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Is there even such a thing as integrability for a time-dependent 
Hamiltonian???

Many-body or matrix Hamiltonian with explicit (smooth) dependence on time
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Q: Under what conditions on             is the non-stationary Schrödinger 
equation exactly solvable?

Ĥ(t)
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Start with time-independent integrability 

Example: 1D Hubbard model – tight-binding plus onsite Coulomb (or XXZ, BCS etc.)
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Exact solution of the stationary Schrödinger eq. via Bethe ansatz [ Lieb & Wu (1969) ]

Ĥ(u) n(u) = En(u) n(u)
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Infinite sequence of integrals of motion polynomial in u [ Shastry (1986) ]

[Ĥ, Ĥk] = [Ĥk, Ĥj ] = 0
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Infinite sequence of integrals of motion polynomial in u [ Shastry (1986) ]

[Ĥ, Ĥk] = [Ĥk, Ĥj ] = 0
<latexit sha1_base64="VBDAfLzaV9vdrBMLXz8NnpAaqp4=">AAACEnicbZDLSgMxFIYzXmu9jbp0EyyCgpQZEXRTKLrpsoK9wHQYMmmmjc1cSM4IZegzuPFV3LhQxK0rd76NaTuKth4I+fj/c0jO7yeCK7CsT2NhcWl5ZbWwVlzf2NzaNnd2mypOJWUNGotYtn2imOARawAHwdqJZCT0BWv5g6ux37pjUvE4uoFhwtyQ9CIecEpAS5557HT6BHDtBE9vb+BWnG/8EW/diuWZJatsTQrPg51DCeVV98yPTjemacgioIIo5dhWAm5GJHAq2KjYSRVLCB2QHnM0RiRkys0mK43woVa6OIilPhHgifp7IiOhUsPQ150hgb6a9cbif56TQnDhZjxKUmARnT4UpAJDjMf54C6XjIIYaiBUcv1XTPtEEgo6xaIOwZ5deR6ap2XbKtvXZ6XqZR5HAe2jA3SEbHSOqqiG6qiBKLpHj+gZvRgPxpPxarxNWxeMfGYP/Snj/QtP/ptY</latexit><latexit sha1_base64="VBDAfLzaV9vdrBMLXz8NnpAaqp4=">AAACEnicbZDLSgMxFIYzXmu9jbp0EyyCgpQZEXRTKLrpsoK9wHQYMmmmjc1cSM4IZegzuPFV3LhQxK0rd76NaTuKth4I+fj/c0jO7yeCK7CsT2NhcWl5ZbWwVlzf2NzaNnd2mypOJWUNGotYtn2imOARawAHwdqJZCT0BWv5g6ux37pjUvE4uoFhwtyQ9CIecEpAS5557HT6BHDtBE9vb+BWnG/8EW/diuWZJatsTQrPg51DCeVV98yPTjemacgioIIo5dhWAm5GJHAq2KjYSRVLCB2QHnM0RiRkys0mK43woVa6OIilPhHgifp7IiOhUsPQ150hgb6a9cbif56TQnDhZjxKUmARnT4UpAJDjMf54C6XjIIYaiBUcv1XTPtEEgo6xaIOwZ5deR6ap2XbKtvXZ6XqZR5HAe2jA3SEbHSOqqiG6qiBKLpHj+gZvRgPxpPxarxNWxeMfGYP/Snj/QtP/ptY</latexit><latexit sha1_base64="VBDAfLzaV9vdrBMLXz8NnpAaqp4=">AAACEnicbZDLSgMxFIYzXmu9jbp0EyyCgpQZEXRTKLrpsoK9wHQYMmmmjc1cSM4IZegzuPFV3LhQxK0rd76NaTuKth4I+fj/c0jO7yeCK7CsT2NhcWl5ZbWwVlzf2NzaNnd2mypOJWUNGotYtn2imOARawAHwdqJZCT0BWv5g6ux37pjUvE4uoFhwtyQ9CIecEpAS5557HT6BHDtBE9vb+BWnG/8EW/diuWZJatsTQrPg51DCeVV98yPTjemacgioIIo5dhWAm5GJHAq2KjYSRVLCB2QHnM0RiRkys0mK43woVa6OIilPhHgifp7IiOhUsPQ150hgb6a9cbif56TQnDhZjxKUmARnT4UpAJDjMf54C6XjIIYaiBUcv1XTPtEEgo6xaIOwZ5deR6ap2XbKtvXZ6XqZR5HAe2jA3SEbHSOqqiG6qiBKLpHj+gZvRgPxpPxarxNWxeMfGYP/Snj/QtP/ptY</latexit><latexit sha1_base64="VBDAfLzaV9vdrBMLXz8NnpAaqp4=">AAACEnicbZDLSgMxFIYzXmu9jbp0EyyCgpQZEXRTKLrpsoK9wHQYMmmmjc1cSM4IZegzuPFV3LhQxK0rd76NaTuKth4I+fj/c0jO7yeCK7CsT2NhcWl5ZbWwVlzf2NzaNnd2mypOJWUNGotYtn2imOARawAHwdqJZCT0BWv5g6ux37pjUvE4uoFhwtyQ9CIecEpAS5557HT6BHDtBE9vb+BWnG/8EW/diuWZJatsTQrPg51DCeVV98yPTjemacgioIIo5dhWAm5GJHAq2KjYSRVLCB2QHnM0RiRkys0mK43woVa6OIilPhHgifp7IiOhUsPQ150hgb6a9cbif56TQnDhZjxKUmARnT4UpAJDjMf54C6XjIIYaiBUcv1XTPtEEgo6xaIOwZ5deR6ap2XbKtvXZ6XqZR5HAe2jA3SEbHSOqqiG6qiBKLpHj+gZvRgPxpPxarxNWxeMfGYP/Snj/QtP/ptY</latexit>

Suppose we make u a (smooth) function of time,
In general, this will break the integrability 

u ! u(t)
<latexit sha1_base64="cjEXYBIherqT/vgW9oPwvFClm+g=">AAAB8HicbVDLSgMxFM3UV62vqks3wSLUTZkRQZdFNy4r2Ie0Q8mkmTY0yQzJjVCGfoUbF4q49XPc+Tem7Sy09UDgcM695J4TpYIb8P1vr7C2vrG5Vdwu7ezu7R+UD49aJrGasiZNRKI7ETFMcMWawEGwTqoZkZFg7Wh8O/PbT0wbnqgHmKQslGSoeMwpASc92h4k2FbhvF+u+DV/DrxKgpxUUI5Gv/zVGyTUSqaACmJMN/BTCDOigVPBpqWeNSwldEyGrOuoIpKZMJsfPMVnThngONHuKcBz9fdGRqQxExm5SUlgZJa9mfif17UQX4cZV6kFpujio9gK7FLO0uMB14yCmDhCqObuVkxHRBMKrqOSKyFYjrxKWhe1wK8F95eV+k1eRxGdoFNURQG6QnV0hxqoiSiS6Bm9ojdPey/eu/exGC14+c4x+gPv8wcG9Y/i</latexit><latexit sha1_base64="cjEXYBIherqT/vgW9oPwvFClm+g=">AAAB8HicbVDLSgMxFM3UV62vqks3wSLUTZkRQZdFNy4r2Ie0Q8mkmTY0yQzJjVCGfoUbF4q49XPc+Tem7Sy09UDgcM695J4TpYIb8P1vr7C2vrG5Vdwu7ezu7R+UD49aJrGasiZNRKI7ETFMcMWawEGwTqoZkZFg7Wh8O/PbT0wbnqgHmKQslGSoeMwpASc92h4k2FbhvF+u+DV/DrxKgpxUUI5Gv/zVGyTUSqaACmJMN/BTCDOigVPBpqWeNSwldEyGrOuoIpKZMJsfPMVnThngONHuKcBz9fdGRqQxExm5SUlgZJa9mfif17UQX4cZV6kFpujio9gK7FLO0uMB14yCmDhCqObuVkxHRBMKrqOSKyFYjrxKWhe1wK8F95eV+k1eRxGdoFNURQG6QnV0hxqoiSiS6Bm9ojdPey/eu/exGC14+c4x+gPv8wcG9Y/i</latexit><latexit sha1_base64="cjEXYBIherqT/vgW9oPwvFClm+g=">AAAB8HicbVDLSgMxFM3UV62vqks3wSLUTZkRQZdFNy4r2Ie0Q8mkmTY0yQzJjVCGfoUbF4q49XPc+Tem7Sy09UDgcM695J4TpYIb8P1vr7C2vrG5Vdwu7ezu7R+UD49aJrGasiZNRKI7ETFMcMWawEGwTqoZkZFg7Wh8O/PbT0wbnqgHmKQslGSoeMwpASc92h4k2FbhvF+u+DV/DrxKgpxUUI5Gv/zVGyTUSqaACmJMN/BTCDOigVPBpqWeNSwldEyGrOuoIpKZMJsfPMVnThngONHuKcBz9fdGRqQxExm5SUlgZJa9mfif17UQX4cZV6kFpujio9gK7FLO0uMB14yCmDhCqObuVkxHRBMKrqOSKyFYjrxKWhe1wK8F95eV+k1eRxGdoFNURQG6QnV0hxqoiSiS6Bm9ojdPey/eu/exGC14+c4x+gPv8wcG9Y/i</latexit><latexit sha1_base64="cjEXYBIherqT/vgW9oPwvFClm+g=">AAAB8HicbVDLSgMxFM3UV62vqks3wSLUTZkRQZdFNy4r2Ie0Q8mkmTY0yQzJjVCGfoUbF4q49XPc+Tem7Sy09UDgcM695J4TpYIb8P1vr7C2vrG5Vdwu7ezu7R+UD49aJrGasiZNRKI7ETFMcMWawEGwTqoZkZFg7Wh8O/PbT0wbnqgHmKQslGSoeMwpASc92h4k2FbhvF+u+DV/DrxKgpxUUI5Gv/zVGyTUSqaACmJMN/BTCDOigVPBpqWeNSwldEyGrOuoIpKZMJsfPMVnThngONHuKcBz9fdGRqQxExm5SUlgZJa9mfif17UQX4cZV6kFpujio9gK7FLO0uMB14yCmDhCqObuVkxHRBMKrqOSKyFYjrxKWhe1wK8F95eV+k1eRxGdoFNURQG6QnV0hxqoiSiS6Bm9ojdPey/eu/exGC14+c4x+gPv8wcG9Y/i</latexit>

dĤk

dt
= i[Ĥ, Ĥk] +

@Ĥk

@t
=

@Ĥk

@u

du

dt
6= 0

<latexit sha1_base64="S1+Pj6NdSJH9NSNPI+qxGIbQ34I="></latexit><latexit sha1_base64="S1+Pj6NdSJH9NSNPI+qxGIbQ34I="></latexit><latexit sha1_base64="S1+Pj6NdSJH9NSNPI+qxGIbQ34I="></latexit><latexit sha1_base64="S1+Pj6NdSJH9NSNPI+qxGIbQ34I="></latexit>

Commuting partners are no 
longer integrals of motion

Start with time-independent integrability 



u ! u(t)
<latexit sha1_base64="cjEXYBIherqT/vgW9oPwvFClm+g=">AAAB8HicbVDLSgMxFM3UV62vqks3wSLUTZkRQZdFNy4r2Ie0Q8mkmTY0yQzJjVCGfoUbF4q49XPc+Tem7Sy09UDgcM695J4TpYIb8P1vr7C2vrG5Vdwu7ezu7R+UD49aJrGasiZNRKI7ETFMcMWawEGwTqoZkZFg7Wh8O/PbT0wbnqgHmKQslGSoeMwpASc92h4k2FbhvF+u+DV/DrxKgpxUUI5Gv/zVGyTUSqaACmJMN/BTCDOigVPBpqWeNSwldEyGrOuoIpKZMJsfPMVnThngONHuKcBz9fdGRqQxExm5SUlgZJa9mfif17UQX4cZV6kFpujio9gK7FLO0uMB14yCmDhCqObuVkxHRBMKrqOSKyFYjrxKWhe1wK8F95eV+k1eRxGdoFNURQG6QnV0hxqoiSiS6Bm9ojdPey/eu/exGC14+c4x+gPv8wcG9Y/i</latexit><latexit sha1_base64="cjEXYBIherqT/vgW9oPwvFClm+g=">AAAB8HicbVDLSgMxFM3UV62vqks3wSLUTZkRQZdFNy4r2Ie0Q8mkmTY0yQzJjVCGfoUbF4q49XPc+Tem7Sy09UDgcM695J4TpYIb8P1vr7C2vrG5Vdwu7ezu7R+UD49aJrGasiZNRKI7ETFMcMWawEGwTqoZkZFg7Wh8O/PbT0wbnqgHmKQslGSoeMwpASc92h4k2FbhvF+u+DV/DrxKgpxUUI5Gv/zVGyTUSqaACmJMN/BTCDOigVPBpqWeNSwldEyGrOuoIpKZMJsfPMVnThngONHuKcBz9fdGRqQxExm5SUlgZJa9mfif17UQX4cZV6kFpujio9gK7FLO0uMB14yCmDhCqObuVkxHRBMKrqOSKyFYjrxKWhe1wK8F95eV+k1eRxGdoFNURQG6QnV0hxqoiSiS6Bm9ojdPey/eu/exGC14+c4x+gPv8wcG9Y/i</latexit><latexit sha1_base64="cjEXYBIherqT/vgW9oPwvFClm+g=">AAAB8HicbVDLSgMxFM3UV62vqks3wSLUTZkRQZdFNy4r2Ie0Q8mkmTY0yQzJjVCGfoUbF4q49XPc+Tem7Sy09UDgcM695J4TpYIb8P1vr7C2vrG5Vdwu7ezu7R+UD49aJrGasiZNRKI7ETFMcMWawEGwTqoZkZFg7Wh8O/PbT0wbnqgHmKQslGSoeMwpASc92h4k2FbhvF+u+DV/DrxKgpxUUI5Gv/zVGyTUSqaACmJMN/BTCDOigVPBpqWeNSwldEyGrOuoIpKZMJsfPMVnThngONHuKcBz9fdGRqQxExm5SUlgZJa9mfif17UQX4cZV6kFpujio9gK7FLO0uMB14yCmDhCqObuVkxHRBMKrqOSKyFYjrxKWhe1wK8F95eV+k1eRxGdoFNURQG6QnV0hxqoiSiS6Bm9ojdPey/eu/exGC14+c4x+gPv8wcG9Y/i</latexit><latexit sha1_base64="cjEXYBIherqT/vgW9oPwvFClm+g=">AAAB8HicbVDLSgMxFM3UV62vqks3wSLUTZkRQZdFNy4r2Ie0Q8mkmTY0yQzJjVCGfoUbF4q49XPc+Tem7Sy09UDgcM695J4TpYIb8P1vr7C2vrG5Vdwu7ezu7R+UD49aJrGasiZNRKI7ETFMcMWawEGwTqoZkZFg7Wh8O/PbT0wbnqgHmKQslGSoeMwpASc92h4k2FbhvF+u+DV/DrxKgpxUUI5Gv/zVGyTUSqaACmJMN/BTCDOigVPBpqWeNSwldEyGrOuoIpKZMJsfPMVnThngONHuKcBz9fdGRqQxExm5SUlgZJa9mfif17UQX4cZV6kFpujio9gK7FLO0uMB14yCmDhCqObuVkxHRBMKrqOSKyFYjrxKWhe1wK8F95eV+k1eRxGdoFNURQG6QnV0hxqoiSiS6Bm9ojdPey/eu/exGC14+c4x+gPv8wcG9Y/i</latexit>

Instantaneous (adiabatic) eigenstates are no longer helpful due to Landau-Zener 
tunneling between them

Example: 1D Hubbard model – tight-binding plus onsite Coulomb (or XXZ, BCS etc.)

Ĥ(u) =
X

j,s="#
(ĉ†jsĉj+1 s + ĉ†j+1 sĉjs) + u

X

j

n̂j"n̂j#
<latexit sha1_base64="Ep2fTczgfYEY5olmAmW3xv6EJXw="></latexit><latexit sha1_base64="Ep2fTczgfYEY5olmAmW3xv6EJXw="></latexit><latexit sha1_base64="Ep2fTczgfYEY5olmAmW3xv6EJXw="></latexit><latexit sha1_base64="Ep2fTczgfYEY5olmAmW3xv6EJXw="></latexit>

Exact solution of the stationary Schrödinger eq. via Bethe ansatz [ Lieb & Wu (1969) ]

Ĥ(u) n(u) = En(u) n(u)
<latexit sha1_base64="uYv/m4jTcZ2oZXwQP4hwQc8YQCw=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIt QN2VGBN0IRRG6rGBroTOUTJppQzOZIckIZegHuPFX3LhQxK0f4M6/MZ0Ooq0HQk7OPZebe/yYM6Vt+8sqLC2vrK4V10sbm1vbO+XdvbaKEkloi0Q8kh0fK8qZoC3NNKedWFIc+pze+aOraf3unkrFInGrxzH1QjwQLGAEayP1yhXkDrFGjWpy7MaK9YQhF9fZ9fM2LrtmZ0CLxMlJBXI0e+VPtx+RJKRCE46V6jp2rL0US80Ip5OSmygaYzLCA9o1VOCQKi/NlpmgI6P0URBJc4RGmfq7I8WhUuPQN84Q66Gar03F/2rdRAfnXspEnGgqyGxQkHCkIzRNBvWZpETzsSGYSGb+isgQS0y0ya9kQnDmV14k7ZOaY9ecm9NK/TKPowgHcAhVcOAM6tCAJrSAwAM8wQu8Wo/Ws/Vmvc+sBSvv2Yc/sD6+Aa6GmXs=</latexit><latexit sha1_base64="uYv/m4jTcZ2oZXwQP4hwQc8YQCw=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIt QN2VGBN0IRRG6rGBroTOUTJppQzOZIckIZegHuPFX3LhQxK0f4M6/MZ0Ooq0HQk7OPZebe/yYM6Vt+8sqLC2vrK4V10sbm1vbO+XdvbaKEkloi0Q8kh0fK8qZoC3NNKedWFIc+pze+aOraf3unkrFInGrxzH1QjwQLGAEayP1yhXkDrFGjWpy7MaK9YQhF9fZ9fM2LrtmZ0CLxMlJBXI0e+VPtx+RJKRCE46V6jp2rL0US80Ip5OSmygaYzLCA9o1VOCQKi/NlpmgI6P0URBJc4RGmfq7I8WhUuPQN84Q66Gar03F/2rdRAfnXspEnGgqyGxQkHCkIzRNBvWZpETzsSGYSGb+isgQS0y0ya9kQnDmV14k7ZOaY9ecm9NK/TKPowgHcAhVcOAM6tCAJrSAwAM8wQu8Wo/Ws/Vmvc+sBSvv2Yc/sD6+Aa6GmXs=</latexit><latexit sha1_base64="uYv/m4jTcZ2oZXwQP4hwQc8YQCw=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIt QN2VGBN0IRRG6rGBroTOUTJppQzOZIckIZegHuPFX3LhQxK0f4M6/MZ0Ooq0HQk7OPZebe/yYM6Vt+8sqLC2vrK4V10sbm1vbO+XdvbaKEkloi0Q8kh0fK8qZoC3NNKedWFIc+pze+aOraf3unkrFInGrxzH1QjwQLGAEayP1yhXkDrFGjWpy7MaK9YQhF9fZ9fM2LrtmZ0CLxMlJBXI0e+VPtx+RJKRCE46V6jp2rL0US80Ip5OSmygaYzLCA9o1VOCQKi/NlpmgI6P0URBJc4RGmfq7I8WhUuPQN84Q66Gar03F/2rdRAfnXspEnGgqyGxQkHCkIzRNBvWZpETzsSGYSGb+isgQS0y0ya9kQnDmV14k7ZOaY9ecm9NK/TKPowgHcAhVcOAM6tCAJrSAwAM8wQu8Wo/Ws/Vmvc+sBSvv2Yc/sD6+Aa6GmXs=</latexit><latexit sha1_base64="uYv/m4jTcZ2oZXwQP4hwQc8YQCw=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIt QN2VGBN0IRRG6rGBroTOUTJppQzOZIckIZegHuPFX3LhQxK0f4M6/MZ0Ooq0HQk7OPZebe/yYM6Vt+8sqLC2vrK4V10sbm1vbO+XdvbaKEkloi0Q8kh0fK8qZoC3NNKedWFIc+pze+aOraf3unkrFInGrxzH1QjwQLGAEayP1yhXkDrFGjWpy7MaK9YQhF9fZ9fM2LrtmZ0CLxMlJBXI0e+VPtx+RJKRCE46V6jp2rL0US80Ip5OSmygaYzLCA9o1VOCQKi/NlpmgI6P0URBJc4RGmfq7I8WhUuPQN84Q66Gar03F/2rdRAfnXspEnGgqyGxQkHCkIzRNBvWZpETzsSGYSGb+isgQS0y0ya9kQnDmV14k7ZOaY9ecm9NK/TKPowgHcAhVcOAM6tCAJrSAwAM8wQu8Wo/Ws/Vmvc+sBSvv2Yc/sD6+Aa6GmXs=</latexit>

Start with time-independent integrability 

 (t) =
X

n

cn(t)e
�i

R
dtEn(u(t)) n(u(t))

<latexit sha1_base64="Oem4ImuU5/4wueV/1Z8slA1/z/4=">AAACI3icbVDLSgMxFM3UV62vUZdugkVoF5YZERRBKIrgsoJ9QKcOmTRtQzOZIbkjlKH/4sZfceNCKW5c+C+mD0FbDwTOPedecu8JYsE1OM6nlVlaXlldy67nNja3tnfs3b2ajhJFWZVGIlKNgGgmuGRV4CBYI1aMhIFg9aB/Pfbrj0xpHsl7GMSsFZKu5B1OCRjJty+8iuYFKF56Ogl9iakvTYXZQ3rMPS4BtwHfGC0xanGIvVjzn8q3807JmQAvEndG8miGim+PvHZEk5BJoIJo3XSdGFopUcCpYMOcl2gWE9onXdY0VJKQ6VY6uXGIj4zSxp1ImWfWmqi/J1ISaj0IA9MZEujpeW8s/uc1E+ict1Iu4wSYpNOPOonAEOFxYLjNFaMgBoYQqrjZFdMeUYSCiTVnQnDnT14ktZOS65Tcu9N8+WoWRxYdoENUQC46Q2V0iyqoiih6Qi/oDb1bz9arNbI+pq0Zazazj/7A+voG+WKh+Q==</latexit><latexit sha1_base64="Oem4ImuU5/4wueV/1Z8slA1/z/4=">AAACI3icbVDLSgMxFM3UV62vUZdugkVoF5YZERRBKIrgsoJ9QKcOmTRtQzOZIbkjlKH/4sZfceNCKW5c+C+mD0FbDwTOPedecu8JYsE1OM6nlVlaXlldy67nNja3tnfs3b2ajhJFWZVGIlKNgGgmuGRV4CBYI1aMhIFg9aB/Pfbrj0xpHsl7GMSsFZKu5B1OCRjJty+8iuYFKF56Ogl9iakvTYXZQ3rMPS4BtwHfGC0xanGIvVjzn8q3807JmQAvEndG8miGim+PvHZEk5BJoIJo3XSdGFopUcCpYMOcl2gWE9onXdY0VJKQ6VY6uXGIj4zSxp1ImWfWmqi/J1ISaj0IA9MZEujpeW8s/uc1E+ict1Iu4wSYpNOPOonAEOFxYLjNFaMgBoYQqrjZFdMeUYSCiTVnQnDnT14ktZOS65Tcu9N8+WoWRxYdoENUQC46Q2V0iyqoiih6Qi/oDb1bz9arNbI+pq0Zazazj/7A+voG+WKh+Q==</latexit><latexit sha1_base64="Oem4ImuU5/4wueV/1Z8slA1/z/4=">AAACI3icbVDLSgMxFM3UV62vUZdugkVoF5YZERRBKIrgsoJ9QKcOmTRtQzOZIbkjlKH/4sZfceNCKW5c+C+mD0FbDwTOPedecu8JYsE1OM6nlVlaXlldy67nNja3tnfs3b2ajhJFWZVGIlKNgGgmuGRV4CBYI1aMhIFg9aB/Pfbrj0xpHsl7GMSsFZKu5B1OCRjJty+8iuYFKF56Ogl9iakvTYXZQ3rMPS4BtwHfGC0xanGIvVjzn8q3807JmQAvEndG8miGim+PvHZEk5BJoIJo3XSdGFopUcCpYMOcl2gWE9onXdY0VJKQ6VY6uXGIj4zSxp1ImWfWmqi/J1ISaj0IA9MZEujpeW8s/uc1E+ict1Iu4wSYpNOPOonAEOFxYLjNFaMgBoYQqrjZFdMeUYSCiTVnQnDnT14ktZOS65Tcu9N8+WoWRxYdoENUQC46Q2V0iyqoiih6Qi/oDb1bz9arNbI+pq0Zazazj/7A+voG+WKh+Q==</latexit><latexit sha1_base64="Oem4ImuU5/4wueV/1Z8slA1/z/4=">AAACI3icbVDLSgMxFM3UV62vUZdugkVoF5YZERRBKIrgsoJ9QKcOmTRtQzOZIbkjlKH/4sZfceNCKW5c+C+mD0FbDwTOPedecu8JYsE1OM6nlVlaXlldy67nNja3tnfs3b2ajhJFWZVGIlKNgGgmuGRV4CBYI1aMhIFg9aB/Pfbrj0xpHsl7GMSsFZKu5B1OCRjJty+8iuYFKF56Ogl9iakvTYXZQ3rMPS4BtwHfGC0xanGIvVjzn8q3807JmQAvEndG8miGim+PvHZEk5BJoIJo3XSdGFopUcCpYMOcl2gWE9onXdY0VJKQ6VY6uXGIj4zSxp1ImWfWmqi/J1ISaj0IA9MZEujpeW8s/uc1E+ict1Iu4wSYpNOPOonAEOFxYLjNFaMgBoYQqrjZFdMeUYSCiTVnQnDnT14ktZOS65Tcu9N8+WoWRxYdoENUQC46Q2V0iyqoiih6Qi/oDb1bz9arNbI+pq0Zazazj/7A+voG+WKh+Q==</latexit>
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Nonadiabatic (Landau-Zener) transitions 
between adiabatic states



Example: 1D Hubbard model – tight-binding plus onsite Coulomb (or XXZ, BCS etc.)
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Start with time-independent integrability 

Q: Can we make parameters of an integrable model time-dependent 
without breaking the integrability, i.e. so that the non-stationary 
Schrödinger eq. is exactly solvable?
In other words, can we have integrable Landau-Zener dynamics?



Example: 1D Hubbard model – tight-binding plus onsite Coulomb (or XXZ, BCS etc.)
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Start with time-independent integrability 

Q: Can we make parameters of an integrable model time-dependent 
without breaking the integrability, i.e. so that the non-stationary 
Schrödinger eq. is exactly solvable?
In other words, can we have integrable Landau-Zener dynamics?

A: Yes, we can at least for some integrable models



Example1: Bardeen-Cooper-Schrieffer (BCS) model of superconductivity
Fermi gas plus pairing interactions between fermions

Like Hubbard, there is an exact solution for the spectrum [ Richardson (1964) ] and 
nontrivial g-dependent commuting partners [ Cambiaggio, Rivas, Saracena (1997) ]
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In general, this breaks the integrability
But we’ll see that for certain special choices of          the problem 
remains integrable

g(t)
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Example1: Bardeen-Cooper-Schrieffer (BCS) model of superconductivity
Fermi gas plus pairing interactions between fermions
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In general, this breaks the integrability
But we’ll see that for certain special choices of          the problem 
remains integrable
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<latexit sha1_base64="LWsie9BAF88GZt2u2KxWkpQEzuU=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt0Nwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSKQw6Lrfztr6xubWdmmnvLu3f3BYOTpumzjVjLdYLGPdDajhUkS8hQIl7yaaUxVI3gkmd7nfeeLaiDh6xGnCfUVHkQgFo5hLoxpeDCpVt+7OQVaJV5AqFGgOKl/9YcxSxSNkkhrT89wE/YxqFEzyWbmfGp5QNqEj3rM0ooobP5vfOiPnVhmSMNa2IiRz9fdERpUxUxXYTkVxbJa9XPzP66UY3viZiJIUecQWi8JUEoxJ/jgZCs0ZyqkllGlhbyVsTDVlaOMp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb45yXpx352PRuuYUMyfwB87nD2fSjc4=</latexit><latexit sha1_base64="LWsie9BAF88GZt2u2KxWkpQEzuU=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt0Nwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSKQw6Lrfztr6xubWdmmnvLu3f3BYOTpumzjVjLdYLGPdDajhUkS8hQIl7yaaUxVI3gkmd7nfeeLaiDh6xGnCfUVHkQgFo5hLoxpeDCpVt+7OQVaJV5AqFGgOKl/9YcxSxSNkkhrT89wE/YxqFEzyWbmfGp5QNqEj3rM0ooobP5vfOiPnVhmSMNa2IiRz9fdERpUxUxXYTkVxbJa9XPzP66UY3viZiJIUecQWi8JUEoxJ/jgZCs0ZyqkllGlhbyVsTDVlaOMp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb45yXpx352PRuuYUMyfwB87nD2fSjc4=</latexit><latexit sha1_base64="LWsie9BAF88GZt2u2KxWkpQEzuU=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt0Nwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSKQw6Lrfztr6xubWdmmnvLu3f3BYOTpumzjVjLdYLGPdDajhUkS8hQIl7yaaUxVI3gkmd7nfeeLaiDh6xGnCfUVHkQgFo5hLoxpeDCpVt+7OQVaJV5AqFGgOKl/9YcxSxSNkkhrT89wE/YxqFEzyWbmfGp5QNqEj3rM0ooobP5vfOiPnVhmSMNa2IiRz9fdERpUxUxXYTkVxbJa9XPzP66UY3viZiJIUecQWi8JUEoxJ/jgZCs0ZyqkllGlhbyVsTDVlaOMp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb45yXpx352PRuuYUMyfwB87nD2fSjc4=</latexit><latexit sha1_base64="LWsie9BAF88GZt2u2KxWkpQEzuU=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt0Nwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSKQw6Lrfztr6xubWdmmnvLu3f3BYOTpumzjVjLdYLGPdDajhUkS8hQIl7yaaUxVI3gkmd7nfeeLaiDh6xGnCfUVHkQgFo5hLoxpeDCpVt+7OQVaJV5AqFGgOKl/9YcxSxSNkkhrT89wE/YxqFEzyWbmfGp5QNqEj3rM0ooobP5vfOiPnVhmSMNa2IiRz9fdERpUxUxXYTkVxbJa9XPzP66UY3viZiJIUecQWi8JUEoxJ/jgZCs0ZyqkllGlhbyVsTDVlaOMp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb45yXpx352PRuuYUMyfwB87nD2fSjc4=</latexit>
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<latexit sha1_base64="JjyossTFvBzN7AHwlolcvpRu7UA="></latexit><latexit sha1_base64="JjyossTFvBzN7AHwlolcvpRu7UA="></latexit><latexit sha1_base64="JjyossTFvBzN7AHwlolcvpRu7UA="></latexit><latexit sha1_base64="JjyossTFvBzN7AHwlolcvpRu7UA="></latexit>

g(t) =
1

⌫t
<latexit sha1_base64="Kivv/C1P862of6HtnL8c//bhwpg=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoBuh6MZlBfuAJpTJdNIOnUzCzI1QQ/BX3LhQxK3/4c6/cdpmoa0HLhzOuZd77wkSwTU4zre1tLyyurZe2ihvbm3v7Np7+y0dp4qyJo1FrDoB0UxwyZrAQbBOohiJAsHawehm4rcfmNI8lvcwTpgfkYHkIacEjNSzDwdVOL3yQkVo5uaZJ1MMec+uODVnCrxI3IJUUIFGz/7y+jFNIyaBCqJ113US8DOigFPB8rKXapYQOiID1jVUkohpP5ten+MTo/RxGCtTEvBU/T2RkUjrcRSYzojAUM97E/E/r5tCeOlnXCYpMElni8JUYIjxJArc54pREGNDCFXc3IrpkJgkwARWNiG48y8vktZZzXVq7t15pX5dxFFCR+gYVZGLLlAd3aIGaiKKHtEzekVv1pP1Yr1bH7PWJauYOUB/YH3+AMYzlMg=</latexit><latexit sha1_base64="Kivv/C1P862of6HtnL8c//bhwpg=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoBuh6MZlBfuAJpTJdNIOnUzCzI1QQ/BX3LhQxK3/4c6/cdpmoa0HLhzOuZd77wkSwTU4zre1tLyyurZe2ihvbm3v7Np7+y0dp4qyJo1FrDoB0UxwyZrAQbBOohiJAsHawehm4rcfmNI8lvcwTpgfkYHkIacEjNSzDwdVOL3yQkVo5uaZJ1MMec+uODVnCrxI3IJUUIFGz/7y+jFNIyaBCqJ113US8DOigFPB8rKXapYQOiID1jVUkohpP5ten+MTo/RxGCtTEvBU/T2RkUjrcRSYzojAUM97E/E/r5tCeOlnXCYpMElni8JUYIjxJArc54pREGNDCFXc3IrpkJgkwARWNiG48y8vktZZzXVq7t15pX5dxFFCR+gYVZGLLlAd3aIGaiKKHtEzekVv1pP1Yr1bH7PWJauYOUB/YH3+AMYzlMg=</latexit><latexit sha1_base64="Kivv/C1P862of6HtnL8c//bhwpg=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoBuh6MZlBfuAJpTJdNIOnUzCzI1QQ/BX3LhQxK3/4c6/cdpmoa0HLhzOuZd77wkSwTU4zre1tLyyurZe2ihvbm3v7Np7+y0dp4qyJo1FrDoB0UxwyZrAQbBOohiJAsHawehm4rcfmNI8lvcwTpgfkYHkIacEjNSzDwdVOL3yQkVo5uaZJ1MMec+uODVnCrxI3IJUUIFGz/7y+jFNIyaBCqJ113US8DOigFPB8rKXapYQOiID1jVUkohpP5ten+MTo/RxGCtTEvBU/T2RkUjrcRSYzojAUM97E/E/r5tCeOlnXCYpMElni8JUYIjxJArc54pREGNDCFXc3IrpkJgkwARWNiG48y8vktZZzXVq7t15pX5dxFFCR+gYVZGLLlAd3aIGaiKKHtEzekVv1pP1Yr1bH7PWJauYOUB/YH3+AMYzlMg=</latexit><latexit sha1_base64="Kivv/C1P862of6HtnL8c//bhwpg=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoBuh6MZlBfuAJpTJdNIOnUzCzI1QQ/BX3LhQxK3/4c6/cdpmoa0HLhzOuZd77wkSwTU4zre1tLyyurZe2ihvbm3v7Np7+y0dp4qyJo1FrDoB0UxwyZrAQbBOohiJAsHawehm4rcfmNI8lvcwTpgfkYHkIacEjNSzDwdVOL3yQkVo5uaZJ1MMec+uODVnCrxI3IJUUIFGz/7y+jFNIyaBCqJ113US8DOigFPB8rKXapYQOiID1jVUkohpP5ten+MTo/RxGCtTEvBU/T2RkUjrcRSYzojAUM97E/E/r5tCeOlnXCYpMElni8JUYIjxJArc54pREGNDCFXc3IrpkJgkwARWNiG48y8vktZZzXVq7t15pX5dxFFCR+gYVZGLLlAd3aIGaiKKHtEzekVv1pP1Yr1bH7PWJauYOUB/YH3+AMYzlMg=</latexit>

