCzowSoDCW5giNZurviQxHSo0j33RGWA/VojcV//O6qQ5rXsZEkmoqyPyhMOVIx2iaBwqYpETzsQFMJDN/RWSIJSbapFY0IbiLKy9D67LsOmX3rlKqV/I4CnACp3AOLlxBHW6hAU0g8AjP8Apv1pP1Yr1bH/PWFSufOYI/ZX3+AHEkk4g=</latexit><latexit sha1_base64="YybvwwpSR7yJci6SkD+y42KHUWI=">AAACAnicbZDLSgMxFIbPeK31NupK3ASL4ELKjLTYjVBw47KCvUA7lEwm04ZmMkOSEcpQ3Pgqblwo4tancOfbmLaz0NYDIR//fw7J+f2EM6Ud59taWV1b39gsbBW3d3b39u2Dw5aKU0lok8Q8lh0fK8qZoE3NNKedRFIc+Zy2/dHN1G8/UKlYLO71OKFehAeChYxgbaS+fdwLKNcYXSOn7NScC9SeY7Xat0vmnhVaBjeHEuTV6NtfvSAmaUSFJhwr1XWdRHsZlpoRTifFXqpogskID2jXoMARVV42W2GCzowSoDCW5giNZurviQxHSo0j33RGWA/VojcV//O6qQ5rXsZEkmoqyPyhMOVIx2iaBwqYpETzsQFMJDN/RWSIJSbapFY0IbiLKy9D67LsOmX3rlKqV/I4CnACp3AOLlxBHW6hAU0g8AjP8Apv1pP1Yr1bH/PWFSufOYI/ZX3+AHEkk4g=</latexit>

Synchronized chaos:

<latexit sha1_base64="Q2RFYTjx++eiLb9sO92g8XHX028="></latexit>

Z2 symmetry ) ly(t) = 0
) l�(t) - real

<latexit sha1_base64="bjJ7i61AqjCjhV58UeZwfsn2xnI=">AAACDXicbZC7TsMwFIadcivlFmBksShISECVoApYKpWyMBaJXqQ2RI7jUqvOBdtBiqK+AAuvwsIAQqzsbLwNTpoBWo5k+df3nyP7/E7IqJCG8a0V5uYXFpeKy6WV1bX1DX1zqy2CiGPSwgELeNdBgjDqk5akkpFuyAnyHEY6zugy9TsPhAsa+DcyDonloTufDihGUiFb3xN2fHtRO06vxlH/PkIuZHZcy/BhRmuGrZeNipEVnBVmLsogr6atf/XdAEce8SVmSIieaYTSShCXFDMyLvUjQUKER+iO9JT0kUeElWTbjOG+Ii4cBFwdX8KM/p5IkCdE7Dmq00NyKKa9FP7n9SI5OLcS6oeRJD6ePDSIGJQBTKOBLuUESxYrgTCn6q8QDxFHWKoASyoEc3rlWdE+qZinlep1tVxv5HEUwQ7YBQfABGegDq5AE7QABo/gGbyCN+1Je9HetY9Ja0HLZ7bBn9I+fwCQiZqc</latexit>

sAy = �sBy , ly = sAy + sBy = 0



Chaotic synchronization: Experimental Signature

Observable: Power spectrum of radiated electric field. Measured with Michelson interferometry.
Proportional to 

<latexit sha1_base64="w1t3ITk7sS8vAnxUPXVC+Yz+Cd8=">AAAB8XicbVBNT8JAEJ3iF+IHqEcvG4kJHiQtIeqR6MUjJvIRoZLtsoUN222zuzUhhX/hxYPGePXfePPfuEAPCr5kkpf3ZjIzz4s4U9q2v63M2vrG5lZ2O7ezu7efLxwcNlUYS0IbJOShbHtYUc4EbWimOW1HkuLA47TljW5mfuuJSsVCca/HEXUDPBDMZwRrIz1MeO+85J9NHiu9QtEu23OgVeKkpAgp6r3CV7cfkjigQhOOleo4dqTdBEvNCKfTXDdWNMJkhAe0Y6jAAVVuMr94ik6N0kd+KE0Jjebq74kEB0qNA890BlgP1bI3E//zOrH2r9yEiSjWVJDFIj/mSIdo9j7qM0mJ5mNDMJHM3IrIEEtMtAkpZ0Jwll9eJc1K2bkoV++qxdp1GkcWjuEESuDAJdTgFurQAAICnuEV3ixlvVjv1seiNWOlM0fwB9bnD27dkB4=</latexit>

|l�(f)|2

Synchronized chaos:

No peak at the origin – leftover from the 
2 symmetric limit cycle, which only has 

odd harmonics 



Compare synchronized (left) and unsynchronized (right) chaos

Observable: Power spectrum of radiated electric field. Measured with Michelson interferometry.
Proportional to 

<latexit sha1_base64="w1t3ITk7sS8vAnxUPXVC+Yz+Cd8=">AAAB8XicbVBNT8JAEJ3iF+IHqEcvG4kJHiQtIeqR6MUjJvIRoZLtsoUN222zuzUhhX/hxYPGePXfePPfuEAPCr5kkpf3ZjIzz4s4U9q2v63M2vrG5lZ2O7ezu7efLxwcNlUYS0IbJOShbHtYUc4EbWimOW1HkuLA47TljW5mfuuJSsVCca/HEXUDPBDMZwRrIz1MeO+85J9NHiu9QtEu23OgVeKkpAgp6r3CV7cfkjigQhOOleo4dqTdBEvNCKfTXDdWNMJkhAe0Y6jAAVVuMr94ik6N0kd+KE0Jjebq74kEB0qNA890BlgP1bI3E//zOrH2r9yEiSjWVJDFIj/mSIdo9j7qM0mJ5mNDMJHM3IrIEEtMtAkpZ0Jwll9eJc1K2bkoV++qxdp1GkcWjuEESuDAJdTgFurQAAICnuEV3ixlvVjv1seiNWOlM0fwB9bnD27dkB4=</latexit>

|l�(f)|2

Synchronized chaos: Ordinary chaos:

No reflection symmetry and peak at the origin for ordinary chaos



Chaotic synchronization: Applications - Steganography

1. Add message (small perturbation) to one of the chaotic temporal pattern from one ensemble

2. Subtract synchronized output from the transmitted signal. Retrieve the message

Picture  from A. Uchida.

The purpose of steganography is to hide the very existence of the message, not just its meaning 
as in cryptography. 

Ensemble A

Ensemble B
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