 (t)
<latexit sha1_base64="UXDj3uoeLhQG4FkQb2S+366QBwA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZv7nSeujYjVI04T7kd0pEQoGEUrdfpNI6p4OShX3Jq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx7oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5r+TodCcoZxaQpkW9lbCxlRThjahkg3BW315nbSvap5b8x7qlcZtHkcRzuAcquDBNTTgHprQAgYTeIZXeHMS58V5dz6WrQUnnzmFP3A+fwCSQo8N</latexit><latexit sha1_base64="UXDj3uoeLhQG4FkQb2S+366QBwA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZv7nSeujYjVI04T7kd0pEQoGEUrdfpNI6p4OShX3Jq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx7oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5r+TodCcoZxaQpkW9lbCxlRThjahkg3BW315nbSvap5b8x7qlcZtHkcRzuAcquDBNTTgHprQAgYTeIZXeHMS58V5dz6WrQUnnzmFP3A+fwCSQo8N</latexit><latexit sha1_base64="UXDj3uoeLhQG4FkQb2S+366QBwA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZv7nSeujYjVI04T7kd0pEQoGEUrdfpNI6p4OShX3Jq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx7oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5r+TodCcoZxaQpkW9lbCxlRThjahkg3BW315nbSvap5b8x7qlcZtHkcRzuAcquDBNTTgHprQAgYTeIZXeHMS58V5dz6WrQUnnzmFP3A+fwCSQo8N</latexit><latexit sha1_base64="UXDj3uoeLhQG4FkQb2S+366QBwA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZv7nSeujYjVI04T7kd0pEQoGEUrdfpNI6p4OShX3Jq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx7oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5r+TodCcoZxaQpkW9lbCxlRThjahkg3BW315nbSvap5b8x7qlcZtHkcRzuAcquDBNTTgHprQAgYTeIZXeHMS58V5dz6WrQUnnzmFP3A+fwCSQo8N</latexit>

In particular, we’ll see that there an exact solution for            for 

Like Hubbard, there is an exact solution for the spectrum [ Richardson (1964) ] and 
nontrivial g-dependent commuting partners [ Cambiaggio, Rivas, Saracena (1997) ]



Example2: BCS-BEC Condensate of Ultracold Fermions (40K, 6Li) 

Greiner, Regal & Jin, JILA, 40K (2004)

Detuning: !0 ⇡ 2µB(B �B0)
<latexit sha1_base64="+mrW5dcTbYdfbl5Z4SH5BIwIO8c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQF5akCLosceOygn1AE8JkOm2HzmTCzEQsoSs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89UcKo0o7zbRVWVtfWN4qbpa3tnd09e/+gpUQqMWliwYTsREgRRmPS1FQz0kkkQTxipB2Nrqd++55IRUV8p8cJCTgaxLRPMdJGCu1jX3AyQKHjoySR4gHWfJ6GXsU790LnLLTLTtWZAS4TNydlkKMR2l9+T+CUk1hjhpTquk6igwxJTTEjk5KfKpIgPEID0jU0RpyoIJu9MYGnRunBvpCmYg1n6u+JDHGlxjwynRzpoVr0puJ/XjfV/asgo3GSahLj+aJ+yqAWcJoJ7FFJsGZjQxCW1NwK8RBJhLVJrmRCcBdfXiatWtV1qu7tRbnu5XEUwRE4ARXggktQBzegAZoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgD6zPH/Q1l3k=</latexit><latexit sha1_base64="+mrW5dcTbYdfbl5Z4SH5BIwIO8c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQF5akCLosceOygn1AE8JkOm2HzmTCzEQsoSs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89UcKo0o7zbRVWVtfWN4qbpa3tnd09e/+gpUQqMWliwYTsREgRRmPS1FQz0kkkQTxipB2Nrqd++55IRUV8p8cJCTgaxLRPMdJGCu1jX3AyQKHjoySR4gHWfJ6GXsU790LnLLTLTtWZAS4TNydlkKMR2l9+T+CUk1hjhpTquk6igwxJTTEjk5KfKpIgPEID0jU0RpyoIJu9MYGnRunBvpCmYg1n6u+JDHGlxjwynRzpoVr0puJ/XjfV/asgo3GSahLj+aJ+yqAWcJoJ7FFJsGZjQxCW1NwK8RBJhLVJrmRCcBdfXiatWtV1qu7tRbnu5XEUwRE4ARXggktQBzegAZoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgD6zPH/Q1l3k=</latexit><latexit sha1_base64="+mrW5dcTbYdfbl5Z4SH5BIwIO8c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQF5akCLosceOygn1AE8JkOm2HzmTCzEQsoSs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89UcKo0o7zbRVWVtfWN4qbpa3tnd09e/+gpUQqMWliwYTsREgRRmPS1FQz0kkkQTxipB2Nrqd++55IRUV8p8cJCTgaxLRPMdJGCu1jX3AyQKHjoySR4gHWfJ6GXsU790LnLLTLTtWZAS4TNydlkKMR2l9+T+CUk1hjhpTquk6igwxJTTEjk5KfKpIgPEID0jU0RpyoIJu9MYGnRunBvpCmYg1n6u+JDHGlxjwynRzpoVr0puJ/XjfV/asgo3GSahLj+aJ+yqAWcJoJ7FFJsGZjQxCW1NwK8RBJhLVJrmRCcBdfXiatWtV1qu7tRbnu5XEUwRE4ARXggktQBzegAZoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgD6zPH/Q1l3k=</latexit><latexit sha1_base64="+mrW5dcTbYdfbl5Z4SH5BIwIO8c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQF5akCLosceOygn1AE8JkOm2HzmTCzEQsoSs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89UcKo0o7zbRVWVtfWN4qbpa3tnd09e/+gpUQqMWliwYTsREgRRmPS1FQz0kkkQTxipB2Nrqd++55IRUV8p8cJCTgaxLRPMdJGCu1jX3AyQKHjoySR4gHWfJ6GXsU790LnLLTLTtWZAS4TNydlkKMR2l9+T+CUk1hjhpTquk6igwxJTTEjk5KfKpIgPEID0jU0RpyoIJu9MYGnRunBvpCmYg1n6u+JDHGlxjwynRzpoVr0puJ/XjfV/asgo3GSahLj+aJ+yqAWcJoJ7FFJsGZjQxCW1NwK8RBJhLVJrmRCcBdfXiatWtV1qu7tRbnu5XEUwRE4ARXggktQBzegAZoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgD6zPH/Q1l3k=</latexit>
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<latexit sha1_base64="2IKOPJpCrUjvDOUHpAh9PFgcNHc="></latexit><latexit sha1_base64="2IKOPJpCrUjvDOUHpAh9PFgcNHc="></latexit><latexit sha1_base64="2IKOPJpCrUjvDOUHpAh9PFgcNHc="></latexit><latexit sha1_base64="2IKOPJpCrUjvDOUHpAh9PFgcNHc="></latexit>

Example2: BCS-BEC Condensate of Ultracold Fermions (40K, 6Li) 

Greiner, Regal & Jin, JILA, 40K (2004)

For a narrow resonance the BCS-BEC condensate is well described by 
the inhomogeneous Dicke model  

atoms molecules

Detuning: !0 ⇡ 2µB(B �B0)
<latexit sha1_base64="+mrW5dcTbYdfbl5Z4SH5BIwIO8c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQF5akCLosceOygn1AE8JkOm2HzmTCzEQsoSs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89UcKo0o7zbRVWVtfWN4qbpa3tnd09e/+gpUQqMWliwYTsREgRRmPS1FQz0kkkQTxipB2Nrqd++55IRUV8p8cJCTgaxLRPMdJGCu1jX3AyQKHjoySR4gHWfJ6GXsU790LnLLTLTtWZAS4TNydlkKMR2l9+T+CUk1hjhpTquk6igwxJTTEjk5KfKpIgPEID0jU0RpyoIJu9MYGnRunBvpCmYg1n6u+JDHGlxjwynRzpoVr0puJ/XjfV/asgo3GSahLj+aJ+yqAWcJoJ7FFJsGZjQxCW1NwK8RBJhLVJrmRCcBdfXiatWtV1qu7tRbnu5XEUwRE4ARXggktQBzegAZoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgD6zPH/Q1l3k=</latexit><latexit sha1_base64="+mrW5dcTbYdfbl5Z4SH5BIwIO8c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQF5akCLosceOygn1AE8JkOm2HzmTCzEQsoSs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89UcKo0o7zbRVWVtfWN4qbpa3tnd09e/+gpUQqMWliwYTsREgRRmPS1FQz0kkkQTxipB2Nrqd++55IRUV8p8cJCTgaxLRPMdJGCu1jX3AyQKHjoySR4gHWfJ6GXsU790LnLLTLTtWZAS4TNydlkKMR2l9+T+CUk1hjhpTquk6igwxJTTEjk5KfKpIgPEID0jU0RpyoIJu9MYGnRunBvpCmYg1n6u+JDHGlxjwynRzpoVr0puJ/XjfV/asgo3GSahLj+aJ+yqAWcJoJ7FFJsGZjQxCW1NwK8RBJhLVJrmRCcBdfXiatWtV1qu7tRbnu5XEUwRE4ARXggktQBzegAZoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgD6zPH/Q1l3k=</latexit><latexit sha1_base64="+mrW5dcTbYdfbl5Z4SH5BIwIO8c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQF5akCLosceOygn1AE8JkOm2HzmTCzEQsoSs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89UcKo0o7zbRVWVtfWN4qbpa3tnd09e/+gpUQqMWliwYTsREgRRmPS1FQz0kkkQTxipB2Nrqd++55IRUV8p8cJCTgaxLRPMdJGCu1jX3AyQKHjoySR4gHWfJ6GXsU790LnLLTLTtWZAS4TNydlkKMR2l9+T+CUk1hjhpTquk6igwxJTTEjk5KfKpIgPEID0jU0RpyoIJu9MYGnRunBvpCmYg1n6u+JDHGlxjwynRzpoVr0puJ/XjfV/asgo3GSahLj+aJ+yqAWcJoJ7FFJsGZjQxCW1NwK8RBJhLVJrmRCcBdfXiatWtV1qu7tRbnu5XEUwRE4ARXggktQBzegAZoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgD6zPH/Q1l3k=</latexit><latexit sha1_base64="+mrW5dcTbYdfbl5Z4SH5BIwIO8c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQF5akCLosceOygn1AE8JkOm2HzmTCzEQsoSs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89UcKo0o7zbRVWVtfWN4qbpa3tnd09e/+gpUQqMWliwYTsREgRRmPS1FQz0kkkQTxipB2Nrqd++55IRUV8p8cJCTgaxLRPMdJGCu1jX3AyQKHjoySR4gHWfJ6GXsU790LnLLTLTtWZAS4TNydlkKMR2l9+T+CUk1hjhpTquk6igwxJTTEjk5KfKpIgPEID0jU0RpyoIJu9MYGnRunBvpCmYg1n6u+JDHGlxjwynRzpoVr0puJ/XjfV/asgo3GSahLj+aJ+yqAWcJoJ7FFJsGZjQxCW1NwK8RBJhLVJrmRCcBdfXiatWtV1qu7tRbnu5XEUwRE4ARXggktQBzegAZoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgD6zPH/Q1l3k=</latexit>

Resonance width: � =
g2⌫F
"F

⌧ 1
<latexit sha1_base64="l+yyaUlI0FYkyYtjf4GM4NcoKn8=">AAACE3icbVDLSgMxFM3UV62vqks3wSKIizJTBN0IRaG4rGAf0KnlTpppQ5PMkGQKZeg/uPFX3LhQxK0bd/6N6WOhrQcCh3PO5eaeIOZMG9f9djIrq2vrG9nN3Nb2zu5efv+grqNEEVojEY9UMwBNOZO0ZpjhtBkrCiLgtBEMbiZ+Y0iVZpG8N6OYtgX0JAsZAWOlTv7M74EQcOWHCkjaeyj5MulUxqk/BEVjzbgNVcY+59jr5Atu0Z0CLxNvTgpojmon/+V3I5IIKg3hoHXLc2PTTkEZRjgd5/xE0xjIAHq0ZakEQXU7nd40xidW6eIwUvZJg6fq74kUhNYjEdikANPXi95E/M9rJSa8bKdMxomhkswWhQnHJsKTgnCXKUoMH1kCRDH7V0z6YNsxtsacLcFbPHmZ1EtFzy16d+eF8vW8jiw6QsfoFHnoApXRLaqiGiLoET2jV/TmPDkvzrvzMYtmnPnMIfoD5/MHaBqedw==</latexit><latexit sha1_base64="l+yyaUlI0FYkyYtjf4GM4NcoKn8=">AAACE3icbVDLSgMxFM3UV62vqks3wSKIizJTBN0IRaG4rGAf0KnlTpppQ5PMkGQKZeg/uPFX3LhQxK0bd/6N6WOhrQcCh3PO5eaeIOZMG9f9djIrq2vrG9nN3Nb2zu5efv+grqNEEVojEY9UMwBNOZO0ZpjhtBkrCiLgtBEMbiZ+Y0iVZpG8N6OYtgX0JAsZAWOlTv7M74EQcOWHCkjaeyj5MulUxqk/BEVjzbgNVcY+59jr5Atu0Z0CLxNvTgpojmon/+V3I5IIKg3hoHXLc2PTTkEZRjgd5/xE0xjIAHq0ZakEQXU7nd40xidW6eIwUvZJg6fq74kUhNYjEdikANPXi95E/M9rJSa8bKdMxomhkswWhQnHJsKTgnCXKUoMH1kCRDH7V0z6YNsxtsacLcFbPHmZ1EtFzy16d+eF8vW8jiw6QsfoFHnoApXRLaqiGiLoET2jV/TmPDkvzrvzMYtmnPnMIfoD5/MHaBqedw==</latexit><latexit sha1_base64="l+yyaUlI0FYkyYtjf4GM4NcoKn8=">AAACE3icbVDLSgMxFM3UV62vqks3wSKIizJTBN0IRaG4rGAf0KnlTpppQ5PMkGQKZeg/uPFX3LhQxK0bd/6N6WOhrQcCh3PO5eaeIOZMG9f9djIrq2vrG9nN3Nb2zu5efv+grqNEEVojEY9UMwBNOZO0ZpjhtBkrCiLgtBEMbiZ+Y0iVZpG8N6OYtgX0JAsZAWOlTv7M74EQcOWHCkjaeyj5MulUxqk/BEVjzbgNVcY+59jr5Atu0Z0CLxNvTgpojmon/+V3I5IIKg3hoHXLc2PTTkEZRjgd5/xE0xjIAHq0ZakEQXU7nd40xidW6eIwUvZJg6fq74kUhNYjEdikANPXi95E/M9rJSa8bKdMxomhkswWhQnHJsKTgnCXKUoMH1kCRDH7V0z6YNsxtsacLcFbPHmZ1EtFzy16d+eF8vW8jiw6QsfoFHnoApXRLaqiGiLoET2jV/TmPDkvzrvzMYtmnPnMIfoD5/MHaBqedw==</latexit><latexit sha1_base64="l+yyaUlI0FYkyYtjf4GM4NcoKn8=">AAACE3icbVDLSgMxFM3UV62vqks3wSKIizJTBN0IRaG4rGAf0KnlTpppQ5PMkGQKZeg/uPFX3LhQxK0bd/6N6WOhrQcCh3PO5eaeIOZMG9f9djIrq2vrG9nN3Nb2zu5efv+grqNEEVojEY9UMwBNOZO0ZpjhtBkrCiLgtBEMbiZ+Y0iVZpG8N6OYtgX0JAsZAWOlTv7M74EQcOWHCkjaeyj5MulUxqk/BEVjzbgNVcY+59jr5Atu0Z0CLxNvTgpojmon/+V3I5IIKg3hoHXLc2PTTkEZRjgd5/xE0xjIAHq0ZakEQXU7nd40xidW6eIwUvZJg6fq74kUhNYjEdikANPXi95E/M9rJSa8bKdMxomhkswWhQnHJsKTgnCXKUoMH1kCRDH7V0z6YNsxtsacLcFbPHmZ1EtFzy16d+eF8vW8jiw6QsfoFHnoApXRLaqiGiLoET2jV/TmPDkvzrvzMYtmnPnMIfoD5/MHaBqedw==</latexit>

n̂b = b̂†b̂
<latexit sha1_base64="aAquvf2CfnAwQWsrHCQqBpplRkg=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFUSEXQjFN24rGAv0MQwM5mkQyeTMDMRSunSja/ixoUibn0Ed76N0zQLbf1h4OM/53Dm/DjjTGnH+bYqS8srq2vV9drG5tb2jr2711FpLgltk5SnsoeRopwJ2tZMc9rLJEUJ5rSLh9fTeveBSsVScadHGfUTFAsWMYK0sQL7EHoDpKEI8GUB+N4LURxTOfNxYNedhlMILoJbQh2UagX2lxemJE+o0IQjpfquk2l/jKRmhNNJzcsVzRAZopj2DQqUUOWPi0Mm8Ng4IYxSaZ7QsHB/T4xRotQowaYzQXqg5mtT879aP9fRhT9mIss1FWS2KMo51CmcpgJDJinRfGQAEcnMXyEZIImINtnVTAju/MmL0DltuE7DvT2rN6/KOKrgAByBE+CCc9AEN6AF2oCAR/AMXsGb9WS9WO/Wx6y1YpUz++CPrM8f6eGYoA==</latexit><latexit sha1_base64="aAquvf2CfnAwQWsrHCQqBpplRkg=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFUSEXQjFN24rGAv0MQwM5mkQyeTMDMRSunSja/ixoUibn0Ed76N0zQLbf1h4OM/53Dm/DjjTGnH+bYqS8srq2vV9drG5tb2jr2711FpLgltk5SnsoeRopwJ2tZMc9rLJEUJ5rSLh9fTeveBSsVScadHGfUTFAsWMYK0sQL7EHoDpKEI8GUB+N4LURxTOfNxYNedhlMILoJbQh2UagX2lxemJE+o0IQjpfquk2l/jKRmhNNJzcsVzRAZopj2DQqUUOWPi0Mm8Ng4IYxSaZ7QsHB/T4xRotQowaYzQXqg5mtT879aP9fRhT9mIss1FWS2KMo51CmcpgJDJinRfGQAEcnMXyEZIImINtnVTAju/MmL0DltuE7DvT2rN6/KOKrgAByBE+CCc9AEN6AF2oCAR/AMXsGb9WS9WO/Wx6y1YpUz++CPrM8f6eGYoA==</latexit><latexit sha1_base64="aAquvf2CfnAwQWsrHCQqBpplRkg=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFUSEXQjFN24rGAv0MQwM5mkQyeTMDMRSunSja/ixoUibn0Ed76N0zQLbf1h4OM/53Dm/DjjTGnH+bYqS8srq2vV9drG5tb2jr2711FpLgltk5SnsoeRopwJ2tZMc9rLJEUJ5rSLh9fTeveBSsVScadHGfUTFAsWMYK0sQL7EHoDpKEI8GUB+N4LURxTOfNxYNedhlMILoJbQh2UagX2lxemJE+o0IQjpfquk2l/jKRmhNNJzcsVzRAZopj2DQqUUOWPi0Mm8Ng4IYxSaZ7QsHB/T4xRotQowaYzQXqg5mtT879aP9fRhT9mIss1FWS2KMo51CmcpgJDJinRfGQAEcnMXyEZIImINtnVTAju/MmL0DltuE7DvT2rN6/KOKrgAByBE+CCc9AEN6AF2oCAR/AMXsGb9WS9WO/Wx6y1YpUz++CPrM8f6eGYoA==</latexit><latexit sha1_base64="aAquvf2CfnAwQWsrHCQqBpplRkg=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFUSEXQjFN24rGAv0MQwM5mkQyeTMDMRSunSja/ixoUibn0Ed76N0zQLbf1h4OM/53Dm/DjjTGnH+bYqS8srq2vV9drG5tb2jr2711FpLgltk5SnsoeRopwJ2tZMc9rLJEUJ5rSLh9fTeveBSsVScadHGfUTFAsWMYK0sQL7EHoDpKEI8GUB+N4LURxTOfNxYNedhlMILoJbQh2UagX2lxemJE+o0IQjpfquk2l/jKRmhNNJzcsVzRAZopj2DQqUUOWPi0Mm8Ng4IYxSaZ7QsHB/T4xRotQowaYzQXqg5mtT879aP9fRhT9mIss1FWS2KMo51CmcpgJDJinRfGQAEcnMXyEZIImINtnVTAju/MmL0DltuE7DvT2rN6/KOKrgAByBE+CCc9AEN6AF2oCAR/AMXsGb9WS9WO/Wx6y1YpUz++CPrM8f6eGYoA==</latexit>

Similar to BCS, this is a Bethe-ansatz-solvable model with g-dependent 
commuting partners [ Gaudin (1983) ]



Example2: BCS-BEC Condensate of Ultracold Fermions (40K, 6Li) 

Greiner, Regal & Jin, JILA, 40K (2004)

For a narrow resonance the BCS-BEC condensate is well described by 
the inhomogeneous Dicke model  

Detuning: !0 ⇡ 2µB(B �B0)
<latexit sha1_base64="+mrW5dcTbYdfbl5Z4SH5BIwIO8c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQF5akCLosceOygn1AE8JkOm2HzmTCzEQsoSs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89UcKo0o7zbRVWVtfWN4qbpa3tnd09e/+gpUQqMWliwYTsREgRRmPS1FQz0kkkQTxipB2Nrqd++55IRUV8p8cJCTgaxLRPMdJGCu1jX3AyQKHjoySR4gHWfJ6GXsU790LnLLTLTtWZAS4TNydlkKMR2l9+T+CUk1hjhpTquk6igwxJTTEjk5KfKpIgPEID0jU0RpyoIJu9MYGnRunBvpCmYg1n6u+JDHGlxjwynRzpoVr0puJ/XjfV/asgo3GSahLj+aJ+yqAWcJoJ7FFJsGZjQxCW1NwK8RBJhLVJrmRCcBdfXiatWtV1qu7tRbnu5XEUwRE4ARXggktQBzegAZoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgD6zPH/Q1l3k=</latexit><latexit sha1_base64="+mrW5dcTbYdfbl5Z4SH5BIwIO8c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQF5akCLosceOygn1AE8JkOm2HzmTCzEQsoSs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89UcKo0o7zbRVWVtfWN4qbpa3tnd09e/+gpUQqMWliwYTsREgRRmPS1FQz0kkkQTxipB2Nrqd++55IRUV8p8cJCTgaxLRPMdJGCu1jX3AyQKHjoySR4gHWfJ6GXsU790LnLLTLTtWZAS4TNydlkKMR2l9+T+CUk1hjhpTquk6igwxJTTEjk5KfKpIgPEID0jU0RpyoIJu9MYGnRunBvpCmYg1n6u+JDHGlxjwynRzpoVr0puJ/XjfV/asgo3GSahLj+aJ+yqAWcJoJ7FFJsGZjQxCW1NwK8RBJhLVJrmRCcBdfXiatWtV1qu7tRbnu5XEUwRE4ARXggktQBzegAZoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgD6zPH/Q1l3k=</latexit><latexit sha1_base64="+mrW5dcTbYdfbl5Z4SH5BIwIO8c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQF5akCLosceOygn1AE8JkOm2HzmTCzEQsoSs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89UcKo0o7zbRVWVtfWN4qbpa3tnd09e/+gpUQqMWliwYTsREgRRmPS1FQz0kkkQTxipB2Nrqd++55IRUV8p8cJCTgaxLRPMdJGCu1jX3AyQKHjoySR4gHWfJ6GXsU790LnLLTLTtWZAS4TNydlkKMR2l9+T+CUk1hjhpTquk6igwxJTTEjk5KfKpIgPEID0jU0RpyoIJu9MYGnRunBvpCmYg1n6u+JDHGlxjwynRzpoVr0puJ/XjfV/asgo3GSahLj+aJ+yqAWcJoJ7FFJsGZjQxCW1NwK8RBJhLVJrmRCcBdfXiatWtV1qu7tRbnu5XEUwRE4ARXggktQBzegAZoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgD6zPH/Q1l3k=</latexit><latexit sha1_base64="+mrW5dcTbYdfbl5Z4SH5BIwIO8c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQF5akCLosceOygn1AE8JkOm2HzmTCzEQsoSs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89UcKo0o7zbRVWVtfWN4qbpa3tnd09e/+gpUQqMWliwYTsREgRRmPS1FQz0kkkQTxipB2Nrqd++55IRUV8p8cJCTgaxLRPMdJGCu1jX3AyQKHjoySR4gHWfJ6GXsU790LnLLTLTtWZAS4TNydlkKMR2l9+T+CUk1hjhpTquk6igwxJTTEjk5KfKpIgPEID0jU0RpyoIJu9MYGnRunBvpCmYg1n6u+JDHGlxjwynRzpoVr0puJ/XjfV/asgo3GSahLj+aJ+yqAWcJoJ7FFJsGZjQxCW1NwK8RBJhLVJrmRCcBdfXiatWtV1qu7tRbnu5XEUwRE4ARXggktQBzegAZoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgD6zPH/Q1l3k=</latexit>

Resonance width: � =
g2⌫F
"F

⌧ 1
<latexit sha1_base64="l+yyaUlI0FYkyYtjf4GM4NcoKn8=">AAACE3icbVDLSgMxFM3UV62vqks3wSKIizJTBN0IRaG4rGAf0KnlTpppQ5PMkGQKZeg/uPFX3LhQxK0bd/6N6WOhrQcCh3PO5eaeIOZMG9f9djIrq2vrG9nN3Nb2zu5efv+grqNEEVojEY9UMwBNOZO0ZpjhtBkrCiLgtBEMbiZ+Y0iVZpG8N6OYtgX0JAsZAWOlTv7M74EQcOWHCkjaeyj5MulUxqk/BEVjzbgNVcY+59jr5Atu0Z0CLxNvTgpojmon/+V3I5IIKg3hoHXLc2PTTkEZRjgd5/xE0xjIAHq0ZakEQXU7nd40xidW6eIwUvZJg6fq74kUhNYjEdikANPXi95E/M9rJSa8bKdMxomhkswWhQnHJsKTgnCXKUoMH1kCRDH7V0z6YNsxtsacLcFbPHmZ1EtFzy16d+eF8vW8jiw6QsfoFHnoApXRLaqiGiLoET2jV/TmPDkvzrvzMYtmnPnMIfoD5/MHaBqedw==</latexit><latexit sha1_base64="l+yyaUlI0FYkyYtjf4GM4NcoKn8=">AAACE3icbVDLSgMxFM3UV62vqks3wSKIizJTBN0IRaG4rGAf0KnlTpppQ5PMkGQKZeg/uPFX3LhQxK0bd/6N6WOhrQcCh3PO5eaeIOZMG9f9djIrq2vrG9nN3Nb2zu5efv+grqNEEVojEY9UMwBNOZO0ZpjhtBkrCiLgtBEMbiZ+Y0iVZpG8N6OYtgX0JAsZAWOlTv7M74EQcOWHCkjaeyj5MulUxqk/BEVjzbgNVcY+59jr5Atu0Z0CLxNvTgpojmon/+V3I5IIKg3hoHXLc2PTTkEZRjgd5/xE0xjIAHq0ZakEQXU7nd40xidW6eIwUvZJg6fq74kUhNYjEdikANPXi95E/M9rJSa8bKdMxomhkswWhQnHJsKTgnCXKUoMH1kCRDH7V0z6YNsxtsacLcFbPHmZ1EtFzy16d+eF8vW8jiw6QsfoFHnoApXRLaqiGiLoET2jV/TmPDkvzrvzMYtmnPnMIfoD5/MHaBqedw==</latexit><latexit sha1_base64="l+yyaUlI0FYkyYtjf4GM4NcoKn8=">AAACE3icbVDLSgMxFM3UV62vqks3wSKIizJTBN0IRaG4rGAf0KnlTpppQ5PMkGQKZeg/uPFX3LhQxK0bd/6N6WOhrQcCh3PO5eaeIOZMG9f9djIrq2vrG9nN3Nb2zu5efv+grqNEEVojEY9UMwBNOZO0ZpjhtBkrCiLgtBEMbiZ+Y0iVZpG8N6OYtgX0JAsZAWOlTv7M74EQcOWHCkjaeyj5MulUxqk/BEVjzbgNVcY+59jr5Atu0Z0CLxNvTgpojmon/+V3I5IIKg3hoHXLc2PTTkEZRjgd5/xE0xjIAHq0ZakEQXU7nd40xidW6eIwUvZJg6fq74kUhNYjEdikANPXi95E/M9rJSa8bKdMxomhkswWhQnHJsKTgnCXKUoMH1kCRDH7V0z6YNsxtsacLcFbPHmZ1EtFzy16d+eF8vW8jiw6QsfoFHnoApXRLaqiGiLoET2jV/TmPDkvzrvzMYtmnPnMIfoD5/MHaBqedw==</latexit><latexit sha1_base64="l+yyaUlI0FYkyYtjf4GM4NcoKn8=">AAACE3icbVDLSgMxFM3UV62vqks3wSKIizJTBN0IRaG4rGAf0KnlTpppQ5PMkGQKZeg/uPFX3LhQxK0bd/6N6WOhrQcCh3PO5eaeIOZMG9f9djIrq2vrG9nN3Nb2zu5efv+grqNEEVojEY9UMwBNOZO0ZpjhtBkrCiLgtBEMbiZ+Y0iVZpG8N6OYtgX0JAsZAWOlTv7M74EQcOWHCkjaeyj5MulUxqk/BEVjzbgNVcY+59jr5Atu0Z0CLxNvTgpojmon/+V3I5IIKg3hoHXLc2PTTkEZRjgd5/xE0xjIAHq0ZakEQXU7nd40xidW6eIwUvZJg6fq74kUhNYjEdikANPXi95E/M9rJSa8bKdMxomhkswWhQnHJsKTgnCXKUoMH1kCRDH7V0z6YNsxtsacLcFbPHmZ1EtFzy16d+eF8vW8jiw6QsfoFHnoApXRLaqiGiLoET2jV/TmPDkvzrvzMYtmnPnMIfoD5/MHaBqedw==</latexit>

n̂b = b̂†b̂
<latexit sha1_base64="aAquvf2CfnAwQWsrHCQqBpplRkg=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFUSEXQjFN24rGAv0MQwM5mkQyeTMDMRSunSja/ixoUibn0Ed76N0zQLbf1h4OM/53Dm/DjjTGnH+bYqS8srq2vV9drG5tb2jr2711FpLgltk5SnsoeRopwJ2tZMc9rLJEUJ5rSLh9fTeveBSsVScadHGfUTFAsWMYK0sQL7EHoDpKEI8GUB+N4LURxTOfNxYNedhlMILoJbQh2UagX2lxemJE+o0IQjpfquk2l/jKRmhNNJzcsVzRAZopj2DQqUUOWPi0Mm8Ng4IYxSaZ7QsHB/T4xRotQowaYzQXqg5mtT879aP9fRhT9mIss1FWS2KMo51CmcpgJDJinRfGQAEcnMXyEZIImINtnVTAju/MmL0DltuE7DvT2rN6/KOKrgAByBE+CCc9AEN6AF2oCAR/AMXsGb9WS9WO/Wx6y1YpUz++CPrM8f6eGYoA==</latexit><latexit sha1_base64="aAquvf2CfnAwQWsrHCQqBpplRkg=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFUSEXQjFN24rGAv0MQwM5mkQyeTMDMRSunSja/ixoUibn0Ed76N0zQLbf1h4OM/53Dm/DjjTGnH+bYqS8srq2vV9drG5tb2jr2711FpLgltk5SnsoeRopwJ2tZMc9rLJEUJ5rSLh9fTeveBSsVScadHGfUTFAsWMYK0sQL7EHoDpKEI8GUB+N4LURxTOfNxYNedhlMILoJbQh2UagX2lxemJE+o0IQjpfquk2l/jKRmhNNJzcsVzRAZopj2DQqUUOWPi0Mm8Ng4IYxSaZ7QsHB/T4xRotQowaYzQXqg5mtT879aP9fRhT9mIss1FWS2KMo51CmcpgJDJinRfGQAEcnMXyEZIImINtnVTAju/MmL0DltuE7DvT2rN6/KOKrgAByBE+CCc9AEN6AF2oCAR/AMXsGb9WS9WO/Wx6y1YpUz++CPrM8f6eGYoA==</latexit><latexit sha1_base64="aAquvf2CfnAwQWsrHCQqBpplRkg=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFUSEXQjFN24rGAv0MQwM5mkQyeTMDMRSunSja/ixoUibn0Ed76N0zQLbf1h4OM/53Dm/DjjTGnH+bYqS8srq2vV9drG5tb2jr2711FpLgltk5SnsoeRopwJ2tZMc9rLJEUJ5rSLh9fTeveBSsVScadHGfUTFAsWMYK0sQL7EHoDpKEI8GUB+N4LURxTOfNxYNedhlMILoJbQh2UagX2lxemJE+o0IQjpfquk2l/jKRmhNNJzcsVzRAZopj2DQqUUOWPi0Mm8Ng4IYxSaZ7QsHB/T4xRotQowaYzQXqg5mtT879aP9fRhT9mIss1FWS2KMo51CmcpgJDJinRfGQAEcnMXyEZIImINtnVTAju/MmL0DltuE7DvT2rN6/KOKrgAByBE+CCc9AEN6AF2oCAR/AMXsGb9WS9WO/Wx6y1YpUz++CPrM8f6eGYoA==</latexit><latexit sha1_base64="aAquvf2CfnAwQWsrHCQqBpplRkg=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFUSEXQjFN24rGAv0MQwM5mkQyeTMDMRSunSja/ixoUibn0Ed76N0zQLbf1h4OM/53Dm/DjjTGnH+bYqS8srq2vV9drG5tb2jr2711FpLgltk5SnsoeRopwJ2tZMc9rLJEUJ5rSLh9fTeveBSsVScadHGfUTFAsWMYK0sQL7EHoDpKEI8GUB+N4LURxTOfNxYNedhlMILoJbQh2UagX2lxemJE+o0IQjpfquk2l/jKRmhNNJzcsVzRAZopj2DQqUUOWPi0Mm8Ng4IYxSaZ7QsHB/T4xRotQowaYzQXqg5mtT879aP9fRhT9mIss1FWS2KMo51CmcpgJDJinRfGQAEcnMXyEZIImINtnVTAju/MmL0DltuE7DvT2rN6/KOKrgAByBE+CCc9AEN6AF2oCAR/AMXsGb9WS9WO/Wx6y1YpUz++CPrM8f6eGYoA==</latexit>

Fermi gas

No atoms, everything condensed into a single mode b

Ground state:
(a) !0 ! +1

<latexit sha1_base64="GtFANX56ILaJ2wlS+P/C4W0r8Ng=">AAACAnicbVDLSgMxFM34rPU16krcBFuhIpSZbnRZdOOygn1AZxgyaaYNzSRDkhGGobjxV9y4UMStX+HOvzFtZ6GtBwKHc+7l5pwwYVRpx/m2VlbX1jc2S1vl7Z3dvX374LCjRCoxaWPBhOyFSBFGOWlrqhnpJZKgOGSkG45vpn73gUhFBb/XWUL8GA05jShG2kiBfVxD57DqiZgMUeB4WsALj/JIZ9XArjh1Zwa4TNyCVECBVmB/eQOB05hwjRlSqu86ifZzJDXFjEzKXqpIgvAYDUnfUI5iovx8FmECz4wygJGQ5nENZ+rvjRzFSmVxaCZjpEdq0ZuK/3n9VEdXfk55kmrC8fxQlDJokk77gAMqCdYsMwRhSc1fIR4hibA2rZVNCe5i5GXSadRdp+7eNSrN66KOEjgBp6AGXHAJmuAWtEAbYPAInsEreLOerBfr3fqYj65Yxc4R+APr8wfJqpXB</latexit><latexit sha1_base64="GtFANX56ILaJ2wlS+P/C4W0r8Ng=">AAACAnicbVDLSgMxFM34rPU16krcBFuhIpSZbnRZdOOygn1AZxgyaaYNzSRDkhGGobjxV9y4UMStX+HOvzFtZ6GtBwKHc+7l5pwwYVRpx/m2VlbX1jc2S1vl7Z3dvX374LCjRCoxaWPBhOyFSBFGOWlrqhnpJZKgOGSkG45vpn73gUhFBb/XWUL8GA05jShG2kiBfVxD57DqiZgMUeB4WsALj/JIZ9XArjh1Zwa4TNyCVECBVmB/eQOB05hwjRlSqu86ifZzJDXFjEzKXqpIgvAYDUnfUI5iovx8FmECz4wygJGQ5nENZ+rvjRzFSmVxaCZjpEdq0ZuK/3n9VEdXfk55kmrC8fxQlDJokk77gAMqCdYsMwRhSc1fIR4hibA2rZVNCe5i5GXSadRdp+7eNSrN66KOEjgBp6AGXHAJmuAWtEAbYPAInsEreLOerBfr3fqYj65Yxc4R+APr8wfJqpXB</latexit><latexit sha1_base64="GtFANX56ILaJ2wlS+P/C4W0r8Ng=">AAACAnicbVDLSgMxFM34rPU16krcBFuhIpSZbnRZdOOygn1AZxgyaaYNzSRDkhGGobjxV9y4UMStX+HOvzFtZ6GtBwKHc+7l5pwwYVRpx/m2VlbX1jc2S1vl7Z3dvX374LCjRCoxaWPBhOyFSBFGOWlrqhnpJZKgOGSkG45vpn73gUhFBb/XWUL8GA05jShG2kiBfVxD57DqiZgMUeB4WsALj/JIZ9XArjh1Zwa4TNyCVECBVmB/eQOB05hwjRlSqu86ifZzJDXFjEzKXqpIgvAYDUnfUI5iovx8FmECz4wygJGQ5nENZ+rvjRzFSmVxaCZjpEdq0ZuK/3n9VEdXfk55kmrC8fxQlDJokk77gAMqCdYsMwRhSc1fIR4hibA2rZVNCe5i5GXSadRdp+7eNSrN66KOEjgBp6AGXHAJmuAWtEAbYPAInsEreLOerBfr3fqYj65Yxc4R+APr8wfJqpXB</latexit><latexit sha1_base64="GtFANX56ILaJ2wlS+P/C4W0r8Ng=">AAACAnicbVDLSgMxFM34rPU16krcBFuhIpSZbnRZdOOygn1AZxgyaaYNzSRDkhGGobjxV9y4UMStX+HOvzFtZ6GtBwKHc+7l5pwwYVRpx/m2VlbX1jc2S1vl7Z3dvX374LCjRCoxaWPBhOyFSBFGOWlrqhnpJZKgOGSkG45vpn73gUhFBb/XWUL8GA05jShG2kiBfVxD57DqiZgMUeB4WsALj/JIZ9XArjh1Zwa4TNyCVECBVmB/eQOB05hwjRlSqu86ifZzJDXFjEzKXqpIgvAYDUnfUI5iovx8FmECz4wygJGQ5nENZ+rvjRzFSmVxaCZjpEdq0ZuK/3n9VEdXfk55kmrC8fxQlDJokk77gAMqCdYsMwRhSc1fIR4hibA2rZVNCe5i5GXSadRdp+7eNSrN66KOEjgBp6AGXHAJmuAWtEAbYPAInsEreLOerBfr3fqYj65Yxc4R+APr8wfJqpXB</latexit>

(c) !0 ! �1
<latexit sha1_base64="oGXTMKFSZncArxfPwPLZuYQlpPU=">AAACAnicbVC7TsMwFHV4lvIKMCEWixapDFRJFxgrWBiLRB9SE0WO67RWHTuyHaQoqlj4FRYGEGLlK9j4G9w2A7QcydLROffq+pwwYVRpx/m2VlbX1jc2S1vl7Z3dvX374LCjRCoxaWPBhOyFSBFGOWlrqhnpJZKgOGSkG45vpn73gUhFBb/XWUL8GA05jShG2kiBfVzD57DqiZgMUeB4WsALj/JIZ9XArjh1Zwa4TNyCVECBVmB/eQOB05hwjRlSqu86ifZzJDXFjEzKXqpIgvAYDUnfUI5iovx8FmECz4wygJGQ5nENZ+rvjRzFSmVxaCZjpEdq0ZuK/3n9VEdXfk55kmrC8fxQlDJokk77gAMqCdYsMwRhSc1fIR4hibA2rZVNCe5i5GXSadRdp+7eNSrN66KOEjgBp6AGXHAJmuAWtEAbYPAInsEreLOerBfr3fqYj65Yxc4R+APr8wfP9pXF</latexit><latexit sha1_base64="oGXTMKFSZncArxfPwPLZuYQlpPU=">AAACAnicbVC7TsMwFHV4lvIKMCEWixapDFRJFxgrWBiLRB9SE0WO67RWHTuyHaQoqlj4FRYGEGLlK9j4G9w2A7QcydLROffq+pwwYVRpx/m2VlbX1jc2S1vl7Z3dvX374LCjRCoxaWPBhOyFSBFGOWlrqhnpJZKgOGSkG45vpn73gUhFBb/XWUL8GA05jShG2kiBfVzD57DqiZgMUeB4WsALj/JIZ9XArjh1Zwa4TNyCVECBVmB/eQOB05hwjRlSqu86ifZzJDXFjEzKXqpIgvAYDUnfUI5iovx8FmECz4wygJGQ5nENZ+rvjRzFSmVxaCZjpEdq0ZuK/3n9VEdXfk55kmrC8fxQlDJokk77gAMqCdYsMwRhSc1fIR4hibA2rZVNCe5i5GXSadRdp+7eNSrN66KOEjgBp6AGXHAJmuAWtEAbYPAInsEreLOerBfr3fqYj65Yxc4R+APr8wfP9pXF</latexit><latexit sha1_base64="oGXTMKFSZncArxfPwPLZuYQlpPU=">AAACAnicbVC7TsMwFHV4lvIKMCEWixapDFRJFxgrWBiLRB9SE0WO67RWHTuyHaQoqlj4FRYGEGLlK9j4G9w2A7QcydLROffq+pwwYVRpx/m2VlbX1jc2S1vl7Z3dvX374LCjRCoxaWPBhOyFSBFGOWlrqhnpJZKgOGSkG45vpn73gUhFBb/XWUL8GA05jShG2kiBfVzD57DqiZgMUeB4WsALj/JIZ9XArjh1Zwa4TNyCVECBVmB/eQOB05hwjRlSqu86ifZzJDXFjEzKXqpIgvAYDUnfUI5iovx8FmECz4wygJGQ5nENZ+rvjRzFSmVxaCZjpEdq0ZuK/3n9VEdXfk55kmrC8fxQlDJokk77gAMqCdYsMwRhSc1fIR4hibA2rZVNCe5i5GXSadRdp+7eNSrN66KOEjgBp6AGXHAJmuAWtEAbYPAInsEreLOerBfr3fqYj65Yxc4R+APr8wfP9pXF</latexit><latexit sha1_base64="oGXTMKFSZncArxfPwPLZuYQlpPU=">AAACAnicbVC7TsMwFHV4lvIKMCEWixapDFRJFxgrWBiLRB9SE0WO67RWHTuyHaQoqlj4FRYGEGLlK9j4G9w2A7QcydLROffq+pwwYVRpx/m2VlbX1jc2S1vl7Z3dvX374LCjRCoxaWPBhOyFSBFGOWlrqhnpJZKgOGSkG45vpn73gUhFBb/XWUL8GA05jShG2kiBfVzD57DqiZgMUeB4WsALj/JIZ9XArjh1Zwa4TNyCVECBVmB/eQOB05hwjRlSqu86ifZzJDXFjEzKXqpIgvAYDUnfUI5iovx8FmECz4wygJGQ5nENZ+rvjRzFSmVxaCZjpEdq0ZuK/3n9VEdXfk55kmrC8fxQlDJokk77gAMqCdYsMwRhSc1fIR4hibA2rZVNCe5i5GXSadRdp+7eNSrN66KOEjgBp6AGXHAJmuAWtEAbYPAInsEreLOerBfr3fqYj65Yxc4R+APr8wfP9pXF</latexit>

"k =
k2

2m
<latexit sha1_base64="yHoNKImfxI6fzvp2csCeM+db/DQ=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoqiRF0I1QdOOygn1AU8tketMOnUnCzKRQQn7Bjb/ixoUibt2582+ctllo64GBc8+5lzv3+DFnSjvOt1VYW9/Y3Cpul3Z29/YP7MOjlooSSaFJIx7Jjk8UcBZCUzPNoRNLIMLn0PbHNzO/PQGpWBTe62kMPUGGIQsYJdpIfbviTYiEWDFuqtTzAzzOrrxAEprm1UMtS2si69tlp+rMgVeJm5MyytHo21/eIKKJgFBTTpTquk6seymRmlEOWclLFMSEjskQuoaGRIDqpfOLMnxmlAEOImleqPFc/T2REqHUVPimUxA9UsveTPzP6yY6uOylLIwTDSFdLAoSjnWEZ/HgAZNANZ8aQqhk5q+YjoiJQ5sQSyYEd/nkVdKqVV2n6t6dl+vXeRxFdIJOUQW56ALV0S1qoCai6BE9o1f0Zj1ZL9a79bFoLVj5zDH6A+vzBzXOnds=</latexit><latexit sha1_base64="yHoNKImfxI6fzvp2csCeM+db/DQ=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoqiRF0I1QdOOygn1AU8tketMOnUnCzKRQQn7Bjb/ixoUibt2582+ctllo64GBc8+5lzv3+DFnSjvOt1VYW9/Y3Cpul3Z29/YP7MOjlooSSaFJIx7Jjk8UcBZCUzPNoRNLIMLn0PbHNzO/PQGpWBTe62kMPUGGIQsYJdpIfbviTYiEWDFuqtTzAzzOrrxAEprm1UMtS2si69tlp+rMgVeJm5MyytHo21/eIKKJgFBTTpTquk6seymRmlEOWclLFMSEjskQuoaGRIDqpfOLMnxmlAEOImleqPFc/T2REqHUVPimUxA9UsveTPzP6yY6uOylLIwTDSFdLAoSjnWEZ/HgAZNANZ8aQqhk5q+YjoiJQ5sQSyYEd/nkVdKqVV2n6t6dl+vXeRxFdIJOUQW56ALV0S1qoCai6BE9o1f0Zj1ZL9a79bFoLVj5zDH6A+vzBzXOnds=</latexit><latexit sha1_base64="yHoNKImfxI6fzvp2csCeM+db/DQ=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoqiRF0I1QdOOygn1AU8tketMOnUnCzKRQQn7Bjb/ixoUibt2582+ctllo64GBc8+5lzv3+DFnSjvOt1VYW9/Y3Cpul3Z29/YP7MOjlooSSaFJIx7Jjk8UcBZCUzPNoRNLIMLn0PbHNzO/PQGpWBTe62kMPUGGIQsYJdpIfbviTYiEWDFuqtTzAzzOrrxAEprm1UMtS2si69tlp+rMgVeJm5MyytHo21/eIKKJgFBTTpTquk6seymRmlEOWclLFMSEjskQuoaGRIDqpfOLMnxmlAEOImleqPFc/T2REqHUVPimUxA9UsveTPzP6yY6uOylLIwTDSFdLAoSjnWEZ/HgAZNANZ8aQqhk5q+YjoiJQ5sQSyYEd/nkVdKqVV2n6t6dl+vXeRxFdIJOUQW56ALV0S1qoCai6BE9o1f0Zj1ZL9a79bFoLVj5zDH6A+vzBzXOnds=</latexit><latexit sha1_base64="yHoNKImfxI6fzvp2csCeM+db/DQ=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoqiRF0I1QdOOygn1AU8tketMOnUnCzKRQQn7Bjb/ixoUibt2582+ctllo64GBc8+5lzv3+DFnSjvOt1VYW9/Y3Cpul3Z29/YP7MOjlooSSaFJIx7Jjk8UcBZCUzPNoRNLIMLn0PbHNzO/PQGpWBTe62kMPUGGIQsYJdpIfbviTYiEWDFuqtTzAzzOrrxAEprm1UMtS2si69tlp+rMgVeJm5MyytHo21/eIKKJgFBTTpTquk6seymRmlEOWclLFMSEjskQuoaGRIDqpfOLMnxmlAEOImleqPFc/T2REqHUVPimUxA9UsveTPzP6yY6uOylLIwTDSFdLAoSjnWEZ/HgAZNANZ8aQqhk5q+YjoiJQ5sQSyYEd/nkVdKqVV2n6t6dl+vXeRxFdIJOUQW56ALV0S1qoCai6BE9o1f0Zj1ZL9a79bFoLVj5zDH6A+vzBzXOnds=</latexit>

ĤD =
X

k,�

"kĉ
†
k� ĉk� + !0n̂b + g

X

k

⇣
b̂†ĉ�k#ĉk" + b̂ĉ†k"ĉ

†
�k#

⌘

<latexit sha1_base64="2IKOPJpCrUjvDOUHpAh9PFgcNHc="></latexit><latexit sha1_base64="2IKOPJpCrUjvDOUHpAh9PFgcNHc="></latexit><latexit sha1_base64="2IKOPJpCrUjvDOUHpAh9PFgcNHc="></latexit><latexit sha1_base64="2IKOPJpCrUjvDOUHpAh9PFgcNHc="></latexit> atoms molecules



Example2: BCS-BEC Condensate of Ultracold Fermions (40K, 6Li) 

Greiner, Regal & Jin, JILA, 40K (2004)

For a narrow resonance the BCS-BEC condensate is well described by 
the inhomogeneous Dicke model  

n̂b = b̂†b̂
<latexit sha1_base64="aAquvf2CfnAwQWsrHCQqBpplRkg=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFUSEXQjFN24rGAv0MQwM5mkQyeTMDMRSunSja/ixoUibn0Ed76N0zQLbf1h4OM/53Dm/DjjTGnH+bYqS8srq2vV9drG5tb2jr2711FpLgltk5SnsoeRopwJ2tZMc9rLJEUJ5rSLh9fTeveBSsVScadHGfUTFAsWMYK0sQL7EHoDpKEI8GUB+N4LURxTOfNxYNedhlMILoJbQh2UagX2lxemJE+o0IQjpfquk2l/jKRmhNNJzcsVzRAZopj2DQqUUOWPi0Mm8Ng4IYxSaZ7QsHB/T4xRotQowaYzQXqg5mtT879aP9fRhT9mIss1FWS2KMo51CmcpgJDJinRfGQAEcnMXyEZIImINtnVTAju/MmL0DltuE7DvT2rN6/KOKrgAByBE+CCc9AEN6AF2oCAR/AMXsGb9WS9WO/Wx6y1YpUz++CPrM8f6eGYoA==</latexit><latexit sha1_base64="aAquvf2CfnAwQWsrHCQqBpplRkg=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFUSEXQjFN24rGAv0MQwM5mkQyeTMDMRSunSja/ixoUibn0Ed76N0zQLbf1h4OM/53Dm/DjjTGnH+bYqS8srq2vV9drG5tb2jr2711FpLgltk5SnsoeRopwJ2tZMc9rLJEUJ5rSLh9fTeveBSsVScadHGfUTFAsWMYK0sQL7EHoDpKEI8GUB+N4LURxTOfNxYNedhlMILoJbQh2UagX2lxemJE+o0IQjpfquk2l/jKRmhNNJzcsVzRAZopj2DQqUUOWPi0Mm8Ng4IYxSaZ7QsHB/T4xRotQowaYzQXqg5mtT879aP9fRhT9mIss1FWS2KMo51CmcpgJDJinRfGQAEcnMXyEZIImINtnVTAju/MmL0DltuE7DvT2rN6/KOKrgAByBE+CCc9AEN6AF2oCAR/AMXsGb9WS9WO/Wx6y1YpUz++CPrM8f6eGYoA==</latexit><latexit sha1_base64="aAquvf2CfnAwQWsrHCQqBpplRkg=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFUSEXQjFN24rGAv0MQwM5mkQyeTMDMRSunSja/ixoUibn0Ed76N0zQLbf1h4OM/53Dm/DjjTGnH+bYqS8srq2vV9drG5tb2jr2711FpLgltk5SnsoeRopwJ2tZMc9rLJEUJ5rSLh9fTeveBSsVScadHGfUTFAsWMYK0sQL7EHoDpKEI8GUB+N4LURxTOfNxYNedhlMILoJbQh2UagX2lxemJE+o0IQjpfquk2l/jKRmhNNJzcsVzRAZopj2DQqUUOWPi0Mm8Ng4IYxSaZ7QsHB/T4xRotQowaYzQXqg5mtT879aP9fRhT9mIss1FWS2KMo51CmcpgJDJinRfGQAEcnMXyEZIImINtnVTAju/MmL0DltuE7DvT2rN6/KOKrgAByBE+CCc9AEN6AF2oCAR/AMXsGb9WS9WO/Wx6y1YpUz++CPrM8f6eGYoA==</latexit><latexit sha1_base64="aAquvf2CfnAwQWsrHCQqBpplRkg=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFUSEXQjFN24rGAv0MQwM5mkQyeTMDMRSunSja/ixoUibn0Ed76N0zQLbf1h4OM/53Dm/DjjTGnH+bYqS8srq2vV9drG5tb2jr2711FpLgltk5SnsoeRopwJ2tZMc9rLJEUJ5rSLh9fTeveBSsVScadHGfUTFAsWMYK0sQL7EHoDpKEI8GUB+N4LURxTOfNxYNedhlMILoJbQh2UagX2lxemJE+o0IQjpfquk2l/jKRmhNNJzcsVzRAZopj2DQqUUOWPi0Mm8Ng4IYxSaZ7QsHB/T4xRotQowaYzQXqg5mtT879aP9fRhT9mIss1FWS2KMo51CmcpgJDJinRfGQAEcnMXyEZIImINtnVTAju/MmL0DltuE7DvT2rN6/KOKrgAByBE+CCc9AEN6AF2oCAR/AMXsGb9WS9WO/Wx6y1YpUz++CPrM8f6eGYoA==</latexit>

Linear sweep across the Feshbach resonance: !0 = �⌫t
<latexit sha1_base64="zckuVhoLtPft/eA+/5LS2qhDFFs=">AAAB+HicbVDJSgNBEO1xjXHJqEcvjUHwYpgRQS9C0IvHCGaBzDD0dHqSJr0MvQgx5Eu8eFDEq5/izb+xk8xBEx8UPN6roqpemjOqTRB8eyura+sbm6Wt8vbO7l7F3z9oaWkVJk0smVSdFGnCqCBNQw0jnVwRxFNG2unwduq3H4nSVIoHM8pJzFFf0IxiZJyU+JVIctJHSXB9FgkLTeJXg1owA1wmYUGqoEAj8b+insSWE2EwQ1p3wyA38RgpQzEjk3JkNckRHqI+6ToqECc6Hs8On8ATp/RgJpUrYeBM/T0xRlzrEU9dJ0dmoBe9qfif17Umu4rHVOTWEIHnizLLoJFwmgLsUUWwYSNHEFbU3QrxACmEjcuq7EIIF19eJq3zWhjUwvuLav2miKMEjsAxOAUhuAR1cAcaoAkwsOAZvII378l78d69j3nrilfMHII/8D5/ALH+knI=</latexit><latexit sha1_base64="zckuVhoLtPft/eA+/5LS2qhDFFs=">AAAB+HicbVDJSgNBEO1xjXHJqEcvjUHwYpgRQS9C0IvHCGaBzDD0dHqSJr0MvQgx5Eu8eFDEq5/izb+xk8xBEx8UPN6roqpemjOqTRB8eyura+sbm6Wt8vbO7l7F3z9oaWkVJk0smVSdFGnCqCBNQw0jnVwRxFNG2unwduq3H4nSVIoHM8pJzFFf0IxiZJyU+JVIctJHSXB9FgkLTeJXg1owA1wmYUGqoEAj8b+insSWE2EwQ1p3wyA38RgpQzEjk3JkNckRHqI+6ToqECc6Hs8On8ATp/RgJpUrYeBM/T0xRlzrEU9dJ0dmoBe9qfif17Umu4rHVOTWEIHnizLLoJFwmgLsUUWwYSNHEFbU3QrxACmEjcuq7EIIF19eJq3zWhjUwvuLav2miKMEjsAxOAUhuAR1cAcaoAkwsOAZvII378l78d69j3nrilfMHII/8D5/ALH+knI=</latexit><latexit sha1_base64="zckuVhoLtPft/eA+/5LS2qhDFFs=">AAAB+HicbVDJSgNBEO1xjXHJqEcvjUHwYpgRQS9C0IvHCGaBzDD0dHqSJr0MvQgx5Eu8eFDEq5/izb+xk8xBEx8UPN6roqpemjOqTRB8eyura+sbm6Wt8vbO7l7F3z9oaWkVJk0smVSdFGnCqCBNQw0jnVwRxFNG2unwduq3H4nSVIoHM8pJzFFf0IxiZJyU+JVIctJHSXB9FgkLTeJXg1owA1wmYUGqoEAj8b+insSWE2EwQ1p3wyA38RgpQzEjk3JkNckRHqI+6ToqECc6Hs8On8ATp/RgJpUrYeBM/T0xRlzrEU9dJ0dmoBe9qfif17Umu4rHVOTWEIHnizLLoJFwmgLsUUWwYSNHEFbU3QrxACmEjcuq7EIIF19eJq3zWhjUwvuLav2miKMEjsAxOAUhuAR1cAcaoAkwsOAZvII378l78d69j3nrilfMHII/8D5/ALH+knI=</latexit><latexit sha1_base64="zckuVhoLtPft/eA+/5LS2qhDFFs=">AAAB+HicbVDJSgNBEO1xjXHJqEcvjUHwYpgRQS9C0IvHCGaBzDD0dHqSJr0MvQgx5Eu8eFDEq5/izb+xk8xBEx8UPN6roqpemjOqTRB8eyura+sbm6Wt8vbO7l7F3z9oaWkVJk0smVSdFGnCqCBNQw0jnVwRxFNG2unwduq3H4nSVIoHM8pJzFFf0IxiZJyU+JVIctJHSXB9FgkLTeJXg1owA1wmYUGqoEAj8b+insSWE2EwQ1p3wyA38RgpQzEjk3JkNckRHqI+6ToqECc6Hs8On8ATp/RgJpUrYeBM/T0xRlzrEU9dJ0dmoBe9qfif17Umu4rHVOTWEIHnizLLoJFwmgLsUUWwYSNHEFbU3QrxACmEjcuq7EIIF19eJq3zWhjUwvuLav2miKMEjsAxOAUhuAR1cAcaoAkwsOAZvII378l78d69j3nrilfMHII/8D5/ALH+knI=</latexit>

At t ! �1: hn̂bi = 0, hĉ†k� ĉk�i = ✓(k � kF )
<latexit sha1_base64="JZtgAX3N+VFRzIsSNY7YQrUY1Qo="></latexit><latexit sha1_base64="JZtgAX3N+VFRzIsSNY7YQrUY1Qo="></latexit><latexit sha1_base64="JZtgAX3N+VFRzIsSNY7YQrUY1Qo="></latexit><latexit sha1_base64="JZtgAX3N+VFRzIsSNY7YQrUY1Qo="></latexit>

i
@ 

@t
= Ĥ(t) 

<latexit sha1_base64="YhgdbA62I8wzBSApiUK43rJibDg=">AAACF3icbVDLSgMxFM3UV62vUZdugkWomzIjgm6EopsuK9gHdIaSSTNtaOZBckcow/yFG3/FjQtF3OrOvzHTDqKtBwIn59x7k3u8WHAFlvVllFZW19Y3ypuVre2d3T1z/6CjokRS1qaRiGTPI4oJHrI2cBCsF0tGAk+wrje5yf3uPZOKR+EdTGPmBmQUcp9TAloamHXu+JLQ1ImJBE6E01I8+7lhyK6cMQHcrMFpbg3MqlW3ZsDLxC5IFRVoDcxPZxjRJGAhUEGU6ttWDG6aj6eCZRUnUSwmdEJGrK9pSAKm3HS2V4ZPtDLEfiT1CQHP1N8dKQmUmgaergwIjNWil4v/ef0E/Es35WGcAAvp/CE/0etGOA8JD7lkFMRUE0Il13/FdEx0TqCjrOgQ7MWVl0nnrG5bdfv2vNq4LuIooyN0jGrIRheogZqohdqIogf0hF7Qq/FoPBtvxvu8tGQUPYfoD4yPb2OpoAE=</latexit><latexit sha1_base64="YhgdbA62I8wzBSApiUK43rJibDg=">AAACF3icbVDLSgMxFM3UV62vUZdugkWomzIjgm6EopsuK9gHdIaSSTNtaOZBckcow/yFG3/FjQtF3OrOvzHTDqKtBwIn59x7k3u8WHAFlvVllFZW19Y3ypuVre2d3T1z/6CjokRS1qaRiGTPI4oJHrI2cBCsF0tGAk+wrje5yf3uPZOKR+EdTGPmBmQUcp9TAloamHXu+JLQ1ImJBE6E01I8+7lhyK6cMQHcrMFpbg3MqlW3ZsDLxC5IFRVoDcxPZxjRJGAhUEGU6ttWDG6aj6eCZRUnUSwmdEJGrK9pSAKm3HS2V4ZPtDLEfiT1CQHP1N8dKQmUmgaergwIjNWil4v/ef0E/Es35WGcAAvp/CE/0etGOA8JD7lkFMRUE0Il13/FdEx0TqCjrOgQ7MWVl0nnrG5bdfv2vNq4LuIooyN0jGrIRheogZqohdqIogf0hF7Qq/FoPBtvxvu8tGQUPYfoD4yPb2OpoAE=</latexit><latexit sha1_base64="YhgdbA62I8wzBSApiUK43rJibDg=">AAACF3icbVDLSgMxFM3UV62vUZdugkWomzIjgm6EopsuK9gHdIaSSTNtaOZBckcow/yFG3/FjQtF3OrOvzHTDqKtBwIn59x7k3u8WHAFlvVllFZW19Y3ypuVre2d3T1z/6CjokRS1qaRiGTPI4oJHrI2cBCsF0tGAk+wrje5yf3uPZOKR+EdTGPmBmQUcp9TAloamHXu+JLQ1ImJBE6E01I8+7lhyK6cMQHcrMFpbg3MqlW3ZsDLxC5IFRVoDcxPZxjRJGAhUEGU6ttWDG6aj6eCZRUnUSwmdEJGrK9pSAKm3HS2V4ZPtDLEfiT1CQHP1N8dKQmUmgaergwIjNWil4v/ef0E/Es35WGcAAvp/CE/0etGOA8JD7lkFMRUE0Il13/FdEx0TqCjrOgQ7MWVl0nnrG5bdfv2vNq4LuIooyN0jGrIRheogZqohdqIogf0hF7Qq/FoPBtvxvu8tGQUPYfoD4yPb2OpoAE=</latexit><latexit sha1_base64="YhgdbA62I8wzBSApiUK43rJibDg=">AAACF3icbVDLSgMxFM3UV62vUZdugkWomzIjgm6EopsuK9gHdIaSSTNtaOZBckcow/yFG3/FjQtF3OrOvzHTDqKtBwIn59x7k3u8WHAFlvVllFZW19Y3ypuVre2d3T1z/6CjokRS1qaRiGTPI4oJHrI2cBCsF0tGAk+wrje5yf3uPZOKR+EdTGPmBmQUcp9TAloamHXu+JLQ1ImJBE6E01I8+7lhyK6cMQHcrMFpbg3MqlW3ZsDLxC5IFRVoDcxPZxjRJGAhUEGU6ttWDG6aj6eCZRUnUSwmdEJGrK9pSAKm3HS2V4ZPtDLEfiT1CQHP1N8dKQmUmgaergwIjNWil4v/ef0E/Es35WGcAAvp/CE/0etGOA8JD7lkFMRUE0Il13/FdEx0TqCjrOgQ7MWVl0nnrG5bdfv2vNq4LuIooyN0jGrIRheogZqohdqIogf0hF7Qq/FoPBtvxvu8tGQUPYfoD4yPb2OpoAE=</latexit>

At t ! +1: hn̂bi =?, hĉ†k� ĉk�i =?
<latexit sha1_base64="cj8CKQzqKsozYqouPF+jElGDQKg="></latexit><latexit sha1_base64="cj8CKQzqKsozYqouPF+jElGDQKg="></latexit><latexit sha1_base64="cj8CKQzqKsozYqouPF+jElGDQKg="></latexit><latexit sha1_base64="cj8CKQzqKsozYqouPF+jElGDQKg="></latexit>

Detuning: !0 ⇡ 2µB(B �B0)
<latexit sha1_base64="+mrW5dcTbYdfbl5Z4SH5BIwIO8c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQF5akCLosceOygn1AE8JkOm2HzmTCzEQsoSs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89UcKo0o7zbRVWVtfWN4qbpa3tnd09e/+gpUQqMWliwYTsREgRRmPS1FQz0kkkQTxipB2Nrqd++55IRUV8p8cJCTgaxLRPMdJGCu1jX3AyQKHjoySR4gHWfJ6GXsU790LnLLTLTtWZAS4TNydlkKMR2l9+T+CUk1hjhpTquk6igwxJTTEjk5KfKpIgPEID0jU0RpyoIJu9MYGnRunBvpCmYg1n6u+JDHGlxjwynRzpoVr0puJ/XjfV/asgo3GSahLj+aJ+yqAWcJoJ7FFJsGZjQxCW1NwK8RBJhLVJrmRCcBdfXiatWtV1qu7tRbnu5XEUwRE4ARXggktQBzegAZoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgD6zPH/Q1l3k=</latexit><latexit sha1_base64="+mrW5dcTbYdfbl5Z4SH5BIwIO8c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQF5akCLosceOygn1AE8JkOm2HzmTCzEQsoSs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89UcKo0o7zbRVWVtfWN4qbpa3tnd09e/+gpUQqMWliwYTsREgRRmPS1FQz0kkkQTxipB2Nrqd++55IRUV8p8cJCTgaxLRPMdJGCu1jX3AyQKHjoySR4gHWfJ6GXsU790LnLLTLTtWZAS4TNydlkKMR2l9+T+CUk1hjhpTquk6igwxJTTEjk5KfKpIgPEID0jU0RpyoIJu9MYGnRunBvpCmYg1n6u+JDHGlxjwynRzpoVr0puJ/XjfV/asgo3GSahLj+aJ+yqAWcJoJ7FFJsGZjQxCW1NwK8RBJhLVJrmRCcBdfXiatWtV1qu7tRbnu5XEUwRE4ARXggktQBzegAZoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgD6zPH/Q1l3k=</latexit><latexit sha1_base64="+mrW5dcTbYdfbl5Z4SH5BIwIO8c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQF5akCLosceOygn1AE8JkOm2HzmTCzEQsoSs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89UcKo0o7zbRVWVtfWN4qbpa3tnd09e/+gpUQqMWliwYTsREgRRmPS1FQz0kkkQTxipB2Nrqd++55IRUV8p8cJCTgaxLRPMdJGCu1jX3AyQKHjoySR4gHWfJ6GXsU790LnLLTLTtWZAS4TNydlkKMR2l9+T+CUk1hjhpTquk6igwxJTTEjk5KfKpIgPEID0jU0RpyoIJu9MYGnRunBvpCmYg1n6u+JDHGlxjwynRzpoVr0puJ/XjfV/asgo3GSahLj+aJ+yqAWcJoJ7FFJsGZjQxCW1NwK8RBJhLVJrmRCcBdfXiatWtV1qu7tRbnu5XEUwRE4ARXggktQBzegAZoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgD6zPH/Q1l3k=</latexit><latexit sha1_base64="+mrW5dcTbYdfbl5Z4SH5BIwIO8c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQF5akCLosceOygn1AE8JkOm2HzmTCzEQsoSs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89UcKo0o7zbRVWVtfWN4qbpa3tnd09e/+gpUQqMWliwYTsREgRRmPS1FQz0kkkQTxipB2Nrqd++55IRUV8p8cJCTgaxLRPMdJGCu1jX3AyQKHjoySR4gHWfJ6GXsU790LnLLTLTtWZAS4TNydlkKMR2l9+T+CUk1hjhpTquk6igwxJTTEjk5KfKpIgPEID0jU0RpyoIJu9MYGnRunBvpCmYg1n6u+JDHGlxjwynRzpoVr0puJ/XjfV/asgo3GSahLj+aJ+yqAWcJoJ7FFJsGZjQxCW1NwK8RBJhLVJrmRCcBdfXiatWtV1qu7tRbnu5XEUwRE4ARXggktQBzegAZoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgD6zPH/Q1l3k=</latexit>

Resonance width: � =
g2⌫F
"F

⌧ 1
<latexit sha1_base64="l+yyaUlI0FYkyYtjf4GM4NcoKn8=">AAACE3icbVDLSgMxFM3UV62vqks3wSKIizJTBN0IRaG4rGAf0KnlTpppQ5PMkGQKZeg/uPFX3LhQxK0bd/6N6WOhrQcCh3PO5eaeIOZMG9f9djIrq2vrG9nN3Nb2zu5efv+grqNEEVojEY9UMwBNOZO0ZpjhtBkrCiLgtBEMbiZ+Y0iVZpG8N6OYtgX0JAsZAWOlTv7M74EQcOWHCkjaeyj5MulUxqk/BEVjzbgNVcY+59jr5Atu0Z0CLxNvTgpojmon/+V3I5IIKg3hoHXLc2PTTkEZRjgd5/xE0xjIAHq0ZakEQXU7nd40xidW6eIwUvZJg6fq74kUhNYjEdikANPXi95E/M9rJSa8bKdMxomhkswWhQnHJsKTgnCXKUoMH1kCRDH7V0z6YNsxtsacLcFbPHmZ1EtFzy16d+eF8vW8jiw6QsfoFHnoApXRLaqiGiLoET2jV/TmPDkvzrvzMYtmnPnMIfoD5/MHaBqedw==</latexit><latexit sha1_base64="l+yyaUlI0FYkyYtjf4GM4NcoKn8=">AAACE3icbVDLSgMxFM3UV62vqks3wSKIizJTBN0IRaG4rGAf0KnlTpppQ5PMkGQKZeg/uPFX3LhQxK0bd/6N6WOhrQcCh3PO5eaeIOZMG9f9djIrq2vrG9nN3Nb2zu5efv+grqNEEVojEY9UMwBNOZO0ZpjhtBkrCiLgtBEMbiZ+Y0iVZpG8N6OYtgX0JAsZAWOlTv7M74EQcOWHCkjaeyj5MulUxqk/BEVjzbgNVcY+59jr5Atu0Z0CLxNvTgpojmon/+V3I5IIKg3hoHXLc2PTTkEZRjgd5/xE0xjIAHq0ZakEQXU7nd40xidW6eIwUvZJg6fq74kUhNYjEdikANPXi95E/M9rJSa8bKdMxomhkswWhQnHJsKTgnCXKUoMH1kCRDH7V0z6YNsxtsacLcFbPHmZ1EtFzy16d+eF8vW8jiw6QsfoFHnoApXRLaqiGiLoET2jV/TmPDkvzrvzMYtmnPnMIfoD5/MHaBqedw==</latexit><latexit sha1_base64="l+yyaUlI0FYkyYtjf4GM4NcoKn8=">AAACE3icbVDLSgMxFM3UV62vqks3wSKIizJTBN0IRaG4rGAf0KnlTpppQ5PMkGQKZeg/uPFX3LhQxK0bd/6N6WOhrQcCh3PO5eaeIOZMG9f9djIrq2vrG9nN3Nb2zu5efv+grqNEEVojEY9UMwBNOZO0ZpjhtBkrCiLgtBEMbiZ+Y0iVZpG8N6OYtgX0JAsZAWOlTv7M74EQcOWHCkjaeyj5MulUxqk/BEVjzbgNVcY+59jr5Atu0Z0CLxNvTgpojmon/+V3I5IIKg3hoHXLc2PTTkEZRjgd5/xE0xjIAHq0ZakEQXU7nd40xidW6eIwUvZJg6fq74kUhNYjEdikANPXi95E/M9rJSa8bKdMxomhkswWhQnHJsKTgnCXKUoMH1kCRDH7V0z6YNsxtsacLcFbPHmZ1EtFzy16d+eF8vW8jiw6QsfoFHnoApXRLaqiGiLoET2jV/TmPDkvzrvzMYtmnPnMIfoD5/MHaBqedw==</latexit><latexit sha1_base64="l+yyaUlI0FYkyYtjf4GM4NcoKn8=">AAACE3icbVDLSgMxFM3UV62vqks3wSKIizJTBN0IRaG4rGAf0KnlTpppQ5PMkGQKZeg/uPFX3LhQxK0bd/6N6WOhrQcCh3PO5eaeIOZMG9f9djIrq2vrG9nN3Nb2zu5efv+grqNEEVojEY9UMwBNOZO0ZpjhtBkrCiLgtBEMbiZ+Y0iVZpG8N6OYtgX0JAsZAWOlTv7M74EQcOWHCkjaeyj5MulUxqk/BEVjzbgNVcY+59jr5Atu0Z0CLxNvTgpojmon/+V3I5IIKg3hoHXLc2PTTkEZRjgd5/xE0xjIAHq0ZakEQXU7nd40xidW6eIwUvZJg6fq74kUhNYjEdikANPXi95E/M9rJSa8bKdMxomhkswWhQnHJsKTgnCXKUoMH1kCRDH7V0z6YNsxtsacLcFbPHmZ1EtFzy16d+eF8vW8jiw6QsfoFHnoApXRLaqiGiLoET2jV/TmPDkvzrvzMYtmnPnMIfoD5/MHaBqedw==</latexit>

ĤD =
X
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"kĉ
†
k� ĉk� + !0n̂b + g
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⇣
b̂†ĉ�k#ĉk" + b̂ĉ†k"ĉ

†
�k#

⌘

<latexit sha1_base64="2IKOPJpCrUjvDOUHpAh9PFgcNHc="></latexit><latexit sha1_base64="2IKOPJpCrUjvDOUHpAh9PFgcNHc="></latexit><latexit sha1_base64="2IKOPJpCrUjvDOUHpAh9PFgcNHc="></latexit><latexit sha1_base64="2IKOPJpCrUjvDOUHpAh9PFgcNHc="></latexit> atoms molecules



Multi-level Landau-Zener problem

H(t) = A+Bt
<latexit sha1_base64="MKXH+oEVXJz/AivN3hIFN5liBig=">AAAB8HicbVBNSwMxEM36WetX1aOXYBEqQtkVQS9CrZceK9gPaZeSTbNtaJJdklmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhALbsB1v52V1bX1jc3cVn57Z3dvv3Bw2DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRndTv/XEtOGReoBxzHxJBoqHnBKw0mOtBGc3t+dV6BWKbtmdAS8TLyNFlKHeK3x1+xFNJFNABTGm47kx+CnRwKlgk3w3MSwmdEQGrGOpIpIZP50dPMGnVunjMNK2FOCZ+nsiJdKYsQxspyQwNIveVPzP6yQQXvspV3ECTNH5ojARGCI8/R73uWYUxNgSQjW3t2I6JJpQsBnlbQje4svLpHlR9tyyd39ZrFSzOHLoGJ2gEvLQFaqgGqqjBqJIomf0it4c7bw4787HvHXFyWaO0B84nz8M2I9A</latexit><latexit sha1_base64="MKXH+oEVXJz/AivN3hIFN5liBig=">AAAB8HicbVBNSwMxEM36WetX1aOXYBEqQtkVQS9CrZceK9gPaZeSTbNtaJJdklmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhALbsB1v52V1bX1jc3cVn57Z3dvv3Bw2DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRndTv/XEtOGReoBxzHxJBoqHnBKw0mOtBGc3t+dV6BWKbtmdAS8TLyNFlKHeK3x1+xFNJFNABTGm47kx+CnRwKlgk3w3MSwmdEQGrGOpIpIZP50dPMGnVunjMNK2FOCZ+nsiJdKYsQxspyQwNIveVPzP6yQQXvspV3ECTNH5ojARGCI8/R73uWYUxNgSQjW3t2I6JJpQsBnlbQje4svLpHlR9tyyd39ZrFSzOHLoGJ2gEvLQFaqgGqqjBqJIomf0it4c7bw4787HvHXFyWaO0B84nz8M2I9A</latexit><latexit sha1_base64="MKXH+oEVXJz/AivN3hIFN5liBig=">AAAB8HicbVBNSwMxEM36WetX1aOXYBEqQtkVQS9CrZceK9gPaZeSTbNtaJJdklmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhALbsB1v52V1bX1jc3cVn57Z3dvv3Bw2DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRndTv/XEtOGReoBxzHxJBoqHnBKw0mOtBGc3t+dV6BWKbtmdAS8TLyNFlKHeK3x1+xFNJFNABTGm47kx+CnRwKlgk3w3MSwmdEQGrGOpIpIZP50dPMGnVunjMNK2FOCZ+nsiJdKYsQxspyQwNIveVPzP6yQQXvspV3ECTNH5ojARGCI8/R73uWYUxNgSQjW3t2I6JJpQsBnlbQje4svLpHlR9tyyd39ZrFSzOHLoGJ2gEvLQFaqgGqqjBqJIomf0it4c7bw4787HvHXFyWaO0B84nz8M2I9A</latexit><latexit sha1_base64="MKXH+oEVXJz/AivN3hIFN5liBig=">AAAB8HicbVBNSwMxEM36WetX1aOXYBEqQtkVQS9CrZceK9gPaZeSTbNtaJJdklmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhALbsB1v52V1bX1jc3cVn57Z3dvv3Bw2DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRndTv/XEtOGReoBxzHxJBoqHnBKw0mOtBGc3t+dV6BWKbtmdAS8TLyNFlKHeK3x1+xFNJFNABTGm47kx+CnRwKlgk3w3MSwmdEQGrGOpIpIZP50dPMGnVunjMNK2FOCZ+nsiJdKYsQxspyQwNIveVPzP6yQQXvspV3ECTNH5ojARGCI8/R73uWYUxNgSQjW3t2I6JJpQsBnlbQje4svLpHlR9tyyd39ZrFSzOHLoGJ2gEvLQFaqgGqqjBqJIomf0it4c7bw4787HvHXFyWaO0B84nz8M2I9A</latexit>

 (t ! �1) = |ini,  (t ! +1) = S|ini
<latexit sha1_base64="N8F1onaAJ1cLXHZ8j2kfbS1SxEA="></latexit><latexit sha1_base64="N8F1onaAJ1cLXHZ8j2kfbS1SxEA="></latexit><latexit sha1_base64="N8F1onaAJ1cLXHZ8j2kfbS1SxEA="></latexit><latexit sha1_base64="N8F1onaAJ1cLXHZ8j2kfbS1SxEA="></latexit>

S – scattering matrix = ? Transition probabilities: pi!k = |Sik|2
<latexit sha1_base64="s9QY/nwCMk0jGMbixXwKtwRbCTo=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN8EiuCpJEXQjFN24rGgv0MYwmU7aIZNJmJkIJQ34Km5cKOLW53Dn2zhts9DWHwY+/nMOc87vJ4xKZdvfxtLyyuraemmjvLm1vbNr7u23ZJwKTJo4ZrHo+EgSRjlpKqoY6SSCoMhnpO2H15N6+5EISWN+r0YJcSM04DSgGClteeZh4mW0p2IrzC/Hd5rDfPxQ88yKXbWnshbBKaAChRqe+dXrxziNCFeYISm7jp0oN0NCUcxIXu6lkiQIh2hAuho5ioh0s+n6uXWinb4VxEI/rqyp+3siQ5GUo8jXnRFSQzlfm5j/1bqpCi7cjPIkVYTj2UdByix97iQLq08FwYqNNCAsqN7VwkMkEFY6sbIOwZk/eRFatapjV53bs0r9qoijBEdwDKfgwDnU4QYa0AQMGTzDK7wZT8aL8W58zFqXjGLmAP7I+PwBXNyVug==</latexit><latexit sha1_base64="s9QY/nwCMk0jGMbixXwKtwRbCTo=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN8EiuCpJEXQjFN24rGgv0MYwmU7aIZNJmJkIJQ34Km5cKOLW53Dn2zhts9DWHwY+/nMOc87vJ4xKZdvfxtLyyuraemmjvLm1vbNr7u23ZJwKTJo4ZrHo+EgSRjlpKqoY6SSCoMhnpO2H15N6+5EISWN+r0YJcSM04DSgGClteeZh4mW0p2IrzC/Hd5rDfPxQ88yKXbWnshbBKaAChRqe+dXrxziNCFeYISm7jp0oN0NCUcxIXu6lkiQIh2hAuho5ioh0s+n6uXWinb4VxEI/rqyp+3siQ5GUo8jXnRFSQzlfm5j/1bqpCi7cjPIkVYTj2UdByix97iQLq08FwYqNNCAsqN7VwkMkEFY6sbIOwZk/eRFatapjV53bs0r9qoijBEdwDKfgwDnU4QYa0AQMGTzDK7wZT8aL8W58zFqXjGLmAP7I+PwBXNyVug==</latexit><latexit sha1_base64="s9QY/nwCMk0jGMbixXwKtwRbCTo=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN8EiuCpJEXQjFN24rGgv0MYwmU7aIZNJmJkIJQ34Km5cKOLW53Dn2zhts9DWHwY+/nMOc87vJ4xKZdvfxtLyyuraemmjvLm1vbNr7u23ZJwKTJo4ZrHo+EgSRjlpKqoY6SSCoMhnpO2H15N6+5EISWN+r0YJcSM04DSgGClteeZh4mW0p2IrzC/Hd5rDfPxQ88yKXbWnshbBKaAChRqe+dXrxziNCFeYISm7jp0oN0NCUcxIXu6lkiQIh2hAuho5ioh0s+n6uXWinb4VxEI/rqyp+3siQ5GUo8jXnRFSQzlfm5j/1bqpCi7cjPIkVYTj2UdByix97iQLq08FwYqNNCAsqN7VwkMkEFY6sbIOwZk/eRFatapjV53bs0r9qoijBEdwDKfgwDnU4QYa0AQMGTzDK7wZT8aL8W58zFqXjGLmAP7I+PwBXNyVug==</latexit><latexit sha1_base64="s9QY/nwCMk0jGMbixXwKtwRbCTo=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN8EiuCpJEXQjFN24rGgv0MYwmU7aIZNJmJkIJQ34Km5cKOLW53Dn2zhts9DWHwY+/nMOc87vJ4xKZdvfxtLyyuraemmjvLm1vbNr7u23ZJwKTJo4ZrHo+EgSRjlpKqoY6SSCoMhnpO2H15N6+5EISWN+r0YJcSM04DSgGClteeZh4mW0p2IrzC/Hd5rDfPxQ88yKXbWnshbBKaAChRqe+dXrxziNCFeYISm7jp0oN0NCUcxIXu6lkiQIh2hAuho5ioh0s+n6uXWinb4VxEI/rqyp+3siQ5GUo8jXnRFSQzlfm5j/1bqpCi7cjPIkVYTj2UdByix97iQLq08FwYqNNCAsqN7VwkMkEFY6sbIOwZk/eRFatapjV53bs0r9qoijBEdwDKfgwDnU4QYa0AQMGTzDK7wZT8aL8W58zFqXjGLmAP7I+PwBXNyVug==</latexit>

A,B – N ⇥N time-independent Hermitian matrices
<latexit sha1_base64="0suiNQUF0HtwzHSAg0dlBRVD7S0="></latexit><latexit sha1_base64="0suiNQUF0HtwzHSAg0dlBRVD7S0="></latexit><latexit sha1_base64="0suiNQUF0HtwzHSAg0dlBRVD7S0="></latexit><latexit sha1_base64="0suiNQUF0HtwzHSAg0dlBRVD7S0="></latexit>

i
@ 

@t
= Ĥ(t) 

<latexit sha1_base64="YhgdbA62I8wzBSApiUK43rJibDg=">AAACF3icbVDLSgMxFM3UV62vUZdugkWomzIjgm6EopsuK9gHdIaSSTNtaOZBckcow/yFG3/FjQtF3OrOvzHTDqKtBwIn59x7k3u8WHAFlvVllFZW19Y3ypuVre2d3T1z/6CjokRS1qaRiGTPI4oJHrI2cBCsF0tGAk+wrje5yf3uPZOKR+EdTGPmBmQUcp9TAloamHXu+JLQ1ImJBE6E01I8+7lhyK6cMQHcrMFpbg3MqlW3ZsDLxC5IFRVoDcxPZxjRJGAhUEGU6ttWDG6aj6eCZRUnUSwmdEJGrK9pSAKm3HS2V4ZPtDLEfiT1CQHP1N8dKQmUmgaergwIjNWil4v/ef0E/Es35WGcAAvp/CE/0etGOA8JD7lkFMRUE0Il13/FdEx0TqCjrOgQ7MWVl0nnrG5bdfv2vNq4LuIooyN0jGrIRheogZqohdqIogf0hF7Qq/FoPBtvxvu8tGQUPYfoD4yPb2OpoAE=</latexit><latexit sha1_base64="YhgdbA62I8wzBSApiUK43rJibDg=">AAACF3icbVDLSgMxFM3UV62vUZdugkWomzIjgm6EopsuK9gHdIaSSTNtaOZBckcow/yFG3/FjQtF3OrOvzHTDqKtBwIn59x7k3u8WHAFlvVllFZW19Y3ypuVre2d3T1z/6CjokRS1qaRiGTPI4oJHrI2cBCsF0tGAk+wrje5yf3uPZOKR+EdTGPmBmQUcp9TAloamHXu+JLQ1ImJBE6E01I8+7lhyK6cMQHcrMFpbg3MqlW3ZsDLxC5IFRVoDcxPZxjRJGAhUEGU6ttWDG6aj6eCZRUnUSwmdEJGrK9pSAKm3HS2V4ZPtDLEfiT1CQHP1N8dKQmUmgaergwIjNWil4v/ef0E/Es35WGcAAvp/CE/0etGOA8JD7lkFMRUE0Il13/FdEx0TqCjrOgQ7MWVl0nnrG5bdfv2vNq4LuIooyN0jGrIRheogZqohdqIogf0hF7Qq/FoPBtvxvu8tGQUPYfoD4yPb2OpoAE=</latexit><latexit sha1_base64="YhgdbA62I8wzBSApiUK43rJibDg=">AAACF3icbVDLSgMxFM3UV62vUZdugkWomzIjgm6EopsuK9gHdIaSSTNtaOZBckcow/yFG3/FjQtF3OrOvzHTDqKtBwIn59x7k3u8WHAFlvVllFZW19Y3ypuVre2d3T1z/6CjokRS1qaRiGTPI4oJHrI2cBCsF0tGAk+wrje5yf3uPZOKR+EdTGPmBmQUcp9TAloamHXu+JLQ1ImJBE6E01I8+7lhyK6cMQHcrMFpbg3MqlW3ZsDLxC5IFRVoDcxPZxjRJGAhUEGU6ttWDG6aj6eCZRUnUSwmdEJGrK9pSAKm3HS2V4ZPtDLEfiT1CQHP1N8dKQmUmgaergwIjNWil4v/ef0E/Es35WGcAAvp/CE/0etGOA8JD7lkFMRUE0Il13/FdEx0TqCjrOgQ7MWVl0nnrG5bdfv2vNq4LuIooyN0jGrIRheogZqohdqIogf0hF7Qq/FoPBtvxvu8tGQUPYfoD4yPb2OpoAE=</latexit><latexit sha1_base64="YhgdbA62I8wzBSApiUK43rJibDg=">AAACF3icbVDLSgMxFM3UV62vUZdugkWomzIjgm6EopsuK9gHdIaSSTNtaOZBckcow/yFG3/FjQtF3OrOvzHTDqKtBwIn59x7k3u8WHAFlvVllFZW19Y3ypuVre2d3T1z/6CjokRS1qaRiGTPI4oJHrI2cBCsF0tGAk+wrje5yf3uPZOKR+EdTGPmBmQUcp9TAloamHXu+JLQ1ImJBE6E01I8+7lhyK6cMQHcrMFpbg3MqlW3ZsDLxC5IFRVoDcxPZxjRJGAhUEGU6ttWDG6aj6eCZRUnUSwmdEJGrK9pSAKm3HS2V4ZPtDLEfiT1CQHP1N8dKQmUmgaergwIjNWil4v/ef0E/Es35WGcAAvp/CE/0etGOA8JD7lkFMRUE0Il13/FdEx0TqCjrOgQ7MWVl0nnrG5bdfv2vNq4LuIooyN0jGrIRheogZqohdqIogf0hF7Qq/FoPBtvxvu8tGQUPYfoD4yPb2OpoAE=</latexit>

B – diagonal (diabatic basis)



Multi-level Landau-Zener problem

H(t) = A+Bt
<latexit sha1_base64="MKXH+oEVXJz/AivN3hIFN5liBig=">AAAB8HicbVBNSwMxEM36WetX1aOXYBEqQtkVQS9CrZceK9gPaZeSTbNtaJJdklmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhALbsB1v52V1bX1jc3cVn57Z3dvv3Bw2DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRndTv/XEtOGReoBxzHxJBoqHnBKw0mOtBGc3t+dV6BWKbtmdAS8TLyNFlKHeK3x1+xFNJFNABTGm47kx+CnRwKlgk3w3MSwmdEQGrGOpIpIZP50dPMGnVunjMNK2FOCZ+nsiJdKYsQxspyQwNIveVPzP6yQQXvspV3ECTNH5ojARGCI8/R73uWYUxNgSQjW3t2I6JJpQsBnlbQje4svLpHlR9tyyd39ZrFSzOHLoGJ2gEvLQFaqgGqqjBqJIomf0it4c7bw4787HvHXFyWaO0B84nz8M2I9A</latexit><latexit sha1_base64="MKXH+oEVXJz/AivN3hIFN5liBig=">AAAB8HicbVBNSwMxEM36WetX1aOXYBEqQtkVQS9CrZceK9gPaZeSTbNtaJJdklmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhALbsB1v52V1bX1jc3cVn57Z3dvv3Bw2DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRndTv/XEtOGReoBxzHxJBoqHnBKw0mOtBGc3t+dV6BWKbtmdAS8TLyNFlKHeK3x1+xFNJFNABTGm47kx+CnRwKlgk3w3MSwmdEQGrGOpIpIZP50dPMGnVunjMNK2FOCZ+nsiJdKYsQxspyQwNIveVPzP6yQQXvspV3ECTNH5ojARGCI8/R73uWYUxNgSQjW3t2I6JJpQsBnlbQje4svLpHlR9tyyd39ZrFSzOHLoGJ2gEvLQFaqgGqqjBqJIomf0it4c7bw4787HvHXFyWaO0B84nz8M2I9A</latexit><latexit sha1_base64="MKXH+oEVXJz/AivN3hIFN5liBig=">AAAB8HicbVBNSwMxEM36WetX1aOXYBEqQtkVQS9CrZceK9gPaZeSTbNtaJJdklmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhALbsB1v52V1bX1jc3cVn57Z3dvv3Bw2DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRndTv/XEtOGReoBxzHxJBoqHnBKw0mOtBGc3t+dV6BWKbtmdAS8TLyNFlKHeK3x1+xFNJFNABTGm47kx+CnRwKlgk3w3MSwmdEQGrGOpIpIZP50dPMGnVunjMNK2FOCZ+nsiJdKYsQxspyQwNIveVPzP6yQQXvspV3ECTNH5ojARGCI8/R73uWYUxNgSQjW3t2I6JJpQsBnlbQje4svLpHlR9tyyd39ZrFSzOHLoGJ2gEvLQFaqgGqqjBqJIomf0it4c7bw4787HvHXFyWaO0B84nz8M2I9A</latexit><latexit sha1_base64="MKXH+oEVXJz/AivN3hIFN5liBig=">AAAB8HicbVBNSwMxEM36WetX1aOXYBEqQtkVQS9CrZceK9gPaZeSTbNtaJJdklmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhALbsB1v52V1bX1jc3cVn57Z3dvv3Bw2DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRndTv/XEtOGReoBxzHxJBoqHnBKw0mOtBGc3t+dV6BWKbtmdAS8TLyNFlKHeK3x1+xFNJFNABTGm47kx+CnRwKlgk3w3MSwmdEQGrGOpIpIZP50dPMGnVunjMNK2FOCZ+nsiJdKYsQxspyQwNIveVPzP6yQQXvspV3ECTNH5ojARGCI8/R73uWYUxNgSQjW3t2I6JJpQsBnlbQje4svLpHlR9tyyd39ZrFSzOHLoGJ2gEvLQFaqgGqqjBqJIomf0it4c7bw4787HvHXFyWaO0B84nz8M2I9A</latexit>

 (t ! �1) = |ini,  (t ! +1) = S|ini
<latexit sha1_base64="N8F1onaAJ1cLXHZ8j2kfbS1SxEA="></latexit><latexit sha1_base64="N8F1onaAJ1cLXHZ8j2kfbS1SxEA="></latexit><latexit sha1_base64="N8F1onaAJ1cLXHZ8j2kfbS1SxEA="></latexit><latexit sha1_base64="N8F1onaAJ1cLXHZ8j2kfbS1SxEA="></latexit>

S – scattering matrix = ? Transition probabilities: pi!k = |Sik|2
<latexit sha1_base64="s9QY/nwCMk0jGMbixXwKtwRbCTo=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN8EiuCpJEXQjFN24rGgv0MYwmU7aIZNJmJkIJQ34Km5cKOLW53Dn2zhts9DWHwY+/nMOc87vJ4xKZdvfxtLyyuraemmjvLm1vbNr7u23ZJwKTJo4ZrHo+EgSRjlpKqoY6SSCoMhnpO2H15N6+5EISWN+r0YJcSM04DSgGClteeZh4mW0p2IrzC/Hd5rDfPxQ88yKXbWnshbBKaAChRqe+dXrxziNCFeYISm7jp0oN0NCUcxIXu6lkiQIh2hAuho5ioh0s+n6uXWinb4VxEI/rqyp+3siQ5GUo8jXnRFSQzlfm5j/1bqpCi7cjPIkVYTj2UdByix97iQLq08FwYqNNCAsqN7VwkMkEFY6sbIOwZk/eRFatapjV53bs0r9qoijBEdwDKfgwDnU4QYa0AQMGTzDK7wZT8aL8W58zFqXjGLmAP7I+PwBXNyVug==</latexit><latexit sha1_base64="s9QY/nwCMk0jGMbixXwKtwRbCTo=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN8EiuCpJEXQjFN24rGgv0MYwmU7aIZNJmJkIJQ34Km5cKOLW53Dn2zhts9DWHwY+/nMOc87vJ4xKZdvfxtLyyuraemmjvLm1vbNr7u23ZJwKTJo4ZrHo+EgSRjlpKqoY6SSCoMhnpO2H15N6+5EISWN+r0YJcSM04DSgGClteeZh4mW0p2IrzC/Hd5rDfPxQ88yKXbWnshbBKaAChRqe+dXrxziNCFeYISm7jp0oN0NCUcxIXu6lkiQIh2hAuho5ioh0s+n6uXWinb4VxEI/rqyp+3siQ5GUo8jXnRFSQzlfm5j/1bqpCi7cjPIkVYTj2UdByix97iQLq08FwYqNNCAsqN7VwkMkEFY6sbIOwZk/eRFatapjV53bs0r9qoijBEdwDKfgwDnU4QYa0AQMGTzDK7wZT8aL8W58zFqXjGLmAP7I+PwBXNyVug==</latexit><latexit sha1_base64="s9QY/nwCMk0jGMbixXwKtwRbCTo=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN8EiuCpJEXQjFN24rGgv0MYwmU7aIZNJmJkIJQ34Km5cKOLW53Dn2zhts9DWHwY+/nMOc87vJ4xKZdvfxtLyyuraemmjvLm1vbNr7u23ZJwKTJo4ZrHo+EgSRjlpKqoY6SSCoMhnpO2H15N6+5EISWN+r0YJcSM04DSgGClteeZh4mW0p2IrzC/Hd5rDfPxQ88yKXbWnshbBKaAChRqe+dXrxziNCFeYISm7jp0oN0NCUcxIXu6lkiQIh2hAuho5ioh0s+n6uXWinb4VxEI/rqyp+3siQ5GUo8jXnRFSQzlfm5j/1bqpCi7cjPIkVYTj2UdByix97iQLq08FwYqNNCAsqN7VwkMkEFY6sbIOwZk/eRFatapjV53bs0r9qoijBEdwDKfgwDnU4QYa0AQMGTzDK7wZT8aL8W58zFqXjGLmAP7I+PwBXNyVug==</latexit><latexit sha1_base64="s9QY/nwCMk0jGMbixXwKtwRbCTo=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN8EiuCpJEXQjFN24rGgv0MYwmU7aIZNJmJkIJQ34Km5cKOLW53Dn2zhts9DWHwY+/nMOc87vJ4xKZdvfxtLyyuraemmjvLm1vbNr7u23ZJwKTJo4ZrHo+EgSRjlpKqoY6SSCoMhnpO2H15N6+5EISWN+r0YJcSM04DSgGClteeZh4mW0p2IrzC/Hd5rDfPxQ88yKXbWnshbBKaAChRqe+dXrxziNCFeYISm7jp0oN0NCUcxIXu6lkiQIh2hAuho5ioh0s+n6uXWinb4VxEI/rqyp+3siQ5GUo8jXnRFSQzlfm5j/1bqpCi7cjPIkVYTj2UdByix97iQLq08FwYqNNCAsqN7VwkMkEFY6sbIOwZk/eRFatapjV53bs0r9qoijBEdwDKfgwDnU4QYa0AQMGTzDK7wZT8aL8W58zFqXjGLmAP7I+PwBXNyVug==</latexit>

N = 2
<latexit sha1_base64="1IEaO9eumOm5B0ixIgn2gW0SYXM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXiSivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6387K6tr6xmZhq7i9s7u3Xzo4bJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRjdTv/XEtRGxesRxwv2IDpQIBaNopYe7q2qvVHYr7gxkmXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2akTcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugwv/UyoJEWu2HxRmEqCMZn+TfpCc4ZybAllWthbCRtSTRnadIo2BG/x5WXSrFY8t+Ldn5dr13kcBTiGEzgDDy6gBrdQhwYwGMAzvMKbI50X5935mLeuOPnMEfyB8/kDmX+NVQ==</latexit><latexit sha1_base64="1IEaO9eumOm5B0ixIgn2gW0SYXM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXiSivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6387K6tr6xmZhq7i9s7u3Xzo4bJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRjdTv/XEtRGxesRxwv2IDpQIBaNopYe7q2qvVHYr7gxkmXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2akTcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugwv/UyoJEWu2HxRmEqCMZn+TfpCc4ZybAllWthbCRtSTRnadIo2BG/x5WXSrFY8t+Ldn5dr13kcBTiGEzgDDy6gBrdQhwYwGMAzvMKbI50X5935mLeuOPnMEfyB8/kDmX+NVQ==</latexit><latexit sha1_base64="1IEaO9eumOm5B0ixIgn2gW0SYXM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXiSivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6387K6tr6xmZhq7i9s7u3Xzo4bJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRjdTv/XEtRGxesRxwv2IDpQIBaNopYe7q2qvVHYr7gxkmXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2akTcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugwv/UyoJEWu2HxRmEqCMZn+TfpCc4ZybAllWthbCRtSTRnadIo2BG/x5WXSrFY8t+Ldn5dr13kcBTiGEzgDDy6gBrdQhwYwGMAzvMKbI50X5935mLeuOPnMEfyB8/kDmX+NVQ==</latexit><latexit sha1_base64="1IEaO9eumOm5B0ixIgn2gW0SYXM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXiSivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6387K6tr6xmZhq7i9s7u3Xzo4bJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRjdTv/XEtRGxesRxwv2IDpQIBaNopYe7q2qvVHYr7gxkmXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2akTcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugwv/UyoJEWu2HxRmEqCMZn+TfpCc4ZybAllWthbCRtSTRnadIo2BG/x5WXSrFY8t+Ldn5dr13kcBTiGEzgDDy6gBrdQhwYwGMAzvMKbI50X5935mLeuOPnMEfyB8/kDmX+NVQ==</latexit>

Landau, Zener, Majorana, Stuckelberg (1932)

H(t) =

✓
0 g/2

g/2 0

◆
+

✓
�/2 0
0 ��/2

◆
t

<latexit sha1_base64="n9dmbb//BOXvMvsljnGyeX1/hjs="></latexit><latexit sha1_base64="n9dmbb//BOXvMvsljnGyeX1/hjs="></latexit><latexit sha1_base64="n9dmbb//BOXvMvsljnGyeX1/hjs="></latexit><latexit sha1_base64="n9dmbb//BOXvMvsljnGyeX1/hjs="></latexit>

 (t) – solution in terms of parabolic cylinder functions

<latexit sha1_base64="CVq2ZD2zQnCNg6kNJ6lj1yEFWLI="></latexit><latexit sha1_base64="CVq2ZD2zQnCNg6kNJ6lj1yEFWLI="></latexit><latexit sha1_base64="CVq2ZD2zQnCNg6kNJ6lj1yEFWLI="></latexit><latexit sha1_base64="CVq2ZD2zQnCNg6kNJ6lj1yEFWLI="></latexit>

Survival probability 
(Landau-Zener formula)

p0!0 = 1� e�
⇡g2

� ! 1 as � ! 0
<latexit sha1_base64="Mq2sUqkK2S0ltHQ1a+ojZ2VMseo="></latexit><latexit sha1_base64="Mq2sUqkK2S0ltHQ1a+ojZ2VMseo="></latexit><latexit sha1_base64="Mq2sUqkK2S0ltHQ1a+ojZ2VMseo="></latexit><latexit sha1_base64="Mq2sUqkK2S0ltHQ1a+ojZ2VMseo="></latexit>

(adiabaticity)

A,B – N ⇥N time-independent Hermitian matrices
<latexit sha1_base64="0suiNQUF0HtwzHSAg0dlBRVD7S0="></latexit><latexit sha1_base64="0suiNQUF0HtwzHSAg0dlBRVD7S0="></latexit><latexit sha1_base64="0suiNQUF0HtwzHSAg0dlBRVD7S0="></latexit><latexit sha1_base64="0suiNQUF0HtwzHSAg0dlBRVD7S0="></latexit>

i
@ 

@t
= Ĥ(t) 

<latexit sha1_base64="YhgdbA62I8wzBSApiUK43rJibDg=">AAACF3icbVDLSgMxFM3UV62vUZdugkWomzIjgm6EopsuK9gHdIaSSTNtaOZBckcow/yFG3/FjQtF3OrOvzHTDqKtBwIn59x7k3u8WHAFlvVllFZW19Y3ypuVre2d3T1z/6CjokRS1qaRiGTPI4oJHrI2cBCsF0tGAk+wrje5yf3uPZOKR+EdTGPmBmQUcp9TAloamHXu+JLQ1ImJBE6E01I8+7lhyK6cMQHcrMFpbg3MqlW3ZsDLxC5IFRVoDcxPZxjRJGAhUEGU6ttWDG6aj6eCZRUnUSwmdEJGrK9pSAKm3HS2V4ZPtDLEfiT1CQHP1N8dKQmUmgaergwIjNWil4v/ef0E/Es35WGcAAvp/CE/0etGOA8JD7lkFMRUE0Il13/FdEx0TqCjrOgQ7MWVl0nnrG5bdfv2vNq4LuIooyN0jGrIRheogZqohdqIogf0hF7Qq/FoPBtvxvu8tGQUPYfoD4yPb2OpoAE=</latexit><latexit sha1_base64="YhgdbA62I8wzBSApiUK43rJibDg=">AAACF3icbVDLSgMxFM3UV62vUZdugkWomzIjgm6EopsuK9gHdIaSSTNtaOZBckcow/yFG3/FjQtF3OrOvzHTDqKtBwIn59x7k3u8WHAFlvVllFZW19Y3ypuVre2d3T1z/6CjokRS1qaRiGTPI4oJHrI2cBCsF0tGAk+wrje5yf3uPZOKR+EdTGPmBmQUcp9TAloamHXu+JLQ1ImJBE6E01I8+7lhyK6cMQHcrMFpbg3MqlW3ZsDLxC5IFRVoDcxPZxjRJGAhUEGU6ttWDG6aj6eCZRUnUSwmdEJGrK9pSAKm3HS2V4ZPtDLEfiT1CQHP1N8dKQmUmgaergwIjNWil4v/ef0E/Es35WGcAAvp/CE/0etGOA8JD7lkFMRUE0Il13/FdEx0TqCjrOgQ7MWVl0nnrG5bdfv2vNq4LuIooyN0jGrIRheogZqohdqIogf0hF7Qq/FoPBtvxvu8tGQUPYfoD4yPb2OpoAE=</latexit><latexit sha1_base64="YhgdbA62I8wzBSApiUK43rJibDg=">AAACF3icbVDLSgMxFM3UV62vUZdugkWomzIjgm6EopsuK9gHdIaSSTNtaOZBckcow/yFG3/FjQtF3OrOvzHTDqKtBwIn59x7k3u8WHAFlvVllFZW19Y3ypuVre2d3T1z/6CjokRS1qaRiGTPI4oJHrI2cBCsF0tGAk+wrje5yf3uPZOKR+EdTGPmBmQUcp9TAloamHXu+JLQ1ImJBE6E01I8+7lhyK6cMQHcrMFpbg3MqlW3ZsDLxC5IFRVoDcxPZxjRJGAhUEGU6ttWDG6aj6eCZRUnUSwmdEJGrK9pSAKm3HS2V4ZPtDLEfiT1CQHP1N8dKQmUmgaergwIjNWil4v/ef0E/Es35WGcAAvp/CE/0etGOA8JD7lkFMRUE0Il13/FdEx0TqCjrOgQ7MWVl0nnrG5bdfv2vNq4LuIooyN0jGrIRheogZqohdqIogf0hF7Qq/FoPBtvxvu8tGQUPYfoD4yPb2OpoAE=</latexit><latexit sha1_base64="YhgdbA62I8wzBSApiUK43rJibDg=">AAACF3icbVDLSgMxFM3UV62vUZdugkWomzIjgm6EopsuK9gHdIaSSTNtaOZBckcow/yFG3/FjQtF3OrOvzHTDqKtBwIn59x7k3u8WHAFlvVllFZW19Y3ypuVre2d3T1z/6CjokRS1qaRiGTPI4oJHrI2cBCsF0tGAk+wrje5yf3uPZOKR+EdTGPmBmQUcp9TAloamHXu+JLQ1ImJBE6E01I8+7lhyK6cMQHcrMFpbg3MqlW3ZsDLxC5IFRVoDcxPZxjRJGAhUEGU6ttWDG6aj6eCZRUnUSwmdEJGrK9pSAKm3HS2V4ZPtDLEfiT1CQHP1N8dKQmUmgaergwIjNWil4v/ef0E/Es35WGcAAvp/CE/0etGOA8JD7lkFMRUE0Il13/FdEx0TqCjrOgQ7MWVl0nnrG5bdfv2vNq4LuIooyN0jGrIRheogZqohdqIogf0hF7Qq/FoPBtvxvu8tGQUPYfoD4yPb2OpoAE=</latexit>

B – diagonal (diabatic basis)



Multi-level Landau-Zener problem

A,B – N ⇥N time-independent Hermitian matrices
<latexit sha1_base64="0suiNQUF0HtwzHSAg0dlBRVD7S0="></latexit><latexit sha1_base64="0suiNQUF0HtwzHSAg0dlBRVD7S0="></latexit><latexit sha1_base64="0suiNQUF0HtwzHSAg0dlBRVD7S0="></latexit><latexit sha1_base64="0suiNQUF0HtwzHSAg0dlBRVD7S0="></latexit>

H(t) = A+Bt
<latexit sha1_base64="MKXH+oEVXJz/AivN3hIFN5liBig=">AAAB8HicbVBNSwMxEM36WetX1aOXYBEqQtkVQS9CrZceK9gPaZeSTbNtaJJdklmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhALbsB1v52V1bX1jc3cVn57Z3dvv3Bw2DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRndTv/XEtOGReoBxzHxJBoqHnBKw0mOtBGc3t+dV6BWKbtmdAS8TLyNFlKHeK3x1+xFNJFNABTGm47kx+CnRwKlgk3w3MSwmdEQGrGOpIpIZP50dPMGnVunjMNK2FOCZ+nsiJdKYsQxspyQwNIveVPzP6yQQXvspV3ECTNH5ojARGCI8/R73uWYUxNgSQjW3t2I6JJpQsBnlbQje4svLpHlR9tyyd39ZrFSzOHLoGJ2gEvLQFaqgGqqjBqJIomf0it4c7bw4787HvHXFyWaO0B84nz8M2I9A</latexit><latexit sha1_base64="MKXH+oEVXJz/AivN3hIFN5liBig=">AAAB8HicbVBNSwMxEM36WetX1aOXYBEqQtkVQS9CrZceK9gPaZeSTbNtaJJdklmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhALbsB1v52V1bX1jc3cVn57Z3dvv3Bw2DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRndTv/XEtOGReoBxzHxJBoqHnBKw0mOtBGc3t+dV6BWKbtmdAS8TLyNFlKHeK3x1+xFNJFNABTGm47kx+CnRwKlgk3w3MSwmdEQGrGOpIpIZP50dPMGnVunjMNK2FOCZ+nsiJdKYsQxspyQwNIveVPzP6yQQXvspV3ECTNH5ojARGCI8/R73uWYUxNgSQjW3t2I6JJpQsBnlbQje4svLpHlR9tyyd39ZrFSzOHLoGJ2gEvLQFaqgGqqjBqJIomf0it4c7bw4787HvHXFyWaO0B84nz8M2I9A</latexit><latexit sha1_base64="MKXH+oEVXJz/AivN3hIFN5liBig=">AAAB8HicbVBNSwMxEM36WetX1aOXYBEqQtkVQS9CrZceK9gPaZeSTbNtaJJdklmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhALbsB1v52V1bX1jc3cVn57Z3dvv3Bw2DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRndTv/XEtOGReoBxzHxJBoqHnBKw0mOtBGc3t+dV6BWKbtmdAS8TLyNFlKHeK3x1+xFNJFNABTGm47kx+CnRwKlgk3w3MSwmdEQGrGOpIpIZP50dPMGnVunjMNK2FOCZ+nsiJdKYsQxspyQwNIveVPzP6yQQXvspV3ECTNH5ojARGCI8/R73uWYUxNgSQjW3t2I6JJpQsBnlbQje4svLpHlR9tyyd39ZrFSzOHLoGJ2gEvLQFaqgGqqjBqJIomf0it4c7bw4787HvHXFyWaO0B84nz8M2I9A</latexit><latexit sha1_base64="MKXH+oEVXJz/AivN3hIFN5liBig=">AAAB8HicbVBNSwMxEM36WetX1aOXYBEqQtkVQS9CrZceK9gPaZeSTbNtaJJdklmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhALbsB1v52V1bX1jc3cVn57Z3dvv3Bw2DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRndTv/XEtOGReoBxzHxJBoqHnBKw0mOtBGc3t+dV6BWKbtmdAS8TLyNFlKHeK3x1+xFNJFNABTGm47kx+CnRwKlgk3w3MSwmdEQGrGOpIpIZP50dPMGnVunjMNK2FOCZ+nsiJdKYsQxspyQwNIveVPzP6yQQXvspV3ECTNH5ojARGCI8/R73uWYUxNgSQjW3t2I6JJpQsBnlbQje4svLpHlR9tyyd39ZrFSzOHLoGJ2gEvLQFaqgGqqjBqJIomf0it4c7bw4787HvHXFyWaO0B84nz8M2I9A</latexit>

i
@ 

@t
= Ĥ(t) 

<latexit sha1_base64="YhgdbA62I8wzBSApiUK43rJibDg=">AAACF3icbVDLSgMxFM3UV62vUZdugkWomzIjgm6EopsuK9gHdIaSSTNtaOZBckcow/yFG3/FjQtF3OrOvzHTDqKtBwIn59x7k3u8WHAFlvVllFZW19Y3ypuVre2d3T1z/6CjokRS1qaRiGTPI4oJHrI2cBCsF0tGAk+wrje5yf3uPZOKR+EdTGPmBmQUcp9TAloamHXu+JLQ1ImJBE6E01I8+7lhyK6cMQHcrMFpbg3MqlW3ZsDLxC5IFRVoDcxPZxjRJGAhUEGU6ttWDG6aj6eCZRUnUSwmdEJGrK9pSAKm3HS2V4ZPtDLEfiT1CQHP1N8dKQmUmgaergwIjNWil4v/ef0E/Es35WGcAAvp/CE/0etGOA8JD7lkFMRUE0Il13/FdEx0TqCjrOgQ7MWVl0nnrG5bdfv2vNq4LuIooyN0jGrIRheogZqohdqIogf0hF7Qq/FoPBtvxvu8tGQUPYfoD4yPb2OpoAE=</latexit><latexit sha1_base64="YhgdbA62I8wzBSApiUK43rJibDg=">AAACF3icbVDLSgMxFM3UV62vUZdugkWomzIjgm6EopsuK9gHdIaSSTNtaOZBckcow/yFG3/FjQtF3OrOvzHTDqKtBwIn59x7k3u8WHAFlvVllFZW19Y3ypuVre2d3T1z/6CjokRS1qaRiGTPI4oJHrI2cBCsF0tGAk+wrje5yf3uPZOKR+EdTGPmBmQUcp9TAloamHXu+JLQ1ImJBE6E01I8+7lhyK6cMQHcrMFpbg3MqlW3ZsDLxC5IFRVoDcxPZxjRJGAhUEGU6ttWDG6aj6eCZRUnUSwmdEJGrK9pSAKm3HS2V4ZPtDLEfiT1CQHP1N8dKQmUmgaergwIjNWil4v/ef0E/Es35WGcAAvp/CE/0etGOA8JD7lkFMRUE0Il13/FdEx0TqCjrOgQ7MWVl0nnrG5bdfv2vNq4LuIooyN0jGrIRheogZqohdqIogf0hF7Qq/FoPBtvxvu8tGQUPYfoD4yPb2OpoAE=</latexit><latexit sha1_base64="YhgdbA62I8wzBSApiUK43rJibDg=">AAACF3icbVDLSgMxFM3UV62vUZdugkWomzIjgm6EopsuK9gHdIaSSTNtaOZBckcow/yFG3/FjQtF3OrOvzHTDqKtBwIn59x7k3u8WHAFlvVllFZW19Y3ypuVre2d3T1z/6CjokRS1qaRiGTPI4oJHrI2cBCsF0tGAk+wrje5yf3uPZOKR+EdTGPmBmQUcp9TAloamHXu+JLQ1ImJBE6E01I8+7lhyK6cMQHcrMFpbg3MqlW3ZsDLxC5IFRVoDcxPZxjRJGAhUEGU6ttWDG6aj6eCZRUnUSwmdEJGrK9pSAKm3HS2V4ZPtDLEfiT1CQHP1N8dKQmUmgaergwIjNWil4v/ef0E/Es35WGcAAvp/CE/0etGOA8JD7lkFMRUE0Il13/FdEx0TqCjrOgQ7MWVl0nnrG5bdfv2vNq4LuIooyN0jGrIRheogZqohdqIogf0hF7Qq/FoPBtvxvu8tGQUPYfoD4yPb2OpoAE=</latexit><latexit sha1_base64="YhgdbA62I8wzBSApiUK43rJibDg=">AAACF3icbVDLSgMxFM3UV62vUZdugkWomzIjgm6EopsuK9gHdIaSSTNtaOZBckcow/yFG3/FjQtF3OrOvzHTDqKtBwIn59x7k3u8WHAFlvVllFZW19Y3ypuVre2d3T1z/6CjokRS1qaRiGTPI4oJHrI2cBCsF0tGAk+wrje5yf3uPZOKR+EdTGPmBmQUcp9TAloamHXu+JLQ1ImJBE6E01I8+7lhyK6cMQHcrMFpbg3MqlW3ZsDLxC5IFRVoDcxPZxjRJGAhUEGU6ttWDG6aj6eCZRUnUSwmdEJGrK9pSAKm3HS2V4ZPtDLEfiT1CQHP1N8dKQmUmgaergwIjNWil4v/ef0E/Es35WGcAAvp/CE/0etGOA8JD7lkFMRUE0Il13/FdEx0TqCjrOgQ7MWVl0nnrG5bdfv2vNq4LuIooyN0jGrIRheogZqohdqIogf0hF7Qq/FoPBtvxvu8tGQUPYfoD4yPb2OpoAE=</latexit>

 (t ! �1) = |ini,  (t ! +1) = S|ini
<latexit sha1_base64="N8F1onaAJ1cLXHZ8j2kfbS1SxEA="></latexit><latexit sha1_base64="N8F1onaAJ1cLXHZ8j2kfbS1SxEA="></latexit><latexit sha1_base64="N8F1onaAJ1cLXHZ8j2kfbS1SxEA="></latexit><latexit sha1_base64="N8F1onaAJ1cLXHZ8j2kfbS1SxEA="></latexit>

S – scattering matrix = ? Transition probabilities: pi!k = |Sik|2
<latexit sha1_base64="s9QY/nwCMk0jGMbixXwKtwRbCTo=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN8EiuCpJEXQjFN24rGgv0MYwmU7aIZNJmJkIJQ34Km5cKOLW53Dn2zhts9DWHwY+/nMOc87vJ4xKZdvfxtLyyuraemmjvLm1vbNr7u23ZJwKTJo4ZrHo+EgSRjlpKqoY6SSCoMhnpO2H15N6+5EISWN+r0YJcSM04DSgGClteeZh4mW0p2IrzC/Hd5rDfPxQ88yKXbWnshbBKaAChRqe+dXrxziNCFeYISm7jp0oN0NCUcxIXu6lkiQIh2hAuho5ioh0s+n6uXWinb4VxEI/rqyp+3siQ5GUo8jXnRFSQzlfm5j/1bqpCi7cjPIkVYTj2UdByix97iQLq08FwYqNNCAsqN7VwkMkEFY6sbIOwZk/eRFatapjV53bs0r9qoijBEdwDKfgwDnU4QYa0AQMGTzDK7wZT8aL8W58zFqXjGLmAP7I+PwBXNyVug==</latexit><latexit sha1_base64="s9QY/nwCMk0jGMbixXwKtwRbCTo=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN8EiuCpJEXQjFN24rGgv0MYwmU7aIZNJmJkIJQ34Km5cKOLW53Dn2zhts9DWHwY+/nMOc87vJ4xKZdvfxtLyyuraemmjvLm1vbNr7u23ZJwKTJo4ZrHo+EgSRjlpKqoY6SSCoMhnpO2H15N6+5EISWN+r0YJcSM04DSgGClteeZh4mW0p2IrzC/Hd5rDfPxQ88yKXbWnshbBKaAChRqe+dXrxziNCFeYISm7jp0oN0NCUcxIXu6lkiQIh2hAuho5ioh0s+n6uXWinb4VxEI/rqyp+3siQ5GUo8jXnRFSQzlfm5j/1bqpCi7cjPIkVYTj2UdByix97iQLq08FwYqNNCAsqN7VwkMkEFY6sbIOwZk/eRFatapjV53bs0r9qoijBEdwDKfgwDnU4QYa0AQMGTzDK7wZT8aL8W58zFqXjGLmAP7I+PwBXNyVug==</latexit><latexit sha1_base64="s9QY/nwCMk0jGMbixXwKtwRbCTo=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN8EiuCpJEXQjFN24rGgv0MYwmU7aIZNJmJkIJQ34Km5cKOLW53Dn2zhts9DWHwY+/nMOc87vJ4xKZdvfxtLyyuraemmjvLm1vbNr7u23ZJwKTJo4ZrHo+EgSRjlpKqoY6SSCoMhnpO2H15N6+5EISWN+r0YJcSM04DSgGClteeZh4mW0p2IrzC/Hd5rDfPxQ88yKXbWnshbBKaAChRqe+dXrxziNCFeYISm7jp0oN0NCUcxIXu6lkiQIh2hAuho5ioh0s+n6uXWinb4VxEI/rqyp+3siQ5GUo8jXnRFSQzlfm5j/1bqpCi7cjPIkVYTj2UdByix97iQLq08FwYqNNCAsqN7VwkMkEFY6sbIOwZk/eRFatapjV53bs0r9qoijBEdwDKfgwDnU4QYa0AQMGTzDK7wZT8aL8W58zFqXjGLmAP7I+PwBXNyVug==</latexit><latexit sha1_base64="s9QY/nwCMk0jGMbixXwKtwRbCTo=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN8EiuCpJEXQjFN24rGgv0MYwmU7aIZNJmJkIJQ34Km5cKOLW53Dn2zhts9DWHwY+/nMOc87vJ4xKZdvfxtLyyuraemmjvLm1vbNr7u23ZJwKTJo4ZrHo+EgSRjlpKqoY6SSCoMhnpO2H15N6+5EISWN+r0YJcSM04DSgGClteeZh4mW0p2IrzC/Hd5rDfPxQ88yKXbWnshbBKaAChRqe+dXrxziNCFeYISm7jp0oN0NCUcxIXu6lkiQIh2hAuho5ioh0s+n6uXWinb4VxEI/rqyp+3siQ5GUo8jXnRFSQzlfm5j/1bqpCi7cjPIkVYTj2UdByix97iQLq08FwYqNNCAsqN7VwkMkEFY6sbIOwZk/eRFatapjV53bs0r9qoijBEdwDKfgwDnU4QYa0AQMGTzDK7wZT8aL8W58zFqXjGLmAP7I+PwBXNyVug==</latexit>

Q: Under what conditions on   , i.e. for which A and B is 
the multi-level Landau-Zener problem exactly solvable? What is the 
solution?

H(t) = A+Bt
<latexit sha1_base64="MKXH+oEVXJz/AivN3hIFN5liBig=">AAAB8HicbVBNSwMxEM36WetX1aOXYBEqQtkVQS9CrZceK9gPaZeSTbNtaJJdklmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhALbsB1v52V1bX1jc3cVn57Z3dvv3Bw2DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRndTv/XEtOGReoBxzHxJBoqHnBKw0mOtBGc3t+dV6BWKbtmdAS8TLyNFlKHeK3x1+xFNJFNABTGm47kx+CnRwKlgk3w3MSwmdEQGrGOpIpIZP50dPMGnVunjMNK2FOCZ+nsiJdKYsQxspyQwNIveVPzP6yQQXvspV3ECTNH5ojARGCI8/R73uWYUxNgSQjW3t2I6JJpQsBnlbQje4svLpHlR9tyyd39ZrFSzOHLoGJ2gEvLQFaqgGqqjBqJIomf0it4c7bw4787HvHXFyWaO0B84nz8M2I9A</latexit><latexit sha1_base64="MKXH+oEVXJz/AivN3hIFN5liBig=">AAAB8HicbVBNSwMxEM36WetX1aOXYBEqQtkVQS9CrZceK9gPaZeSTbNtaJJdklmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhALbsB1v52V1bX1jc3cVn57Z3dvv3Bw2DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRndTv/XEtOGReoBxzHxJBoqHnBKw0mOtBGc3t+dV6BWKbtmdAS8TLyNFlKHeK3x1+xFNJFNABTGm47kx+CnRwKlgk3w3MSwmdEQGrGOpIpIZP50dPMGnVunjMNK2FOCZ+nsiJdKYsQxspyQwNIveVPzP6yQQXvspV3ECTNH5ojARGCI8/R73uWYUxNgSQjW3t2I6JJpQsBnlbQje4svLpHlR9tyyd39ZrFSzOHLoGJ2gEvLQFaqgGqqjBqJIomf0it4c7bw4787HvHXFyWaO0B84nz8M2I9A</latexit><latexit sha1_base64="MKXH+oEVXJz/AivN3hIFN5liBig=">AAAB8HicbVBNSwMxEM36WetX1aOXYBEqQtkVQS9CrZceK9gPaZeSTbNtaJJdklmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhALbsB1v52V1bX1jc3cVn57Z3dvv3Bw2DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRndTv/XEtOGReoBxzHxJBoqHnBKw0mOtBGc3t+dV6BWKbtmdAS8TLyNFlKHeK3x1+xFNJFNABTGm47kx+CnRwKlgk3w3MSwmdEQGrGOpIpIZP50dPMGnVunjMNK2FOCZ+nsiJdKYsQxspyQwNIveVPzP6yQQXvspV3ECTNH5ojARGCI8/R73uWYUxNgSQjW3t2I6JJpQsBnlbQje4svLpHlR9tyyd39ZrFSzOHLoGJ2gEvLQFaqgGqqjBqJIomf0it4c7bw4787HvHXFyWaO0B84nz8M2I9A</latexit><latexit sha1_base64="MKXH+oEVXJz/AivN3hIFN5liBig=">AAAB8HicbVBNSwMxEM36WetX1aOXYBEqQtkVQS9CrZceK9gPaZeSTbNtaJJdklmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhALbsB1v52V1bX1jc3cVn57Z3dvv3Bw2DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRndTv/XEtOGReoBxzHxJBoqHnBKw0mOtBGc3t+dV6BWKbtmdAS8TLyNFlKHeK3x1+xFNJFNABTGm47kx+CnRwKlgk3w3MSwmdEQGrGOpIpIZP50dPMGnVunjMNK2FOCZ+nsiJdKYsQxspyQwNIveVPzP6yQQXvspV3ECTNH5ojARGCI8/R73uWYUxNgSQjW3t2I6JJpQsBnlbQje4svLpHlR9tyyd39ZrFSzOHLoGJ2gEvLQFaqgGqqjBqJIomf0it4c7bw4787HvHXFyWaO0B84nz8M2I9A</latexit>
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N > 2  No general solution, only certain special cases 

B – diagonal (diabatic basis)



Exactly solvable multi-level Landau-Zener problems

A. Trivial/reducible MLZ problems  
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arbitrary rep of su(2) 

arbitrary spin in linear 
in time magnetic field 
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arbitrary rep of su(2) 

arbitrary spin in linear 

in time magnetic field 

The time evolution operator belongs to the SU(2) group (rotation)

U(t) = e�i↵(t)Ŝze�i�(t)Ŝye�i�(t)Ŝz ⌘ R̂(↵,�, �)
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Euler angles ↵(t), �(t) and �(t) are the same as in the 2⇥ 2 LZ problem
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Transition probabilities are modulus squared of the elements of the Wigner D-matrix

pm!m0 = |hm|R̂(↵,�, �)|m0i|2
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Hioe,  J. Opt. Soc. Am. B 4, 1327 (1987)

Exactly solvable multi-level Landau-Zener problems



A. Trivial/reducible MLZ problems  

Driven Quantum Ising Model: H = �J
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After Jordan-Wigner followed by Fourier this reduces to the 2⇥2 LZ problem
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Dziarmaga, PRL 95, 245701 (2005)

Exactly solvable multi-level Landau-Zener problems



A. Trivial/reducible MLZ problems  

Driven Quantum Ising Model: H = �J
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After Jordan-Wigner followed by Fourier this reduces to the 2⇥2 LZ problem
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Scaling with the rate l agrees 
with Kibble-Zurek mechanism

Dziarmaga, PRL 95, 245701 (2005)

And many more trivial/reducible MLZ problems…

Exactly solvable multi-level Landau-Zener problems

Density of kinks in N ! 1 limit for a sweep across QPT

from paramagnet (h � 1) to ferromagnet at h = 0



B. Three irreducible exactly solvable MLZ problems since 1932 
1. Demkov-Osherov model Soviet Phys. JETP (1968)

Exactly solvable multi-level Landau-Zener problems
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B. Three irreducible exactly solvable MLZ problems since 1932 
1. Demkov-Osherov model Soviet Phys. JETP (1968)

2. Bow-tie model Ostrovsky & Nakamura, J. Phys. A  (1997)

Exactly solvable multi-level Landau-Zener problems
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B. Three irreducible exactly solvable MLZ problems since 1932 
1. Demkov-Osherov model Soviet Phys. JETP (1968)

2. Bow-tie model Ostrovsky & Nakamura, J. Phys. A  (1997)

3. Inhomogeneous Dicke model             Sinitsyn, Yuzbashyan, Chernyak, Patra & Sun, PRL (2018)

Exactly solvable multi-level Landau-Zener problems
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Q: What is special about these models? What sets them apart from any 
other Hamiltonian linear in time?

Insight from Integrable Matrix Theory (counterpart of Random Matrix 
Theory for quantum regular as opposed to chaotic systems)

Owusu &Yuzbashyan, J. Phys. A (2011)
Yuzbashyan & Shastry, J. Stat. Phys. (2013)
Yuzbashyan, Shastry, Scaramazza, PRE (2016) 

H(t) = A+Bt
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A,B – N ⇥N time-independent Hermitian matrices
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Exactly solvable multi-level Landau-Zener problems
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First, consider an abstract N x N Hermitian matrix M

Makes no sense to talk about its integrability
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First, consider an abstract N x N Hermitian matrix M

Makes no sense to talk about its integrability

For example, there is no natural notion of a nontrivial integral of motion
For any M there is a full set ofMk such that

And any integral of motion  

[Mk,Mj ] = [Mk,M ] = 0
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<latexit sha1_base64="4tZ0ItqhXn9NEjF1OwgrtpwTz9Y=">AAACAXicbVBNS8NAEJ34WetX1YvgZbEInkoigl4KRS9eKhXsB7Rp2Gw37dLNJuxuhBLqxb/ixYMiXv0X3vw3btsctPXBwOO9GWbm+TFnStv2t7W0vLK6tp7byG9ube/sFvb2GypKJKF1EvFItnysKGeC1jXTnLZiSXHoc9r0h9cTv/lApWKRuNejmLoh7gsWMIK1kbzCYdUbljsqCb1UlJ1x9xZhT6Bq11hFu2RPgRaJk5EiZKh5ha9OLyJJSIUmHCvVduxYuymWmhFOx/lOomiMyRD3adtQgUOq3HT6wRidGKWHgkiaEhpN1d8TKQ6VGoW+6QyxHqh5byL+57UTHVy6KRNxoqkgs0VBwpGO0CQO1GOSEs1HhmAimbkVkQGWmGgTWt6E4My/vEgaZyXHLjl358XKVRZHDo7gGE7BgQuowA3UoA4EHuEZXuHNerJerHfrY9a6ZGUzB/AH1ucPIm6WBg==</latexit><latexit sha1_base64="4tZ0ItqhXn9NEjF1OwgrtpwTz9Y=">AAACAXicbVBNS8NAEJ34WetX1YvgZbEInkoigl4KRS9eKhXsB7Rp2Gw37dLNJuxuhBLqxb/ixYMiXv0X3vw3btsctPXBwOO9GWbm+TFnStv2t7W0vLK6tp7byG9ube/sFvb2GypKJKF1EvFItnysKGeC1jXTnLZiSXHoc9r0h9cTv/lApWKRuNejmLoh7gsWMIK1kbzCYdUbljsqCb1UlJ1x9xZhT6Bq11hFu2RPgRaJk5EiZKh5ha9OLyJJSIUmHCvVduxYuymWmhFOx/lOomiMyRD3adtQgUOq3HT6wRidGKWHgkiaEhpN1d8TKQ6VGoW+6QyxHqh5byL+57UTHVy6KRNxoqkgs0VBwpGO0CQO1GOSEs1HhmAimbkVkQGWmGgTWt6E4My/vEgaZyXHLjl358XKVRZHDo7gGE7BgQuowA3UoA4EHuEZXuHNerJerHfrY9a6ZGUzB/AH1ucPIm6WBg==</latexit><latexit sha1_base64="4tZ0ItqhXn9NEjF1OwgrtpwTz9Y=">AAACAXicbVBNS8NAEJ34WetX1YvgZbEInkoigl4KRS9eKhXsB7Rp2Gw37dLNJuxuhBLqxb/ixYMiXv0X3vw3btsctPXBwOO9GWbm+TFnStv2t7W0vLK6tp7byG9ube/sFvb2GypKJKF1EvFItnysKGeC1jXTnLZiSXHoc9r0h9cTv/lApWKRuNejmLoh7gsWMIK1kbzCYdUbljsqCb1UlJ1x9xZhT6Bq11hFu2RPgRaJk5EiZKh5ha9OLyJJSIUmHCvVduxYuymWmhFOx/lOomiMyRD3adtQgUOq3HT6wRidGKWHgkiaEhpN1d8TKQ6VGoW+6QyxHqh5byL+57UTHVy6KRNxoqkgs0VBwpGO0CQO1GOSEs1HhmAimbkVkQGWmGgTWt6E4My/vEgaZyXHLjl358XKVRZHDo7gGE7BgQuowA3UoA4EHuEZXuHNerJerHfrY9a6ZGUzB/AH1ucPIm6WBg==</latexit><latexit sha1_base64="4tZ0ItqhXn9NEjF1OwgrtpwTz9Y=">AAACAXicbVBNS8NAEJ34WetX1YvgZbEInkoigl4KRS9eKhXsB7Rp2Gw37dLNJuxuhBLqxb/ixYMiXv0X3vw3btsctPXBwOO9GWbm+TFnStv2t7W0vLK6tp7byG9ube/sFvb2GypKJKF1EvFItnysKGeC1jXTnLZiSXHoc9r0h9cTv/lApWKRuNejmLoh7gsWMIK1kbzCYdUbljsqCb1UlJ1x9xZhT6Bq11hFu2RPgRaJk5EiZKh5ha9OLyJJSIUmHCvVduxYuymWmhFOx/lOomiMyRD3adtQgUOq3HT6wRidGKWHgkiaEhpN1d8TKQ6VGoW+6QyxHqh5byL+57UTHVy6KRNxoqkgs0VBwpGO0CQO1GOSEs1HhmAimbkVkQGWmGgTWt6E4My/vEgaZyXHLjl358XKVRZHDo7gGE7BgQuowA3UoA4EHuEZXuHNerJerHfrY9a6ZGUzB/AH1ucPIm6WBg==</latexit>

All Hermitian matrices look the same from this point of view



The situation changes if we introduce & fix parameter dependence

Let H(t) = A+Bt, t – real parameter and A,B – Hermitian matrices
<latexit sha1_base64="a2lEtUNUNc+AyfT09FHrGzMmAsI="></latexit><latexit sha1_base64="a2lEtUNUNc+AyfT09FHrGzMmAsI="></latexit><latexit sha1_base64="a2lEtUNUNc+AyfT09FHrGzMmAsI="></latexit><latexit sha1_base64="a2lEtUNUNc+AyfT09FHrGzMmAsI="></latexit>

Suppose we require a commuting partner also linear in t: eH(t) = eA+ eBt
<latexit sha1_base64="9lRV2nIzu7cVwC/jSd9D9of0wLs=">AAACGHicbVDJSgNBEO2Je9xGPXppDIIixBkR9CJovOQYwSyQhNDTU0ma9Cx01yhhmM/w4q948aCI19z8GzvLIS4PCl6/V0VXPS+WQqPjfFm5hcWl5ZXVtfz6xubWtr2zW9NRojhUeSQj1fCYBilCqKJACY1YAQs8CXVvcDv26w+gtIjCexzG0A5YLxRdwRkaqWOf0taj8AGF9CEtZ0d4fDWv3GQnc69Shh274BSdCehf4s5IgcxQ6dijlh/xJIAQuWRaN10nxnbKFAouIcu3Eg0x4wPWg6ahIQtAt9PJYRk9NIpPu5EyFSKdqPMTKQu0Hgae6QwY9vVvbyz+5zUT7F62UxHGCULIpx91E0kxouOUqC8UcJRDQxhXwuxKeZ8pxtFkmTchuL9P/ktqZ0XXKbp354Xr0iyOVbJPDsgRcckFuSZlUiFVwskTeSFv5N16tl6tD+tz2pqzZjN75Aes0TfzP6Ba</latexit><latexit sha1_base64="9lRV2nIzu7cVwC/jSd9D9of0wLs=">AAACGHicbVDJSgNBEO2Je9xGPXppDIIixBkR9CJovOQYwSyQhNDTU0ma9Cx01yhhmM/w4q948aCI19z8GzvLIS4PCl6/V0VXPS+WQqPjfFm5hcWl5ZXVtfz6xubWtr2zW9NRojhUeSQj1fCYBilCqKJACY1YAQs8CXVvcDv26w+gtIjCexzG0A5YLxRdwRkaqWOf0taj8AGF9CEtZ0d4fDWv3GQnc69Shh274BSdCehf4s5IgcxQ6dijlh/xJIAQuWRaN10nxnbKFAouIcu3Eg0x4wPWg6ahIQtAt9PJYRk9NIpPu5EyFSKdqPMTKQu0Hgae6QwY9vVvbyz+5zUT7F62UxHGCULIpx91E0kxouOUqC8UcJRDQxhXwuxKeZ8pxtFkmTchuL9P/ktqZ0XXKbp354Xr0iyOVbJPDsgRcckFuSZlUiFVwskTeSFv5N16tl6tD+tz2pqzZjN75Aes0TfzP6Ba</latexit><latexit sha1_base64="9lRV2nIzu7cVwC/jSd9D9of0wLs=">AAACGHicbVDJSgNBEO2Je9xGPXppDIIixBkR9CJovOQYwSyQhNDTU0ma9Cx01yhhmM/w4q948aCI19z8GzvLIS4PCl6/V0VXPS+WQqPjfFm5hcWl5ZXVtfz6xubWtr2zW9NRojhUeSQj1fCYBilCqKJACY1YAQs8CXVvcDv26w+gtIjCexzG0A5YLxRdwRkaqWOf0taj8AGF9CEtZ0d4fDWv3GQnc69Shh274BSdCehf4s5IgcxQ6dijlh/xJIAQuWRaN10nxnbKFAouIcu3Eg0x4wPWg6ahIQtAt9PJYRk9NIpPu5EyFSKdqPMTKQu0Hgae6QwY9vVvbyz+5zUT7F62UxHGCULIpx91E0kxouOUqC8UcJRDQxhXwuxKeZ8pxtFkmTchuL9P/ktqZ0XXKbp354Xr0iyOVbJPDsgRcckFuSZlUiFVwskTeSFv5N16tl6tD+tz2pqzZjN75Aes0TfzP6Ba</latexit><latexit sha1_base64="9lRV2nIzu7cVwC/jSd9D9of0wLs=">AAACGHicbVDJSgNBEO2Je9xGPXppDIIixBkR9CJovOQYwSyQhNDTU0ma9Cx01yhhmM/w4q948aCI19z8GzvLIS4PCl6/V0VXPS+WQqPjfFm5hcWl5ZXVtfz6xubWtr2zW9NRojhUeSQj1fCYBilCqKJACY1YAQs8CXVvcDv26w+gtIjCexzG0A5YLxRdwRkaqWOf0taj8AGF9CEtZ0d4fDWv3GQnc69Shh274BSdCehf4s5IgcxQ6dijlh/xJIAQuWRaN10nxnbKFAouIcu3Eg0x4wPWg6ahIQtAt9PJYRk9NIpPu5EyFSKdqPMTKQu0Hgae6QwY9vVvbyz+5zUT7F62UxHGCULIpx91E0kxouOUqC8UcJRDQxhXwuxKeZ8pxtFkmTchuL9P/ktqZ0XXKbp354Xr0iyOVbJPDsgRcckFuSZlUiFVwskTeSFv5N16tl6tD+tz2pqzZjN75Aes0TfzP6Ba</latexit>

h
eH(t), H(t)

i
= 0, for all t

<latexit sha1_base64="lNsOjnCLLmApT/zXesJFe6Vg+M0="></latexit><latexit sha1_base64="lNsOjnCLLmApT/zXesJFe6Vg+M0="></latexit><latexit sha1_base64="lNsOjnCLLmApT/zXesJFe6Vg+M0="></latexit><latexit sha1_base64="lNsOjnCLLmApT/zXesJFe6Vg+M0="></latexit> ()<latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit><latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit><latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit><latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit>

[ eB,B] = 0, [ eA,B] = [A, eB], [ eA,A] = 0
<latexit sha1_base64="LAmF7oE9BM0e3oGg/DgL2FX667w=">AAACSHicdVBLSwMxGMzWV62vVY9egkXwUMquCHoR2nrxWME+YLuUbPZrG5p9mGSVsvTnefHozd/gxYMi3kzbPdhWBwLDzHxfkvFizqSyrFcjt7K6tr6R3yxsbe/s7pn7B00ZJYJCg0Y8Em2PSOAshIZiikM7FkACj0PLG15P/NYDCMmi8E6NYnAD0g9Zj1GitNQ1u9jpPDIfFOM+pLVxCdewe2WVOvcJ8ee8auY51RKeG3H/CVcni7pm0SpbU+BlYmekiDLUu+ZLx49oEkCoKCdSOrYVKzclQjHKYVzoJBJiQoekD46mIQlAuum0iDE+0YqPe5HQJ1R4qv6eSEkg5SjwdDIgaiAXvYn4l+ckqnfppiyMEwUhnV3USzhWEZ60in0mgCo+0oRQwfRbMR0QQajS3Rd0Cfbil5dJ86xsW2X79rxYqWV15NEROkanyEYXqIJuUB01EEVP6A19oE/j2Xg3vozvWTRnZDOHaA653A/Haa/3</latexit><latexit sha1_base64="LAmF7oE9BM0e3oGg/DgL2FX667w=">AAACSHicdVBLSwMxGMzWV62vVY9egkXwUMquCHoR2nrxWME+YLuUbPZrG5p9mGSVsvTnefHozd/gxYMi3kzbPdhWBwLDzHxfkvFizqSyrFcjt7K6tr6R3yxsbe/s7pn7B00ZJYJCg0Y8Em2PSOAshIZiikM7FkACj0PLG15P/NYDCMmi8E6NYnAD0g9Zj1GitNQ1u9jpPDIfFOM+pLVxCdewe2WVOvcJ8ee8auY51RKeG3H/CVcni7pm0SpbU+BlYmekiDLUu+ZLx49oEkCoKCdSOrYVKzclQjHKYVzoJBJiQoekD46mIQlAuum0iDE+0YqPe5HQJ1R4qv6eSEkg5SjwdDIgaiAXvYn4l+ckqnfppiyMEwUhnV3USzhWEZ60in0mgCo+0oRQwfRbMR0QQajS3Rd0Cfbil5dJ86xsW2X79rxYqWV15NEROkanyEYXqIJuUB01EEVP6A19oE/j2Xg3vozvWTRnZDOHaA653A/Haa/3</latexit><latexit sha1_base64="LAmF7oE9BM0e3oGg/DgL2FX667w=">AAACSHicdVBLSwMxGMzWV62vVY9egkXwUMquCHoR2nrxWME+YLuUbPZrG5p9mGSVsvTnefHozd/gxYMi3kzbPdhWBwLDzHxfkvFizqSyrFcjt7K6tr6R3yxsbe/s7pn7B00ZJYJCg0Y8Em2PSOAshIZiikM7FkACj0PLG15P/NYDCMmi8E6NYnAD0g9Zj1GitNQ1u9jpPDIfFOM+pLVxCdewe2WVOvcJ8ee8auY51RKeG3H/CVcni7pm0SpbU+BlYmekiDLUu+ZLx49oEkCoKCdSOrYVKzclQjHKYVzoJBJiQoekD46mIQlAuum0iDE+0YqPe5HQJ1R4qv6eSEkg5SjwdDIgaiAXvYn4l+ckqnfppiyMEwUhnV3USzhWEZ60in0mgCo+0oRQwfRbMR0QQajS3Rd0Cfbil5dJ86xsW2X79rxYqWV15NEROkanyEYXqIJuUB01EEVP6A19oE/j2Xg3vozvWTRnZDOHaA653A/Haa/3</latexit><latexit sha1_base64="LAmF7oE9BM0e3oGg/DgL2FX667w=">AAACSHicdVBLSwMxGMzWV62vVY9egkXwUMquCHoR2nrxWME+YLuUbPZrG5p9mGSVsvTnefHozd/gxYMi3kzbPdhWBwLDzHxfkvFizqSyrFcjt7K6tr6R3yxsbe/s7pn7B00ZJYJCg0Y8Em2PSOAshIZiikM7FkACj0PLG15P/NYDCMmi8E6NYnAD0g9Zj1GitNQ1u9jpPDIfFOM+pLVxCdewe2WVOvcJ8ee8auY51RKeG3H/CVcni7pm0SpbU+BlYmekiDLUu+ZLx49oEkCoKCdSOrYVKzclQjHKYVzoJBJiQoekD46mIQlAuum0iDE+0YqPe5HQJ1R4qv6eSEkg5SjwdDIgaiAXvYn4l+ckqnfppiyMEwUhnV3USzhWEZ60in0mgCo+0oRQwfRbMR0QQajS3Rd0Cfbil5dJ86xsW2X79rxYqWV15NEROkanyEYXqIJuUB01EEVP6A19oE/j2Xg3vozvWTRnZDOHaA653A/Haa/3</latexit>

These commutation relations severely constraint matrix elements of H(t)
For a generic/typical H(t) – no commuting partners except itself and identity

Now can separate generic matrices (no commuting partners) from special 
(integrable matrices)



N x N Hamiltonians linear in a parameter separate into two distinct 
classes

No commuting partners linear in t other than 
itself and identity (typical) – nonintegrable, 
need N2/2 real parameters to specify H(t)

Nontrivial commuting partners Hk(u)=Ak+Bkt exist –
integrable, turns out need less than  4N parameters –
measure zero in the space of linear Hamiltonians

1. Bethe-ansatz-like exact solution for the spectrum

2. Level crossings (typically N2/2 crossings)

3. Can generate basis-independent ensembles of integrable 
matrices. Level statistics are typically Poissonian

H(t) = A+Bt
<latexit sha1_base64="MKXH+oEVXJz/AivN3hIFN5liBig=">AAAB8HicbVBNSwMxEM36WetX1aOXYBEqQtkVQS9CrZceK9gPaZeSTbNtaJJdklmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhALbsB1v52V1bX1jc3cVn57Z3dvv3Bw2DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRndTv/XEtOGReoBxzHxJBoqHnBKw0mOtBGc3t+dV6BWKbtmdAS8TLyNFlKHeK3x1+xFNJFNABTGm47kx+CnRwKlgk3w3MSwmdEQGrGOpIpIZP50dPMGnVunjMNK2FOCZ+nsiJdKYsQxspyQwNIveVPzP6yQQXvspV3ECTNH5ojARGCI8/R73uWYUxNgSQjW3t2I6JJpQsBnlbQje4svLpHlR9tyyd39ZrFSzOHLoGJ2gEvLQFaqgGqqjBqJIomf0it4c7bw4787HvHXFyWaO0B84nz8M2I9A</latexit><latexit sha1_base64="MKXH+oEVXJz/AivN3hIFN5liBig=">AAAB8HicbVBNSwMxEM36WetX1aOXYBEqQtkVQS9CrZceK9gPaZeSTbNtaJJdklmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhALbsB1v52V1bX1jc3cVn57Z3dvv3Bw2DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRndTv/XEtOGReoBxzHxJBoqHnBKw0mOtBGc3t+dV6BWKbtmdAS8TLyNFlKHeK3x1+xFNJFNABTGm47kx+CnRwKlgk3w3MSwmdEQGrGOpIpIZP50dPMGnVunjMNK2FOCZ+nsiJdKYsQxspyQwNIveVPzP6yQQXvspV3ECTNH5ojARGCI8/R73uWYUxNgSQjW3t2I6JJpQsBnlbQje4svLpHlR9tyyd39ZrFSzOHLoGJ2gEvLQFaqgGqqjBqJIomf0it4c7bw4787HvHXFyWaO0B84nz8M2I9A</latexit><latexit sha1_base64="MKXH+oEVXJz/AivN3hIFN5liBig=">AAAB8HicbVBNSwMxEM36WetX1aOXYBEqQtkVQS9CrZceK9gPaZeSTbNtaJJdklmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhALbsB1v52V1bX1jc3cVn57Z3dvv3Bw2DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRndTv/XEtOGReoBxzHxJBoqHnBKw0mOtBGc3t+dV6BWKbtmdAS8TLyNFlKHeK3x1+xFNJFNABTGm47kx+CnRwKlgk3w3MSwmdEQGrGOpIpIZP50dPMGnVunjMNK2FOCZ+nsiJdKYsQxspyQwNIveVPzP6yQQXvspV3ECTNH5ojARGCI8/R73uWYUxNgSQjW3t2I6JJpQsBnlbQje4svLpHlR9tyyd39ZrFSzOHLoGJ2gEvLQFaqgGqqjBqJIomf0it4c7bw4787HvHXFyWaO0B84nz8M2I9A</latexit><latexit sha1_base64="MKXH+oEVXJz/AivN3hIFN5liBig=">AAAB8HicbVBNSwMxEM36WetX1aOXYBEqQtkVQS9CrZceK9gPaZeSTbNtaJJdklmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhALbsB1v52V1bX1jc3cVn57Z3dvv3Bw2DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRndTv/XEtOGReoBxzHxJBoqHnBKw0mOtBGc3t+dV6BWKbtmdAS8TLyNFlKHeK3x1+xFNJFNABTGm47kx+CnRwKlgk3w3MSwmdEQGrGOpIpIZP50dPMGnVunjMNK2FOCZ+nsiJdKYsQxspyQwNIveVPzP6yQQXvspV3ECTNH5ojARGCI8/R73uWYUxNgSQjW3t2I6JJpQsBnlbQje4svLpHlR9tyyd39ZrFSzOHLoGJ2gEvLQFaqgGqqjBqJIomf0it4c7bw4787HvHXFyWaO0B84nz8M2I9A</latexit>



Q: What is special about these models? What sets them apart from any 
other Hamiltonian linear in time?
H(t) = A+Bt
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A,B – N ⇥N time-independent Hermitian matrices
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A: They are integrable matrices as defined above!
Patra & Yuzbashyan, J. Phys. A (2015)

Exactly solvable multi-level Landau-Zener problems



Q: What is special about these models? What sets them apart from any 
other Hamiltonian linear in time?

Patra & Yuzbashyan, J. Phys. A (2015)

HDO = �t|1ih1|+
NX

k=2

(gk|1ihk|+ gk|kih1|+ ak|kihk|)
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Has N independent nontrivial commuting partners linear in t

Hj = (t� aj)|jihj|� gj |1ihj|� gj |jih1|+
X

k 6=j

gjgk|jihk|+ gjgk|kihj|� g2k|jihj|� g2j |kihk|
ak � aj
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H(t) = A+Bt
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A,B – N ⇥N time-independent Hermitian matrices
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A: They are integrable matrices as defined above!

[Hj , Hk] = [Hj , HDO] = 0
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Example 1: Demkov-Osherov model

Exactly solvable multi-level Landau-Zener problems



Q: What is special about these models? What sets them apart from any 
other Hamiltonian linear in time?
H(t) = A+Bt
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A,B – N ⇥N time-independent Hermitian matrices
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A: They are integrable matrices as defined above!
Example 2: inhomogeneous Dicke model

Anderson pseudospins: szk ⌘ 1

2

h
c†k"ck" + c†�k#c�k# � 1

i
, s�k ⌘ c�k#ck", s+k ⌘ c†k"c

†
�k#
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[Ĥ(t), Ĥk(t)] = [Ĥk(t), Ĥp(t)] = 0, 8t,k,p
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Exactly solvable multi-level Landau-Zener problems

ĤD =
X

k,�

"kĉ
†
k� ĉk� � (⌫t)n̂b + g

X

k

⇣
b̂†ĉ�k#ĉk" + b̂ĉ†k"ĉ

†
�k#

⌘
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"ks
z
k � (⌫t)n̂b + g

X

k

⇣
b̂†s�k + b̂s+k

⌘
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Ĥk(t) = ("k + ⌫t)szk + g(b̂†s�k + b̂s+k ) + 2g2
X

p 6=k

~sk · ~sp
"k � "p
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Q: What is special about these models? What sets them apart from any 
other Hamiltonian linear in time?
H(t) = A+Bt
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A,B – N ⇥N time-independent Hermitian matrices
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A: They are integrable matrices as defined above!
Patra & Yuzbashyan, J. Phys. A (2015)

Q: What is the role of these commuting partners? How do they help us 
solve for the dynamics of the system?

i
@ 

@t
= Ĥ(t) ,  (t) =?
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9 Hk(t) = Ak +Bkt : [Hk(t), H(t)] = 0 8t
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They aren’t conserved:
dHk

dt
= i[H,Hk] +

@Hk

@t
= Bk 6= 0

<latexit sha1_base64="SvdicoKEuI+0qlYkdVmrraMzrF0="></latexit><latexit sha1_base64="SvdicoKEuI+0qlYkdVmrraMzrF0="></latexit><latexit sha1_base64="SvdicoKEuI+0qlYkdVmrraMzrF0="></latexit><latexit sha1_base64="SvdicoKEuI+0qlYkdVmrraMzrF0="></latexit>

Exactly solvable multi-level Landau-Zener problems



Q: What is special about these models? What sets them apart from any 
other Hamiltonian linear in time?
H(t) = A+Bt
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A: They are integrable matrices as defined above!
Patra & Yuzbashyan, J. Phys. A (2015)

Q: What is the role of these commuting partners? How do they help us 
solve for the dynamics of the system?
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= Ĥ(t) ,  (t) =?
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9 Hk(t) = Ak +Bkt : [Hk(t), H(t)] = 0 8t
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A: They determine the evolution of the system with respect to 
parameters other than time!
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@xk
= Ĥk 

<latexit sha1_base64="Z3VyKoei0GaiYma9rWeaznmMRyc=">AAACGHicbVBNS8MwGE7n15xfVY9egkPwNFsR9CIMvew4wX3AWkqapVtompYkFUfpz/DiX/HiQRGvu/lvTLciuvlA4MnzvO+bvI+fMCqVZX0ZlZXVtfWN6mZta3tnd8/cP+jKOBWYdHDMYtH3kSSMctJRVDHSTwRBkc9Izw9vC7/3QISkMb9Xk4S4ERpxGlCMlJY884w6gUA4cxIkFEXMaUua/9zgoxfm184YKdjywsLzzLrVsGaAy8QuSR2UaHvm1BnGOI0IV5ghKQe2lSg3K+ZjRvKak0qSIByiERloylFEpJvNFsvhiVaGMIiFPlzBmfq7I0ORlJPI15URUmO56BXif94gVcGVm1GepIpwPH8oSBlUMSxSgkMqCFZsognCguq/QjxGOiils6zpEOzFlZdJ97xhWw377qLevCnjqIIjcAxOgQ0uQRO0QBt0AAZP4AW8gXfj2Xg1PozPeWnFKHsOwR8Y02/eAqDe</latexit><latexit sha1_base64="Z3VyKoei0GaiYma9rWeaznmMRyc=">AAACGHicbVBNS8MwGE7n15xfVY9egkPwNFsR9CIMvew4wX3AWkqapVtompYkFUfpz/DiX/HiQRGvu/lvTLciuvlA4MnzvO+bvI+fMCqVZX0ZlZXVtfWN6mZta3tnd8/cP+jKOBWYdHDMYtH3kSSMctJRVDHSTwRBkc9Izw9vC7/3QISkMb9Xk4S4ERpxGlCMlJY884w6gUA4cxIkFEXMaUua/9zgoxfm184YKdjywsLzzLrVsGaAy8QuSR2UaHvm1BnGOI0IV5ghKQe2lSg3K+ZjRvKak0qSIByiERloylFEpJvNFsvhiVaGMIiFPlzBmfq7I0ORlJPI15URUmO56BXif94gVcGVm1GepIpwPH8oSBlUMSxSgkMqCFZsognCguq/QjxGOiils6zpEOzFlZdJ97xhWw377qLevCnjqIIjcAxOgQ0uQRO0QBt0AAZP4AW8gXfj2Xg1PozPeWnFKHsOwR8Y02/eAqDe</latexit><latexit sha1_base64="Z3VyKoei0GaiYma9rWeaznmMRyc=">AAACGHicbVBNS8MwGE7n15xfVY9egkPwNFsR9CIMvew4wX3AWkqapVtompYkFUfpz/DiX/HiQRGvu/lvTLciuvlA4MnzvO+bvI+fMCqVZX0ZlZXVtfWN6mZta3tnd8/cP+jKOBWYdHDMYtH3kSSMctJRVDHSTwRBkc9Izw9vC7/3QISkMb9Xk4S4ERpxGlCMlJY884w6gUA4cxIkFEXMaUua/9zgoxfm184YKdjywsLzzLrVsGaAy8QuSR2UaHvm1BnGOI0IV5ghKQe2lSg3K+ZjRvKak0qSIByiERloylFEpJvNFsvhiVaGMIiFPlzBmfq7I0ORlJPI15URUmO56BXif94gVcGVm1GepIpwPH8oSBlUMSxSgkMqCFZsognCguq/QjxGOiils6zpEOzFlZdJ97xhWw377qLevCnjqIIjcAxOgQ0uQRO0QBt0AAZP4AW8gXfj2Xg1PozPeWnFKHsOwR8Y02/eAqDe</latexit><latexit sha1_base64="Z3VyKoei0GaiYma9rWeaznmMRyc=">AAACGHicbVBNS8MwGE7n15xfVY9egkPwNFsR9CIMvew4wX3AWkqapVtompYkFUfpz/DiX/HiQRGvu/lvTLciuvlA4MnzvO+bvI+fMCqVZX0ZlZXVtfWN6mZta3tnd8/cP+jKOBWYdHDMYtH3kSSMctJRVDHSTwRBkc9Izw9vC7/3QISkMb9Xk4S4ERpxGlCMlJY884w6gUA4cxIkFEXMaUua/9zgoxfm184YKdjywsLzzLrVsGaAy8QuSR2UaHvm1BnGOI0IV5ghKQe2lSg3K+ZjRvKak0qSIByiERloylFEpJvNFsvhiVaGMIiFPlzBmfq7I0ORlJPI15URUmO56BXif94gVcGVm1GepIpwPH8oSBlUMSxSgkMqCFZsognCguq/QjxGOiils6zpEOzFlZdJ97xhWw377qLevCnjqIIjcAxOgQ0uQRO0QBt0AAZP4AW8gXfj2Xg1PozPeWnFKHsOwR8Y02/eAqDe</latexit>

Exactly solvable multi-level Landau-Zener problems



Idea: The non-stationary Schrödinger equation can be consistently 
embedded into a set of multi-time Schrödinger equations8

>>><

>>>:

i
@ 

@t
= Ĥ 

i⌫
@ 

@xk
= Ĥk , k = 1, . . . , n� 1
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x0 ⌘ ⌫t, Ĥ0 ⌘ Ĥ, @k =
@

@xk
, x = (x0, . . . , xn�1)
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i⌫@k (x) = Ĥk (x)
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Sinitsyn, Yuzbashyan, Chernyak, Patra & Sun, PRL (2018)
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Idea: The non-stationary Schrödinger equation can be consistently 
embedded into a set of multi-time Schrödinger equations8

>>><

>>>:

i
@ 

@t
= Ĥ 

i⌫
@ 

@xk
= Ĥk , k = 1, . . . , n� 1

<latexit sha1_base64="9K9qoEXc985SqbUg5T/gpqD6hSs="></latexit><latexit sha1_base64="9K9qoEXc985SqbUg5T/gpqD6hSs="></latexit><latexit sha1_base64="9K9qoEXc985SqbUg5T/gpqD6hSs="></latexit><latexit sha1_base64="9K9qoEXc985SqbUg5T/gpqD6hSs="></latexit>

Consistency: @jĤk � @kĤj � i[Ĥk, Ĥj ] = 0
<latexit sha1_base64="MyTtuz9ewvc8qipbwjbb2F5WLBI=">AAACKnicbZDLSsNAFIYnXmu9RV26GSyCC1sSEXQjVN10WcFeoAlhMp2000wuzEyEEvo8bnwVN10oxa0P4qRNi7b+MPDznXM4c343ZlRIw5hoa+sbm1vbhZ3i7t7+waF+dNwUUcIxaeCIRbztIkEYDUlDUslIO+YEBS4jLdd/zOqtF8IFjcJnOYyJHaBeSD2KkVTI0e+tGHFJEXMG0OojCWuOX14wf84GsAxpZ95wucD2neHoJaNiTAVXjZmbEshVd/Sx1Y1wEpBQYoaE6JhGLO00W4kZGRWtRJAYYR/1SEfZEAVE2On01BE8V6QLvYirF0o4pb8nUhQIMQxc1Rkg2RfLtQz+V+sk0ru1UxrGiSQhni3yEgZlBLPcYJdygiUbKoMwp+qvEPcRR1iqdIsqBHP55FXTvKqYRsV8ui5VH/I4CuAUnIELYIIbUAU1UAcNgMEreAcf4FN708baRPuata5p+cwJ+CPt+wc4w6U4</latexit><latexit sha1_base64="MyTtuz9ewvc8qipbwjbb2F5WLBI=">AAACKnicbZDLSsNAFIYnXmu9RV26GSyCC1sSEXQjVN10WcFeoAlhMp2000wuzEyEEvo8bnwVN10oxa0P4qRNi7b+MPDznXM4c343ZlRIw5hoa+sbm1vbhZ3i7t7+waF+dNwUUcIxaeCIRbztIkEYDUlDUslIO+YEBS4jLdd/zOqtF8IFjcJnOYyJHaBeSD2KkVTI0e+tGHFJEXMG0OojCWuOX14wf84GsAxpZ95wucD2neHoJaNiTAVXjZmbEshVd/Sx1Y1wEpBQYoaE6JhGLO00W4kZGRWtRJAYYR/1SEfZEAVE2On01BE8V6QLvYirF0o4pb8nUhQIMQxc1Rkg2RfLtQz+V+sk0ru1UxrGiSQhni3yEgZlBLPcYJdygiUbKoMwp+qvEPcRR1iqdIsqBHP55FXTvKqYRsV8ui5VH/I4CuAUnIELYIIbUAU1UAcNgMEreAcf4FN708baRPuata5p+cwJ+CPt+wc4w6U4</latexit><latexit sha1_base64="MyTtuz9ewvc8qipbwjbb2F5WLBI=">AAACKnicbZDLSsNAFIYnXmu9RV26GSyCC1sSEXQjVN10WcFeoAlhMp2000wuzEyEEvo8bnwVN10oxa0P4qRNi7b+MPDznXM4c343ZlRIw5hoa+sbm1vbhZ3i7t7+waF+dNwUUcIxaeCIRbztIkEYDUlDUslIO+YEBS4jLdd/zOqtF8IFjcJnOYyJHaBeSD2KkVTI0e+tGHFJEXMG0OojCWuOX14wf84GsAxpZ95wucD2neHoJaNiTAVXjZmbEshVd/Sx1Y1wEpBQYoaE6JhGLO00W4kZGRWtRJAYYR/1SEfZEAVE2On01BE8V6QLvYirF0o4pb8nUhQIMQxc1Rkg2RfLtQz+V+sk0ru1UxrGiSQhni3yEgZlBLPcYJdygiUbKoMwp+qvEPcRR1iqdIsqBHP55FXTvKqYRsV8ui5VH/I4CuAUnIELYIIbUAU1UAcNgMEreAcf4FN708baRPuata5p+cwJ+CPt+wc4w6U4</latexit><latexit sha1_base64="MyTtuz9ewvc8qipbwjbb2F5WLBI=">AAACKnicbZDLSsNAFIYnXmu9RV26GSyCC1sSEXQjVN10WcFeoAlhMp2000wuzEyEEvo8bnwVN10oxa0P4qRNi7b+MPDznXM4c343ZlRIw5hoa+sbm1vbhZ3i7t7+waF+dNwUUcIxaeCIRbztIkEYDUlDUslIO+YEBS4jLdd/zOqtF8IFjcJnOYyJHaBeSD2KkVTI0e+tGHFJEXMG0OojCWuOX14wf84GsAxpZ95wucD2neHoJaNiTAVXjZmbEshVd/Sx1Y1wEpBQYoaE6JhGLO00W4kZGRWtRJAYYR/1SEfZEAVE2On01BE8V6QLvYirF0o4pb8nUhQIMQxc1Rkg2RfLtQz+V+sk0ru1UxrGiSQhni3yEgZlBLPcYJdygiUbKoMwp+qvEPcRR1iqdIsqBHP55FXTvKqYRsV8ui5VH/I4CuAUnIELYIIbUAU1UAcNgMEreAcf4FN708baRPuata5p+cwJ+CPt+wc4w6U4</latexit>

x0 ⌘ ⌫t, Ĥ0 ⌘ Ĥ, @k =
@

@xk
, x = (x0, . . . , xn�1)

<latexit sha1_base64="9csNMO3qTi0zIXeb+MwsC88Rwf4="></latexit><latexit sha1_base64="9csNMO3qTi0zIXeb+MwsC88Rwf4="></latexit><latexit sha1_base64="9csNMO3qTi0zIXeb+MwsC88Rwf4="></latexit><latexit sha1_base64="9csNMO3qTi0zIXeb+MwsC88Rwf4="></latexit>

i⌫@k (x) = Ĥk (x)
<latexit sha1_base64="4AD+mTDCwYr5xSns+ZSLcri6oVw="></latexit><latexit sha1_base64="4AD+mTDCwYr5xSns+ZSLcri6oVw="></latexit><latexit sha1_base64="4AD+mTDCwYr5xSns+ZSLcri6oVw="></latexit><latexit sha1_base64="4AD+mTDCwYr5xSns+ZSLcri6oVw="></latexit>

Sinitsyn, Yuzbashyan, Chernyak, Patra & Sun, PRL (2018)

()<latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit><latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit><latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit><latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit>

real imaginary

()<latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit> <latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit> <latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit> <latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit>

8
<

:

@jĤk = @kĤj

[Ĥk, Ĥj ] = 0
<latexit sha1_base64="vsGqiVhtJ4fS2+tazWXKooifLFs="></latexit><latexit sha1_base64="vsGqiVhtJ4fS2+tazWXKooifLFs="></latexit><latexit sha1_base64="vsGqiVhtJ4fS2+tazWXKooifLFs="></latexit><latexit sha1_base64="vsGqiVhtJ4fS2+tazWXKooifLFs="></latexit>

Integrability of the underlying model

Additional constraint



Idea: The non-stationary Schrödinger equation can be consistently 
embedded into a set of multi-time Schrödinger equations

Sinitsyn, Yuzbashyan, Chernyak, Patra & Sun, PRL (2018)

8
<

:

@jĤk = @kĤj

[Ĥk, Ĥj ] = 0
<latexit sha1_base64="vsGqiVhtJ4fS2+tazWXKooifLFs="></latexit><latexit sha1_base64="vsGqiVhtJ4fS2+tazWXKooifLFs="></latexit><latexit sha1_base64="vsGqiVhtJ4fS2+tazWXKooifLFs="></latexit><latexit sha1_base64="vsGqiVhtJ4fS2+tazWXKooifLFs="></latexit>

Example: inhomogeneous 
Dicke model

x0 = �!0 = ⌫t, xk = "k
<latexit sha1_base64="/GAadfKOIcYqzrkuoCTV80J2BT0=">AAACGnicbVC7SgNBFJ31bXxFLW0Gg2ChYVcEbQTRxlLBPCAblruTu3HI7Ow6MxsSlnyHjb9iY6GIndj4N04ehRoPDBzOOZc794Sp4Nq47pczMzs3v7C4tFxYWV1b3yhublV1kimGFZaIRNVD0Ci4xIrhRmA9VQhxKLAWdi6Hfq2LSvNE3pp+is0Y2pJHnIGxUlD0eoF7dugnMbbBMl9m1Bz49xm0aC/onPldUJhqLmw298OIdgZBseSW3RHoNPEmpEQmuA6KH34rYVmM0jABWjc8NzXNHJThTOCg4GcaU2AdaGPDUgkx6mY+Om1A96zSolGi7JOGjtSfEznEWvfj0CZjMHf6rzcU//MamYlOmzmXaWZQsvGiKBPUJHTYE21xhcyIviXAFLd/pewOFDBj2yzYEry/J0+T6lHZc8vezXHp/GJSxxLZIbtkn3jkhJyTK3JNKoSRB/JEXsir8+g8O2/O+zg640xmtskvOJ/faNCggQ==</latexit><latexit sha1_base64="/GAadfKOIcYqzrkuoCTV80J2BT0=">AAACGnicbVC7SgNBFJ31bXxFLW0Gg2ChYVcEbQTRxlLBPCAblruTu3HI7Ow6MxsSlnyHjb9iY6GIndj4N04ehRoPDBzOOZc794Sp4Nq47pczMzs3v7C4tFxYWV1b3yhublV1kimGFZaIRNVD0Ci4xIrhRmA9VQhxKLAWdi6Hfq2LSvNE3pp+is0Y2pJHnIGxUlD0eoF7dugnMbbBMl9m1Bz49xm0aC/onPldUJhqLmw298OIdgZBseSW3RHoNPEmpEQmuA6KH34rYVmM0jABWjc8NzXNHJThTOCg4GcaU2AdaGPDUgkx6mY+Om1A96zSolGi7JOGjtSfEznEWvfj0CZjMHf6rzcU//MamYlOmzmXaWZQsvGiKBPUJHTYE21xhcyIviXAFLd/pewOFDBj2yzYEry/J0+T6lHZc8vezXHp/GJSxxLZIbtkn3jkhJyTK3JNKoSRB/JEXsir8+g8O2/O+zg640xmtskvOJ/faNCggQ==</latexit><latexit sha1_base64="/GAadfKOIcYqzrkuoCTV80J2BT0=">AAACGnicbVC7SgNBFJ31bXxFLW0Gg2ChYVcEbQTRxlLBPCAblruTu3HI7Ow6MxsSlnyHjb9iY6GIndj4N04ehRoPDBzOOZc794Sp4Nq47pczMzs3v7C4tFxYWV1b3yhublV1kimGFZaIRNVD0Ci4xIrhRmA9VQhxKLAWdi6Hfq2LSvNE3pp+is0Y2pJHnIGxUlD0eoF7dugnMbbBMl9m1Bz49xm0aC/onPldUJhqLmw298OIdgZBseSW3RHoNPEmpEQmuA6KH34rYVmM0jABWjc8NzXNHJThTOCg4GcaU2AdaGPDUgkx6mY+Om1A96zSolGi7JOGjtSfEznEWvfj0CZjMHf6rzcU//MamYlOmzmXaWZQsvGiKBPUJHTYE21xhcyIviXAFLd/pewOFDBj2yzYEry/J0+T6lHZc8vezXHp/GJSxxLZIbtkn3jkhJyTK3JNKoSRB/JEXsir8+g8O2/O+zg640xmtskvOJ/faNCggQ==</latexit><latexit sha1_base64="/GAadfKOIcYqzrkuoCTV80J2BT0=">AAACGnicbVC7SgNBFJ31bXxFLW0Gg2ChYVcEbQTRxlLBPCAblruTu3HI7Ow6MxsSlnyHjb9iY6GIndj4N04ehRoPDBzOOZc794Sp4Nq47pczMzs3v7C4tFxYWV1b3yhublV1kimGFZaIRNVD0Ci4xIrhRmA9VQhxKLAWdi6Hfq2LSvNE3pp+is0Y2pJHnIGxUlD0eoF7dugnMbbBMl9m1Bz49xm0aC/onPldUJhqLmw298OIdgZBseSW3RHoNPEmpEQmuA6KH34rYVmM0jABWjc8NzXNHJThTOCg4GcaU2AdaGPDUgkx6mY+Om1A96zSolGi7JOGjtSfEznEWvfj0CZjMHf6rzcU//MamYlOmzmXaWZQsvGiKBPUJHTYE21xhcyIviXAFLd/pewOFDBj2yzYEry/J0+T6lHZc8vezXHp/GJSxxLZIbtkn3jkhJyTK3JNKoSRB/JEXsir8+g8O2/O+zg640xmtskvOJ/faNCggQ==</latexit>

@Hk

@"p
= 2g2

~sk · ~sp
("k � "p)2

=
@Hp

@"k
<latexit sha1_base64="ePklcqotsRUFvlOMfLqyQXu0LW4="></latexit><latexit sha1_base64="ePklcqotsRUFvlOMfLqyQXu0LW4="></latexit><latexit sha1_base64="ePklcqotsRUFvlOMfLqyQXu0LW4="></latexit><latexit sha1_base64="ePklcqotsRUFvlOMfLqyQXu0LW4="></latexit>

Integrability of the underlying model

Additional constraint

ĤD(t) =
X

k

"ks
z
k + !0n̂b + g

X

k

⇣
b̂†s�k + b̂s+k

⌘

<latexit sha1_base64="ian0A0etIVzaQ0orGjEhhbRJ3Zo="></latexit><latexit sha1_base64="ian0A0etIVzaQ0orGjEhhbRJ3Zo="></latexit><latexit sha1_base64="ian0A0etIVzaQ0orGjEhhbRJ3Zo="></latexit><latexit sha1_base64="ian0A0etIVzaQ0orGjEhhbRJ3Zo="></latexit>

Ĥk(t) = ("k � !0)s
z
k + g(b̂†s�k + b̂s+k ) + 2g2

X

p 6=k

~sk · ~sp
"k � "p

<latexit sha1_base64="aqtcCSKEAIJ4FiDWfDgHGvvVJWg="></latexit><latexit sha1_base64="aqtcCSKEAIJ4FiDWfDgHGvvVJWg="></latexit><latexit sha1_base64="aqtcCSKEAIJ4FiDWfDgHGvvVJWg="></latexit><latexit sha1_base64="aqtcCSKEAIJ4FiDWfDgHGvvVJWg="></latexit>

@HD

@"k
= szk =

@Hk

@(�!0)



Multi-level Landau-Zener problem8
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>>>:

i
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@t
= Ĥ 
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@xk
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<latexit sha1_base64="XgKN2Dm1PjiHRURiO77O/gROOdA="></latexit><latexit sha1_base64="XgKN2Dm1PjiHRURiO77O/gROOdA="></latexit><latexit sha1_base64="XgKN2Dm1PjiHRURiO77O/gROOdA="></latexit><latexit sha1_base64="XgKN2Dm1PjiHRURiO77O/gROOdA="></latexit>

Formal solution:
 (x) = T exp

✓
�i

Z

P
ˆHkdxk

◆
 (x0)

<latexit sha1_base64="4KnE7OPf/srteJGm5IItapVfP/M="></latexit><latexit sha1_base64="4KnE7OPf/srteJGm5IItapVfP/M="></latexit><latexit sha1_base64="4KnE7OPf/srteJGm5IItapVfP/M="></latexit><latexit sha1_base64="4KnE7OPf/srteJGm5IItapVfP/M="></latexit>
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>>>:

i
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@t
= Ĥ 

i⌫
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@xk
= Ĥk 

<latexit sha1_base64="XgKN2Dm1PjiHRURiO77O/gROOdA="></latexit><latexit sha1_base64="XgKN2Dm1PjiHRURiO77O/gROOdA="></latexit><latexit sha1_base64="XgKN2Dm1PjiHRURiO77O/gROOdA="></latexit><latexit sha1_base64="XgKN2Dm1PjiHRURiO77O/gROOdA="></latexit>

Non-abelian gauge field Ak = �i ˆHk has zero curvature

<latexit sha1_base64="x4xmGAMGKxPkj7u4U39RL93Nihg="></latexit><latexit sha1_base64="x4xmGAMGKxPkj7u4U39RL93Nihg="></latexit><latexit sha1_base64="x4xmGAMGKxPkj7u4U39RL93Nihg="></latexit><latexit sha1_base64="x4xmGAMGKxPkj7u4U39RL93Nihg="></latexit>

Consistency: @jĤk � @kĤj � i[Ĥk, Ĥj ] = 0
<latexit sha1_base64="MyTtuz9ewvc8qipbwjbb2F5WLBI=">AAACKnicbZDLSsNAFIYnXmu9RV26GSyCC1sSEXQjVN10WcFeoAlhMp2000wuzEyEEvo8bnwVN10oxa0P4qRNi7b+MPDznXM4c343ZlRIw5hoa+sbm1vbhZ3i7t7+waF+dNwUUcIxaeCIRbztIkEYDUlDUslIO+YEBS4jLdd/zOqtF8IFjcJnOYyJHaBeSD2KkVTI0e+tGHFJEXMG0OojCWuOX14wf84GsAxpZ95wucD2neHoJaNiTAVXjZmbEshVd/Sx1Y1wEpBQYoaE6JhGLO00W4kZGRWtRJAYYR/1SEfZEAVE2On01BE8V6QLvYirF0o4pb8nUhQIMQxc1Rkg2RfLtQz+V+sk0ru1UxrGiSQhni3yEgZlBLPcYJdygiUbKoMwp+qvEPcRR1iqdIsqBHP55FXTvKqYRsV8ui5VH/I4CuAUnIELYIIbUAU1UAcNgMEreAcf4FN708baRPuata5p+cwJ+CPt+wc4w6U4</latexit><latexit sha1_base64="MyTtuz9ewvc8qipbwjbb2F5WLBI=">AAACKnicbZDLSsNAFIYnXmu9RV26GSyCC1sSEXQjVN10WcFeoAlhMp2000wuzEyEEvo8bnwVN10oxa0P4qRNi7b+MPDznXM4c343ZlRIw5hoa+sbm1vbhZ3i7t7+waF+dNwUUcIxaeCIRbztIkEYDUlDUslIO+YEBS4jLdd/zOqtF8IFjcJnOYyJHaBeSD2KkVTI0e+tGHFJEXMG0OojCWuOX14wf84GsAxpZ95wucD2neHoJaNiTAVXjZmbEshVd/Sx1Y1wEpBQYoaE6JhGLO00W4kZGRWtRJAYYR/1SEfZEAVE2On01BE8V6QLvYirF0o4pb8nUhQIMQxc1Rkg2RfLtQz+V+sk0ru1UxrGiSQhni3yEgZlBLPcYJdygiUbKoMwp+qvEPcRR1iqdIsqBHP55FXTvKqYRsV8ui5VH/I4CuAUnIELYIIbUAU1UAcNgMEreAcf4FN708baRPuata5p+cwJ+CPt+wc4w6U4</latexit><latexit sha1_base64="MyTtuz9ewvc8qipbwjbb2F5WLBI=">AAACKnicbZDLSsNAFIYnXmu9RV26GSyCC1sSEXQjVN10WcFeoAlhMp2000wuzEyEEvo8bnwVN10oxa0P4qRNi7b+MPDznXM4c343ZlRIw5hoa+sbm1vbhZ3i7t7+waF+dNwUUcIxaeCIRbztIkEYDUlDUslIO+YEBS4jLdd/zOqtF8IFjcJnOYyJHaBeSD2KkVTI0e+tGHFJEXMG0OojCWuOX14wf84GsAxpZ95wucD2neHoJaNiTAVXjZmbEshVd/Sx1Y1wEpBQYoaE6JhGLO00W4kZGRWtRJAYYR/1SEfZEAVE2On01BE8V6QLvYirF0o4pb8nUhQIMQxc1Rkg2RfLtQz+V+sk0ru1UxrGiSQhni3yEgZlBLPcYJdygiUbKoMwp+qvEPcRR1iqdIsqBHP55FXTvKqYRsV8ui5VH/I4CuAUnIELYIIbUAU1UAcNgMEreAcf4FN708baRPuata5p+cwJ+CPt+wc4w6U4</latexit><latexit sha1_base64="MyTtuz9ewvc8qipbwjbb2F5WLBI=">AAACKnicbZDLSsNAFIYnXmu9RV26GSyCC1sSEXQjVN10WcFeoAlhMp2000wuzEyEEvo8bnwVN10oxa0P4qRNi7b+MPDznXM4c343ZlRIw5hoa+sbm1vbhZ3i7t7+waF+dNwUUcIxaeCIRbztIkEYDUlDUslIO+YEBS4jLdd/zOqtF8IFjcJnOYyJHaBeSD2KkVTI0e+tGHFJEXMG0OojCWuOX14wf84GsAxpZ95wucD2neHoJaNiTAVXjZmbEshVd/Sx1Y1wEpBQYoaE6JhGLO00W4kZGRWtRJAYYR/1SEfZEAVE2On01BE8V6QLvYirF0o4pb8nUhQIMQxc1Rkg2RfLtQz+V+sk0ru1UxrGiSQhni3yEgZlBLPcYJdygiUbKoMwp+qvEPcRR1iqdIsqBHP55FXTvKqYRsV8ui5VH/I4CuAUnIELYIIbUAU1UAcNgMEreAcf4FN708baRPuata5p+cwJ+CPt+wc4w6U4</latexit> =)<latexit sha1_base64="D5eL0lcFuL+D0sDwSd/Qf1hBBLU=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0GPRiwcPFewHtKFstpt06WY37E4qJfSfePGgiFf/iTf/jds2B219MPB4b4aZeWEquAHP+3ZKa+sbm1vl7crO7t7+gXt41DIq05Q1qRJKd0JimOCSNYGDYJ1UM5KEgrXD0e3Mb4+ZNlzJR5ikLEhILHnEKQEr9V0X9+6VjDWPh0C0Vk99t+rVvDnwKvELUkUFGn33qzdQNEuYBCqIMV3fSyHIiQZOBZtWeplhKaEjErOupZIkzAT5/PIpPrPKAEdK25KA5+rviZwkxkyS0HYmBIZm2ZuJ/3ndDKLrIOcyzYBJulgUZQKDwrMY8IBrRkFMLCFUc3srpkOiCQUbVsWG4C+/vEpaFzXfq/kPl9X6TRFHGZ2gU3SOfHSF6ugONVATUTRGz+gVvTm58+K8Ox+L1pJTzByjP3A+fwCXl5Og</latexit><latexit sha1_base64="D5eL0lcFuL+D0sDwSd/Qf1hBBLU=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0GPRiwcPFewHtKFstpt06WY37E4qJfSfePGgiFf/iTf/jds2B219MPB4b4aZeWEquAHP+3ZKa+sbm1vl7crO7t7+gXt41DIq05Q1qRJKd0JimOCSNYGDYJ1UM5KEgrXD0e3Mb4+ZNlzJR5ikLEhILHnEKQEr9V0X9+6VjDWPh0C0Vk99t+rVvDnwKvELUkUFGn33qzdQNEuYBCqIMV3fSyHIiQZOBZtWeplhKaEjErOupZIkzAT5/PIpPrPKAEdK25KA5+rviZwkxkyS0HYmBIZm2ZuJ/3ndDKLrIOcyzYBJulgUZQKDwrMY8IBrRkFMLCFUc3srpkOiCQUbVsWG4C+/vEpaFzXfq/kPl9X6TRFHGZ2gU3SOfHSF6ugONVATUTRGz+gVvTm58+K8Ox+L1pJTzByjP3A+fwCXl5Og</latexit><latexit sha1_base64="D5eL0lcFuL+D0sDwSd/Qf1hBBLU=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0GPRiwcPFewHtKFstpt06WY37E4qJfSfePGgiFf/iTf/jds2B219MPB4b4aZeWEquAHP+3ZKa+sbm1vl7crO7t7+gXt41DIq05Q1qRJKd0JimOCSNYGDYJ1UM5KEgrXD0e3Mb4+ZNlzJR5ikLEhILHnEKQEr9V0X9+6VjDWPh0C0Vk99t+rVvDnwKvELUkUFGn33qzdQNEuYBCqIMV3fSyHIiQZOBZtWeplhKaEjErOupZIkzAT5/PIpPrPKAEdK25KA5+rviZwkxkyS0HYmBIZm2ZuJ/3ndDKLrIOcyzYBJulgUZQKDwrMY8IBrRkFMLCFUc3srpkOiCQUbVsWG4C+/vEpaFzXfq/kPl9X6TRFHGZ2gU3SOfHSF6ugONVATUTRGz+gVvTm58+K8Ox+L1pJTzByjP3A+fwCXl5Og</latexit><latexit sha1_base64="D5eL0lcFuL+D0sDwSd/Qf1hBBLU=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0GPRiwcPFewHtKFstpt06WY37E4qJfSfePGgiFf/iTf/jds2B219MPB4b4aZeWEquAHP+3ZKa+sbm1vl7crO7t7+gXt41DIq05Q1qRJKd0JimOCSNYGDYJ1UM5KEgrXD0e3Mb4+ZNlzJR5ikLEhILHnEKQEr9V0X9+6VjDWPh0C0Vk99t+rVvDnwKvELUkUFGn33qzdQNEuYBCqIMV3fSyHIiQZOBZtWeplhKaEjErOupZIkzAT5/PIpPrPKAEdK25KA5+rviZwkxkyS0HYmBIZm2ZuJ/3ndDKLrIOcyzYBJulgUZQKDwrMY8IBrRkFMLCFUc3srpkOiCQUbVsWG4C+/vEpaFzXfq/kPl9X6TRFHGZ2gU3SOfHSF6ugONVATUTRGz+gVvTm58+K8Ox+L1pJTzByjP3A+fwCXl5Og</latexit>

Multi-level Landau-Zener problem

Formal solution:
 (x) = T exp

✓
�i

Z

P
ˆHkdxk

◆
 (x0)

<latexit sha1_base64="4KnE7OPf/srteJGm5IItapVfP/M="></latexit><latexit sha1_base64="4KnE7OPf/srteJGm5IItapVfP/M="></latexit><latexit sha1_base64="4KnE7OPf/srteJGm5IItapVfP/M="></latexit><latexit sha1_base64="4KnE7OPf/srteJGm5IItapVfP/M="></latexit>

Path-independent

[Not to be confused with zero curvature representation of nonlinear PDEs]
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i
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@t
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@xk
= Ĥk 

<latexit sha1_base64="XgKN2Dm1PjiHRURiO77O/gROOdA="></latexit><latexit sha1_base64="XgKN2Dm1PjiHRURiO77O/gROOdA="></latexit><latexit sha1_base64="XgKN2Dm1PjiHRURiO77O/gROOdA="></latexit><latexit sha1_base64="XgKN2Dm1PjiHRURiO77O/gROOdA="></latexit>

a3 � a2
<latexit sha1_base64="2dtaNAf9fmUrYVQnwrqmFneS3x8=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iLgpZBG8sI5gOS49jb7CVLdveO3T0hHAH/gq32dmLrX7H1l7hJrjCJDwYe780wMy9MONPGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFWENknMY9UJsaacSdo0zHDaSRTFIuS0HY7upn77iSrNYvloxgn1BR5IFjGCjZXaOLi8wEEtKFfcqjsDWiVeTiqQoxGUf3r9mKSCSkM41rrruYnxM6wMI5xOSr1U0wSTER7QrqUSC6r9bHbuBJ1ZpY+iWNmSBs3UvxMZFlqPRWg7BTZDvexNxf+8bmqiGz9jMkkNlWS+KEo5MjGa/o76TFFi+NgSTBSztyIyxAoTYxNa2BKKScmG4i1HsEpatarnVr2Hq0r9No+nCCdwCufgwTXU4R4a0AQCI3iBV3hznp1358P5nLcWnHzmGBbgfP0CgDSVeA==</latexit><latexit sha1_base64="2dtaNAf9fmUrYVQnwrqmFneS3x8=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iLgpZBG8sI5gOS49jb7CVLdveO3T0hHAH/gq32dmLrX7H1l7hJrjCJDwYe780wMy9MONPGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFWENknMY9UJsaacSdo0zHDaSRTFIuS0HY7upn77iSrNYvloxgn1BR5IFjGCjZXaOLi8wEEtKFfcqjsDWiVeTiqQoxGUf3r9mKSCSkM41rrruYnxM6wMI5xOSr1U0wSTER7QrqUSC6r9bHbuBJ1ZpY+iWNmSBs3UvxMZFlqPRWg7BTZDvexNxf+8bmqiGz9jMkkNlWS+KEo5MjGa/o76TFFi+NgSTBSztyIyxAoTYxNa2BKKScmG4i1HsEpatarnVr2Hq0r9No+nCCdwCufgwTXU4R4a0AQCI3iBV3hznp1358P5nLcWnHzmGBbgfP0CgDSVeA==</latexit><latexit sha1_base64="2dtaNAf9fmUrYVQnwrqmFneS3x8=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iLgpZBG8sI5gOS49jb7CVLdveO3T0hHAH/gq32dmLrX7H1l7hJrjCJDwYe780wMy9MONPGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFWENknMY9UJsaacSdo0zHDaSRTFIuS0HY7upn77iSrNYvloxgn1BR5IFjGCjZXaOLi8wEEtKFfcqjsDWiVeTiqQoxGUf3r9mKSCSkM41rrruYnxM6wMI5xOSr1U0wSTER7QrqUSC6r9bHbuBJ1ZpY+iWNmSBs3UvxMZFlqPRWg7BTZDvexNxf+8bmqiGz9jMkkNlWS+KEo5MjGa/o76TFFi+NgSTBSztyIyxAoTYxNa2BKKScmG4i1HsEpatarnVr2Hq0r9No+nCCdwCufgwTXU4R4a0AQCI3iBV3hznp1358P5nLcWnHzmGBbgfP0CgDSVeA==</latexit><latexit sha1_base64="2dtaNAf9fmUrYVQnwrqmFneS3x8=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iLgpZBG8sI5gOS49jb7CVLdveO3T0hHAH/gq32dmLrX7H1l7hJrjCJDwYe780wMy9MONPGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFWENknMY9UJsaacSdo0zHDaSRTFIuS0HY7upn77iSrNYvloxgn1BR5IFjGCjZXaOLi8wEEtKFfcqjsDWiVeTiqQoxGUf3r9mKSCSkM41rrruYnxM6wMI5xOSr1U0wSTER7QrqUSC6r9bHbuBJ1ZpY+iWNmSBs3UvxMZFlqPRWg7BTZDvexNxf+8bmqiGz9jMkkNlWS+KEo5MjGa/o76TFFi+NgSTBSztyIyxAoTYxNa2BKKScmG4i1HsEpatarnVr2Hq0r9No+nCCdwCufgwTXU4R4a0AQCI3iBV3hznp1358P5nLcWnHzmGBbgfP0CgDSVeA==</latexit>

xk = ak
<latexit sha1_base64="6JYCa9+rRsRY4RdenHkkeaksN7s=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QhjDZbtslm03Y3Ygl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aysrq1vbJa2yts7u3v7lYPDlk4yRVmTJiJRnRA1E1yypuFGsE6qGMahYO0wup367UemNE/kgxmnzI9xKPmAUzRWaj8F0TUGUVCpujV3BrJMvIJUoUAjqHz1+gnNYiYNFah113NT4+eoDKeCTcq9TLMUaYRD1rVUYsy0n8/OnZBTq/TJIFG2pCEz9fdEjrHW4zi0nTGakV70puJ/Xjczgys/5zLNDJN0vmiQCWISMv2d9Lli1IixJUgVt7cSOkKF1NiEyjYEb/HlZdI6r3luzbu/qNZvijhKcAwncAYeXEId7qABTaAQwTO8wpuTOi/Ou/Mxb11xipkj+APn8wcf8Y9q</latexit><latexit sha1_base64="6JYCa9+rRsRY4RdenHkkeaksN7s=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QhjDZbtslm03Y3Ygl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aysrq1vbJa2yts7u3v7lYPDlk4yRVmTJiJRnRA1E1yypuFGsE6qGMahYO0wup367UemNE/kgxmnzI9xKPmAUzRWaj8F0TUGUVCpujV3BrJMvIJUoUAjqHz1+gnNYiYNFah113NT4+eoDKeCTcq9TLMUaYRD1rVUYsy0n8/OnZBTq/TJIFG2pCEz9fdEjrHW4zi0nTGakV70puJ/Xjczgys/5zLNDJN0vmiQCWISMv2d9Lli1IixJUgVt7cSOkKF1NiEyjYEb/HlZdI6r3luzbu/qNZvijhKcAwncAYeXEId7qABTaAQwTO8wpuTOi/Ou/Mxb11xipkj+APn8wcf8Y9q</latexit><latexit sha1_base64="6JYCa9+rRsRY4RdenHkkeaksN7s=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QhjDZbtslm03Y3Ygl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aysrq1vbJa2yts7u3v7lYPDlk4yRVmTJiJRnRA1E1yypuFGsE6qGMahYO0wup367UemNE/kgxmnzI9xKPmAUzRWaj8F0TUGUVCpujV3BrJMvIJUoUAjqHz1+gnNYiYNFah113NT4+eoDKeCTcq9TLMUaYRD1rVUYsy0n8/OnZBTq/TJIFG2pCEz9fdEjrHW4zi0nTGakV70puJ/Xjczgys/5zLNDJN0vmiQCWISMv2d9Lli1IixJUgVt7cSOkKF1NiEyjYEb/HlZdI6r3luzbu/qNZvijhKcAwncAYeXEId7qABTaAQwTO8wpuTOi/Ou/Mxb11xipkj+APn8wcf8Y9q</latexit><latexit sha1_base64="6JYCa9+rRsRY4RdenHkkeaksN7s=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QhjDZbtslm03Y3Ygl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aysrq1vbJa2yts7u3v7lYPDlk4yRVmTJiJRnRA1E1yypuFGsE6qGMahYO0wup367UemNE/kgxmnzI9xKPmAUzRWaj8F0TUGUVCpujV3BrJMvIJUoUAjqHz1+gnNYiYNFah113NT4+eoDKeCTcq9TLMUaYRD1rVUYsy0n8/OnZBTq/TJIFG2pCEz9fdEjrHW4zi0nTGakV70puJ/Xjczgys/5zLNDJN0vmiQCWISMv2d9Lli1IixJUgVt7cSOkKF1NiEyjYEb/HlZdI6r3luzbu/qNZvijhKcAwncAYeXEId7qABTaAQwTO8wpuTOi/Ou/Mxb11xipkj+APn8wcf8Y9q</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

a = (a2, . . . , aN )
<latexit sha1_base64="fGt18sB36j1ogMhfd6ANBHeW+50=">AAACD3icbVDLSsNAFJ3UV62vqODGzWARKpSSFEE3QtGNK6lgH9CGcDOdtkNnkjAzEUrtR/gLbnXvTtz6CW79EqdtFrb1wIXDOfdwLyeIOVPacb6tzMrq2vpGdjO3tb2zu2fvH9RVlEhCayTikWwGoChnIa1ppjltxpKCCDhtBIObid94pFKxKHzQw5h6Anoh6zIC2ki+fdQOBIarAvjlYrsTaVXE4N+d+XbeKTlT4GXipiSPUlR9+8ekSSJoqAkHpVquE2tvBFIzwuk4104UjYEMoEdbhoYgqPJG0//H+NQoHdyNpJlQ46n6NzECodRQBGZTgO6rRW8i/ue1Et299EYsjBNNQzI71E041hGelIE7TFKi+dAQIJKZXzHpgwSiTWVzVwIxzplS3MUKlkm9XHKdknt/nq9cp/Vk0TE6QQXkogtUQbeoimqIoCf0gl7Rm/VsvVsf1udsNWOlmUM0B+vrF9g7mvU=</latexit><latexit sha1_base64="fGt18sB36j1ogMhfd6ANBHeW+50=">AAACD3icbVDLSsNAFJ3UV62vqODGzWARKpSSFEE3QtGNK6lgH9CGcDOdtkNnkjAzEUrtR/gLbnXvTtz6CW79EqdtFrb1wIXDOfdwLyeIOVPacb6tzMrq2vpGdjO3tb2zu2fvH9RVlEhCayTikWwGoChnIa1ppjltxpKCCDhtBIObid94pFKxKHzQw5h6Anoh6zIC2ki+fdQOBIarAvjlYrsTaVXE4N+d+XbeKTlT4GXipiSPUlR9+8ekSSJoqAkHpVquE2tvBFIzwuk4104UjYEMoEdbhoYgqPJG0//H+NQoHdyNpJlQ46n6NzECodRQBGZTgO6rRW8i/ue1Et299EYsjBNNQzI71E041hGelIE7TFKi+dAQIJKZXzHpgwSiTWVzVwIxzplS3MUKlkm9XHKdknt/nq9cp/Vk0TE6QQXkogtUQbeoimqIoCf0gl7Rm/VsvVsf1udsNWOlmUM0B+vrF9g7mvU=</latexit><latexit sha1_base64="fGt18sB36j1ogMhfd6ANBHeW+50=">AAACD3icbVDLSsNAFJ3UV62vqODGzWARKpSSFEE3QtGNK6lgH9CGcDOdtkNnkjAzEUrtR/gLbnXvTtz6CW79EqdtFrb1wIXDOfdwLyeIOVPacb6tzMrq2vpGdjO3tb2zu2fvH9RVlEhCayTikWwGoChnIa1ppjltxpKCCDhtBIObid94pFKxKHzQw5h6Anoh6zIC2ki+fdQOBIarAvjlYrsTaVXE4N+d+XbeKTlT4GXipiSPUlR9+8ekSSJoqAkHpVquE2tvBFIzwuk4104UjYEMoEdbhoYgqPJG0//H+NQoHdyNpJlQ46n6NzECodRQBGZTgO6rRW8i/ue1Et299EYsjBNNQzI71E041hGelIE7TFKi+dAQIJKZXzHpgwSiTWVzVwIxzplS3MUKlkm9XHKdknt/nq9cp/Vk0TE6QQXkogtUQbeoimqIoCf0gl7Rm/VsvVsf1udsNWOlmUM0B+vrF9g7mvU=</latexit><latexit sha1_base64="fGt18sB36j1ogMhfd6ANBHeW+50=">AAACD3icbVDLSsNAFJ3UV62vqODGzWARKpSSFEE3QtGNK6lgH9CGcDOdtkNnkjAzEUrtR/gLbnXvTtz6CW79EqdtFrb1wIXDOfdwLyeIOVPacb6tzMrq2vpGdjO3tb2zu2fvH9RVlEhCayTikWwGoChnIa1ppjltxpKCCDhtBIObid94pFKxKHzQw5h6Anoh6zIC2ki+fdQOBIarAvjlYrsTaVXE4N+d+XbeKTlT4GXipiSPUlR9+8ekSSJoqAkHpVquE2tvBFIzwuk4104UjYEMoEdbhoYgqPJG0//H+NQoHdyNpJlQ46n6NzECodRQBGZTgO6rRW8i/ue1Et299EYsjBNNQzI71E041hGelIE7TFKi+dAQIJKZXzHpgwSiTWVzVwIxzplS3MUKlkm9XHKdknt/nq9cp/Vk0TE6QQXkogtUQbeoimqIoCf0gl7Rm/VsvVsf1udsNWOlmUM0B+vrF9g7mvU=</latexit>

�1
<latexit sha1_base64="XIFFDZzg56X6sUkOUbF3IiA0F9w=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgY7gTQcugjWUE8wHJEfY2e8mSvb1jd04IR8C/YKu9ndj6V2z9JW6SK0zig4HHezPMzAsSKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00Tp5rxBotlrNsBNVwKxRsoUPJ2ojmNAslbwehu6reeuDYiVo84Trgf0YESoWAUrdS66AoV4rhXrrhVdwaySrycVCBHvVf+6fZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCOpYpG3PjZ7NwJObNKn4SxtqWQzNS/ExmNjBlHge2MKA7NsjcV//M6KYY3fiZUkiJXbL4oTCXBmEx/J32hOUM5toQyLeythA2ppgxtQgtbgmhSsqF4yxGskuZl1XOr3sNVpXabx1OEEziFc/DgGmpwD3VoAIMRvMArvDnPzrvz4XzOWwtOPnMMC3C+fgF+ypYZ</latexit><latexit sha1_base64="XIFFDZzg56X6sUkOUbF3IiA0F9w=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgY7gTQcugjWUE8wHJEfY2e8mSvb1jd04IR8C/YKu9ndj6V2z9JW6SK0zig4HHezPMzAsSKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00Tp5rxBotlrNsBNVwKxRsoUPJ2ojmNAslbwehu6reeuDYiVo84Trgf0YESoWAUrdS66AoV4rhXrrhVdwaySrycVCBHvVf+6fZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCOpYpG3PjZ7NwJObNKn4SxtqWQzNS/ExmNjBlHge2MKA7NsjcV//M6KYY3fiZUkiJXbL4oTCXBmEx/J32hOUM5toQyLeythA2ppgxtQgtbgmhSsqF4yxGskuZl1XOr3sNVpXabx1OEEziFc/DgGmpwD3VoAIMRvMArvDnPzrvz4XzOWwtOPnMMC3C+fgF+ypYZ</latexit><latexit sha1_base64="XIFFDZzg56X6sUkOUbF3IiA0F9w=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgY7gTQcugjWUE8wHJEfY2e8mSvb1jd04IR8C/YKu9ndj6V2z9JW6SK0zig4HHezPMzAsSKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00Tp5rxBotlrNsBNVwKxRsoUPJ2ojmNAslbwehu6reeuDYiVo84Trgf0YESoWAUrdS66AoV4rhXrrhVdwaySrycVCBHvVf+6fZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCOpYpG3PjZ7NwJObNKn4SxtqWQzNS/ExmNjBlHge2MKA7NsjcV//M6KYY3fiZUkiJXbL4oTCXBmEx/J32hOUM5toQyLeythA2ppgxtQgtbgmhSsqF4yxGskuZl1XOr3sNVpXabx1OEEziFc/DgGmpwD3VoAIMRvMArvDnPzrvz4XzOWwtOPnMMC3C+fgF+ypYZ</latexit><latexit sha1_base64="XIFFDZzg56X6sUkOUbF3IiA0F9w=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgY7gTQcugjWUE8wHJEfY2e8mSvb1jd04IR8C/YKu9ndj6V2z9JW6SK0zig4HHezPMzAsSKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00Tp5rxBotlrNsBNVwKxRsoUPJ2ojmNAslbwehu6reeuDYiVo84Trgf0YESoWAUrdS66AoV4rhXrrhVdwaySrycVCBHvVf+6fZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCOpYpG3PjZ7NwJObNKn4SxtqWQzNS/ExmNjBlHge2MKA7NsjcV//M6KYY3fiZUkiJXbL4oTCXBmEx/J32hOUM5toQyLeythA2ppgxtQgtbgmhSsqF4yxGskuZl1XOr3sNVpXabx1OEEziFc/DgGmpwD3VoAIMRvMArvDnPzrvz4XzOWwtOPnMMC3C+fgF+ypYZ</latexit> +1

<latexit sha1_base64="rQKZBJTzTds+zBVee9Q4EcbD+RU=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtqlm03YnQglFPwLXvXuTbz6V7z6S9y2OdjWBwOP92aYmRckUhh03W+nsLa+sblV3C7t7O7tH5QPj5omTjXjDRbLWLcDargUijdQoOTtRHMaBZK3gtHd1G89cW1ErB5xnHA/ogMlQsEoWql10RUqxHGvXHGr7gxklXg5qUCOeq/80+3HLI24QiapMR3PTdDPqEbBJJ+UuqnhCWUjOuAdSxWNuPGz2bkTcmaVPgljbUshmal/JzIaGTOOAtsZURyaZW8q/ud1Ugxv/EyoJEWu2HxRmEqCMZn+TvpCc4ZybAllWthbCRtSTRnahBa2BNGkZEPxliNYJc3LqudWvYerSu02j6cIJ3AK5+DBNdTgHurQAAYjeIFXeHOenXfnw/mctxacfOYYFuB8/QJ7lpYX</latexit><latexit sha1_base64="rQKZBJTzTds+zBVee9Q4EcbD+RU=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtqlm03YnQglFPwLXvXuTbz6V7z6S9y2OdjWBwOP92aYmRckUhh03W+nsLa+sblV3C7t7O7tH5QPj5omTjXjDRbLWLcDargUijdQoOTtRHMaBZK3gtHd1G89cW1ErB5xnHA/ogMlQsEoWql10RUqxHGvXHGr7gxklXg5qUCOeq/80+3HLI24QiapMR3PTdDPqEbBJJ+UuqnhCWUjOuAdSxWNuPGz2bkTcmaVPgljbUshmal/JzIaGTOOAtsZURyaZW8q/ud1Ugxv/EyoJEWu2HxRmEqCMZn+TvpCc4ZybAllWthbCRtSTRnahBa2BNGkZEPxliNYJc3LqudWvYerSu02j6cIJ3AK5+DBNdTgHurQAAYjeIFXeHOenXfnw/mctxacfOYYFuB8/QJ7lpYX</latexit><latexit sha1_base64="rQKZBJTzTds+zBVee9Q4EcbD+RU=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtqlm03YnQglFPwLXvXuTbz6V7z6S9y2OdjWBwOP92aYmRckUhh03W+nsLa+sblV3C7t7O7tH5QPj5omTjXjDRbLWLcDargUijdQoOTtRHMaBZK3gtHd1G89cW1ErB5xnHA/ogMlQsEoWql10RUqxHGvXHGr7gxklXg5qUCOeq/80+3HLI24QiapMR3PTdDPqEbBJJ+UuqnhCWUjOuAdSxWNuPGz2bkTcmaVPgljbUshmal/JzIaGTOOAtsZURyaZW8q/ud1Ugxv/EyoJEWu2HxRmEqCMZn+TvpCc4ZybAllWthbCRtSTRnahBa2BNGkZEPxliNYJc3LqudWvYerSu02j6cIJ3AK5+DBNdTgHurQAAYjeIFXeHOenXfnw/mctxacfOYYFuB8/QJ7lpYX</latexit><latexit sha1_base64="rQKZBJTzTds+zBVee9Q4EcbD+RU=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtqlm03YnQglFPwLXvXuTbz6V7z6S9y2OdjWBwOP92aYmRckUhh03W+nsLa+sblV3C7t7O7tH5QPj5omTjXjDRbLWLcDargUijdQoOTtRHMaBZK3gtHd1G89cW1ErB5xnHA/ogMlQsEoWql10RUqxHGvXHGr7gxklXg5qUCOeq/80+3HLI24QiapMR3PTdDPqEbBJJ+UuqnhCWUjOuAdSxWNuPGz2bkTcmaVPgljbUshmal/JzIaGTOOAtsZURyaZW8q/ud1Ugxv/EyoJEWu2HxRmEqCMZn+TvpCc4ZybAllWthbCRtSTRnahBa2BNGkZEPxliNYJc3LqudWvYerSu02j6cIJ3AK5+DBNdTgHurQAAYjeIFXeHOenXfnw/mctxacfOYYFuB8/QJ7lpYX</latexit>

a2 ⌧ a3 ⌧ · · · ⌧ aN
<latexit sha1_base64="kiMAnOiskz54LBqgQsIHD4yMfic=">AAACEnicbVDLSgMxFM3UV62vUVfiJlgEV2WmCrosunElFewD2mG4k2ba0GRmSDJCGYo/4S+41b07cesPuPVLTNtZ2NYDISfn3sO9OUHCmdKO820VVlbX1jeKm6Wt7Z3dPXv/oKniVBLaIDGPZTsARTmLaEMzzWk7kRREwGkrGN5M6q1HKhWLowc9SqgnoB+xkBHQRvLtI/CrXc4x+Ofm6vZirWbPO98uOxVnCrxM3JyUUY66b/8YO0kFjTThoFTHdRLtZSA1I5yOS91U0QTIEPq0Y2gEgiovm35hjE+N0sNhLM2JNJ6qfx0ZCKVGIjCdAvRALdYm4n+1TqrDKy9jUZJqGpHZoDDlWMd4kgfuMUmJ5iNDgEhmdsVkABKINqnNTQnEuGRCcRcjWCbNasV1Ku79Rbl2ncdTRMfoBJ0hF12iGrpFddRABD2hF/SK3qxn6936sD5nrQUr9xyiOVhfv76WnTA=</latexit><latexit sha1_base64="kiMAnOiskz54LBqgQsIHD4yMfic=">AAACEnicbVDLSgMxFM3UV62vUVfiJlgEV2WmCrosunElFewD2mG4k2ba0GRmSDJCGYo/4S+41b07cesPuPVLTNtZ2NYDISfn3sO9OUHCmdKO820VVlbX1jeKm6Wt7Z3dPXv/oKniVBLaIDGPZTsARTmLaEMzzWk7kRREwGkrGN5M6q1HKhWLowc9SqgnoB+xkBHQRvLtI/CrXc4x+Ofm6vZirWbPO98uOxVnCrxM3JyUUY66b/8YO0kFjTThoFTHdRLtZSA1I5yOS91U0QTIEPq0Y2gEgiovm35hjE+N0sNhLM2JNJ6qfx0ZCKVGIjCdAvRALdYm4n+1TqrDKy9jUZJqGpHZoDDlWMd4kgfuMUmJ5iNDgEhmdsVkABKINqnNTQnEuGRCcRcjWCbNasV1Ku79Rbl2ncdTRMfoBJ0hF12iGrpFddRABD2hF/SK3qxn6936sD5nrQUr9xyiOVhfv76WnTA=</latexit><latexit sha1_base64="kiMAnOiskz54LBqgQsIHD4yMfic=">AAACEnicbVDLSgMxFM3UV62vUVfiJlgEV2WmCrosunElFewD2mG4k2ba0GRmSDJCGYo/4S+41b07cesPuPVLTNtZ2NYDISfn3sO9OUHCmdKO820VVlbX1jeKm6Wt7Z3dPXv/oKniVBLaIDGPZTsARTmLaEMzzWk7kRREwGkrGN5M6q1HKhWLowc9SqgnoB+xkBHQRvLtI/CrXc4x+Ofm6vZirWbPO98uOxVnCrxM3JyUUY66b/8YO0kFjTThoFTHdRLtZSA1I5yOS91U0QTIEPq0Y2gEgiovm35hjE+N0sNhLM2JNJ6qfx0ZCKVGIjCdAvRALdYm4n+1TqrDKy9jUZJqGpHZoDDlWMd4kgfuMUmJ5iNDgEhmdsVkABKINqnNTQnEuGRCcRcjWCbNasV1Ku79Rbl2ncdTRMfoBJ0hF12iGrpFddRABD2hF/SK3qxn6936sD5nrQUr9xyiOVhfv76WnTA=</latexit><latexit sha1_base64="kiMAnOiskz54LBqgQsIHD4yMfic=">AAACEnicbVDLSgMxFM3UV62vUVfiJlgEV2WmCrosunElFewD2mG4k2ba0GRmSDJCGYo/4S+41b07cesPuPVLTNtZ2NYDISfn3sO9OUHCmdKO820VVlbX1jeKm6Wt7Z3dPXv/oKniVBLaIDGPZTsARTmLaEMzzWk7kRREwGkrGN5M6q1HKhWLowc9SqgnoB+xkBHQRvLtI/CrXc4x+Ofm6vZirWbPO98uOxVnCrxM3JyUUY66b/8YO0kFjTThoFTHdRLtZSA1I5yOS91U0QTIEPq0Y2gEgiovm35hjE+N0sNhLM2JNJ6qfx0ZCKVGIjCdAvRALdYm4n+1TqrDKy9jUZJqGpHZoDDlWMd4kgfuMUmJ5iNDgEhmdsVkABKINqnNTQnEuGRCcRcjWCbNasV1Ku79Rbl2ncdTRMfoBJ0hF12iGrpFddRABD2hF/SK3qxn6936sD5nrQUr9xyiOVhfv76WnTA=</latexit>

Multi-level Landau-Zener problem

Example: Demkov-Osherov model

Formal solution:
 (x) = T exp

✓
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<latexit sha1_base64="4KnE7OPf/srteJGm5IItapVfP/M="></latexit><latexit sha1_base64="4KnE7OPf/srteJGm5IItapVfP/M="></latexit><latexit sha1_base64="4KnE7OPf/srteJGm5IItapVfP/M="></latexit><latexit sha1_base64="4KnE7OPf/srteJGm5IItapVfP/M="></latexit>

Path-independent

HDO(t) =

0

BBB@

0 g2 · · · gN
g2 a2 · · · 0
...

...
. . .

...
gN 0 · · · aN

1

CCCA
+ t

0

BBB@

� 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

1

CCCA

<latexit sha1_base64="QMmvCZaYY7qS2Ku4OyuJjlHTRVU="></latexit><latexit sha1_base64="QMmvCZaYY7qS2Ku4OyuJjlHTRVU="></latexit><latexit sha1_base64="QMmvCZaYY7qS2Ku4OyuJjlHTRVU="></latexit><latexit sha1_base64="QMmvCZaYY7qS2Ku4OyuJjlHTRVU="></latexit>



Multi-level Landau-Zener problem

Formal solution:
 (x) = T exp

✓
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<latexit sha1_base64="4KnE7OPf/srteJGm5IItapVfP/M="></latexit><latexit sha1_base64="4KnE7OPf/srteJGm5IItapVfP/M="></latexit><latexit sha1_base64="4KnE7OPf/srteJGm5IItapVfP/M="></latexit><latexit sha1_base64="4KnE7OPf/srteJGm5IItapVfP/M="></latexit>
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i
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<latexit sha1_base64="XgKN2Dm1PjiHRURiO77O/gROOdA="></latexit><latexit sha1_base64="XgKN2Dm1PjiHRURiO77O/gROOdA="></latexit><latexit sha1_base64="XgKN2Dm1PjiHRURiO77O/gROOdA="></latexit><latexit sha1_base64="XgKN2Dm1PjiHRURiO77O/gROOdA="></latexit>

Path-independent

Example: Demkov-Osherov model

a3 � a2
<latexit sha1_base64="2dtaNAf9fmUrYVQnwrqmFneS3x8=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iLgpZBG8sI5gOS49jb7CVLdveO3T0hHAH/gq32dmLrX7H1l7hJrjCJDwYe780wMy9MONPGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFWENknMY9UJsaacSdo0zHDaSRTFIuS0HY7upn77iSrNYvloxgn1BR5IFjGCjZXaOLi8wEEtKFfcqjsDWiVeTiqQoxGUf3r9mKSCSkM41rrruYnxM6wMI5xOSr1U0wSTER7QrqUSC6r9bHbuBJ1ZpY+iWNmSBs3UvxMZFlqPRWg7BTZDvexNxf+8bmqiGz9jMkkNlWS+KEo5MjGa/o76TFFi+NgSTBSztyIyxAoTYxNa2BKKScmG4i1HsEpatarnVr2Hq0r9No+nCCdwCufgwTXU4R4a0AQCI3iBV3hznp1358P5nLcWnHzmGBbgfP0CgDSVeA==</latexit><latexit sha1_base64="2dtaNAf9fmUrYVQnwrqmFneS3x8=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iLgpZBG8sI5gOS49jb7CVLdveO3T0hHAH/gq32dmLrX7H1l7hJrjCJDwYe780wMy9MONPGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFWENknMY9UJsaacSdo0zHDaSRTFIuS0HY7upn77iSrNYvloxgn1BR5IFjGCjZXaOLi8wEEtKFfcqjsDWiVeTiqQoxGUf3r9mKSCSkM41rrruYnxM6wMI5xOSr1U0wSTER7QrqUSC6r9bHbuBJ1ZpY+iWNmSBs3UvxMZFlqPRWg7BTZDvexNxf+8bmqiGz9jMkkNlWS+KEo5MjGa/o76TFFi+NgSTBSztyIyxAoTYxNa2BKKScmG4i1HsEpatarnVr2Hq0r9No+nCCdwCufgwTXU4R4a0AQCI3iBV3hznp1358P5nLcWnHzmGBbgfP0CgDSVeA==</latexit><latexit sha1_base64="2dtaNAf9fmUrYVQnwrqmFneS3x8=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iLgpZBG8sI5gOS49jb7CVLdveO3T0hHAH/gq32dmLrX7H1l7hJrjCJDwYe780wMy9MONPGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFWENknMY9UJsaacSdo0zHDaSRTFIuS0HY7upn77iSrNYvloxgn1BR5IFjGCjZXaOLi8wEEtKFfcqjsDWiVeTiqQoxGUf3r9mKSCSkM41rrruYnxM6wMI5xOSr1U0wSTER7QrqUSC6r9bHbuBJ1ZpY+iWNmSBs3UvxMZFlqPRWg7BTZDvexNxf+8bmqiGz9jMkkNlWS+KEo5MjGa/o76TFFi+NgSTBSztyIyxAoTYxNa2BKKScmG4i1HsEpatarnVr2Hq0r9No+nCCdwCufgwTXU4R4a0AQCI3iBV3hznp1358P5nLcWnHzmGBbgfP0CgDSVeA==</latexit><latexit sha1_base64="2dtaNAf9fmUrYVQnwrqmFneS3x8=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iLgpZBG8sI5gOS49jb7CVLdveO3T0hHAH/gq32dmLrX7H1l7hJrjCJDwYe780wMy9MONPGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFWENknMY9UJsaacSdo0zHDaSRTFIuS0HY7upn77iSrNYvloxgn1BR5IFjGCjZXaOLi8wEEtKFfcqjsDWiVeTiqQoxGUf3r9mKSCSkM41rrruYnxM6wMI5xOSr1U0wSTER7QrqUSC6r9bHbuBJ1ZpY+iWNmSBs3UvxMZFlqPRWg7BTZDvexNxf+8bmqiGz9jMkkNlWS+KEo5MjGa/o76TFFi+NgSTBSztyIyxAoTYxNa2BKKScmG4i1HsEpatarnVr2Hq0r9No+nCCdwCufgwTXU4R4a0AQCI3iBV3hznp1358P5nLcWnHzmGBbgfP0CgDSVeA==</latexit>

xk = ak
<latexit sha1_base64="6JYCa9+rRsRY4RdenHkkeaksN7s=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QhjDZbtslm03Y3Ygl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aysrq1vbJa2yts7u3v7lYPDlk4yRVmTJiJRnRA1E1yypuFGsE6qGMahYO0wup367UemNE/kgxmnzI9xKPmAUzRWaj8F0TUGUVCpujV3BrJMvIJUoUAjqHz1+gnNYiYNFah113NT4+eoDKeCTcq9TLMUaYRD1rVUYsy0n8/OnZBTq/TJIFG2pCEz9fdEjrHW4zi0nTGakV70puJ/Xjczgys/5zLNDJN0vmiQCWISMv2d9Lli1IixJUgVt7cSOkKF1NiEyjYEb/HlZdI6r3luzbu/qNZvijhKcAwncAYeXEId7qABTaAQwTO8wpuTOi/Ou/Mxb11xipkj+APn8wcf8Y9q</latexit><latexit sha1_base64="6JYCa9+rRsRY4RdenHkkeaksN7s=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QhjDZbtslm03Y3Ygl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aysrq1vbJa2yts7u3v7lYPDlk4yRVmTJiJRnRA1E1yypuFGsE6qGMahYO0wup367UemNE/kgxmnzI9xKPmAUzRWaj8F0TUGUVCpujV3BrJMvIJUoUAjqHz1+gnNYiYNFah113NT4+eoDKeCTcq9TLMUaYRD1rVUYsy0n8/OnZBTq/TJIFG2pCEz9fdEjrHW4zi0nTGakV70puJ/Xjczgys/5zLNDJN0vmiQCWISMv2d9Lli1IixJUgVt7cSOkKF1NiEyjYEb/HlZdI6r3luzbu/qNZvijhKcAwncAYeXEId7qABTaAQwTO8wpuTOi/Ou/Mxb11xipkj+APn8wcf8Y9q</latexit><latexit sha1_base64="6JYCa9+rRsRY4RdenHkkeaksN7s=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QhjDZbtslm03Y3Ygl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aysrq1vbJa2yts7u3v7lYPDlk4yRVmTJiJRnRA1E1yypuFGsE6qGMahYO0wup367UemNE/kgxmnzI9xKPmAUzRWaj8F0TUGUVCpujV3BrJMvIJUoUAjqHz1+gnNYiYNFah113NT4+eoDKeCTcq9TLMUaYRD1rVUYsy0n8/OnZBTq/TJIFG2pCEz9fdEjrHW4zi0nTGakV70puJ/Xjczgys/5zLNDJN0vmiQCWISMv2d9Lli1IixJUgVt7cSOkKF1NiEyjYEb/HlZdI6r3luzbu/qNZvijhKcAwncAYeXEId7qABTaAQwTO8wpuTOi/Ou/Mxb11xipkj+APn8wcf8Y9q</latexit><latexit sha1_base64="6JYCa9+rRsRY4RdenHkkeaksN7s=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QhjDZbtslm03Y3Ygl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aysrq1vbJa2yts7u3v7lYPDlk4yRVmTJiJRnRA1E1yypuFGsE6qGMahYO0wup367UemNE/kgxmnzI9xKPmAUzRWaj8F0TUGUVCpujV3BrJMvIJUoUAjqHz1+gnNYiYNFah113NT4+eoDKeCTcq9TLMUaYRD1rVUYsy0n8/OnZBTq/TJIFG2pCEz9fdEjrHW4zi0nTGakV70puJ/Xjczgys/5zLNDJN0vmiQCWISMv2d9Lli1IixJUgVt7cSOkKF1NiEyjYEb/HlZdI6r3luzbu/qNZvijhKcAwncAYeXEId7qABTaAQwTO8wpuTOi/Ou/Mxb11xipkj+APn8wcf8Y9q</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

a = (a2, . . . , aN )
<latexit sha1_base64="fGt18sB36j1ogMhfd6ANBHeW+50=">AAACD3icbVDLSsNAFJ3UV62vqODGzWARKpSSFEE3QtGNK6lgH9CGcDOdtkNnkjAzEUrtR/gLbnXvTtz6CW79EqdtFrb1wIXDOfdwLyeIOVPacb6tzMrq2vpGdjO3tb2zu2fvH9RVlEhCayTikWwGoChnIa1ppjltxpKCCDhtBIObid94pFKxKHzQw5h6Anoh6zIC2ki+fdQOBIarAvjlYrsTaVXE4N+d+XbeKTlT4GXipiSPUlR9+8ekSSJoqAkHpVquE2tvBFIzwuk4104UjYEMoEdbhoYgqPJG0//H+NQoHdyNpJlQ46n6NzECodRQBGZTgO6rRW8i/ue1Et299EYsjBNNQzI71E041hGelIE7TFKi+dAQIJKZXzHpgwSiTWVzVwIxzplS3MUKlkm9XHKdknt/nq9cp/Vk0TE6QQXkogtUQbeoimqIoCf0gl7Rm/VsvVsf1udsNWOlmUM0B+vrF9g7mvU=</latexit><latexit sha1_base64="fGt18sB36j1ogMhfd6ANBHeW+50=">AAACD3icbVDLSsNAFJ3UV62vqODGzWARKpSSFEE3QtGNK6lgH9CGcDOdtkNnkjAzEUrtR/gLbnXvTtz6CW79EqdtFrb1wIXDOfdwLyeIOVPacb6tzMrq2vpGdjO3tb2zu2fvH9RVlEhCayTikWwGoChnIa1ppjltxpKCCDhtBIObid94pFKxKHzQw5h6Anoh6zIC2ki+fdQOBIarAvjlYrsTaVXE4N+d+XbeKTlT4GXipiSPUlR9+8ekSSJoqAkHpVquE2tvBFIzwuk4104UjYEMoEdbhoYgqPJG0//H+NQoHdyNpJlQ46n6NzECodRQBGZTgO6rRW8i/ue1Et299EYsjBNNQzI71E041hGelIE7TFKi+dAQIJKZXzHpgwSiTWVzVwIxzplS3MUKlkm9XHKdknt/nq9cp/Vk0TE6QQXkogtUQbeoimqIoCf0gl7Rm/VsvVsf1udsNWOlmUM0B+vrF9g7mvU=</latexit><latexit sha1_base64="fGt18sB36j1ogMhfd6ANBHeW+50=">AAACD3icbVDLSsNAFJ3UV62vqODGzWARKpSSFEE3QtGNK6lgH9CGcDOdtkNnkjAzEUrtR/gLbnXvTtz6CW79EqdtFrb1wIXDOfdwLyeIOVPacb6tzMrq2vpGdjO3tb2zu2fvH9RVlEhCayTikWwGoChnIa1ppjltxpKCCDhtBIObid94pFKxKHzQw5h6Anoh6zIC2ki+fdQOBIarAvjlYrsTaVXE4N+d+XbeKTlT4GXipiSPUlR9+8ekSSJoqAkHpVquE2tvBFIzwuk4104UjYEMoEdbhoYgqPJG0//H+NQoHdyNpJlQ46n6NzECodRQBGZTgO6rRW8i/ue1Et299EYsjBNNQzI71E041hGelIE7TFKi+dAQIJKZXzHpgwSiTWVzVwIxzplS3MUKlkm9XHKdknt/nq9cp/Vk0TE6QQXkogtUQbeoimqIoCf0gl7Rm/VsvVsf1udsNWOlmUM0B+vrF9g7mvU=</latexit><latexit sha1_base64="fGt18sB36j1ogMhfd6ANBHeW+50=">AAACD3icbVDLSsNAFJ3UV62vqODGzWARKpSSFEE3QtGNK6lgH9CGcDOdtkNnkjAzEUrtR/gLbnXvTtz6CW79EqdtFrb1wIXDOfdwLyeIOVPacb6tzMrq2vpGdjO3tb2zu2fvH9RVlEhCayTikWwGoChnIa1ppjltxpKCCDhtBIObid94pFKxKHzQw5h6Anoh6zIC2ki+fdQOBIarAvjlYrsTaVXE4N+d+XbeKTlT4GXipiSPUlR9+8ekSSJoqAkHpVquE2tvBFIzwuk4104UjYEMoEdbhoYgqPJG0//H+NQoHdyNpJlQ46n6NzECodRQBGZTgO6rRW8i/ue1Et299EYsjBNNQzI71E041hGelIE7TFKi+dAQIJKZXzHpgwSiTWVzVwIxzplS3MUKlkm9XHKdknt/nq9cp/Vk0TE6QQXkogtUQbeoimqIoCf0gl7Rm/VsvVsf1udsNWOlmUM0B+vrF9g7mvU=</latexit>

�1
<latexit sha1_base64="XIFFDZzg56X6sUkOUbF3IiA0F9w=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgY7gTQcugjWUE8wHJEfY2e8mSvb1jd04IR8C/YKu9ndj6V2z9JW6SK0zig4HHezPMzAsSKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00Tp5rxBotlrNsBNVwKxRsoUPJ2ojmNAslbwehu6reeuDYiVo84Trgf0YESoWAUrdS66AoV4rhXrrhVdwaySrycVCBHvVf+6fZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCOpYpG3PjZ7NwJObNKn4SxtqWQzNS/ExmNjBlHge2MKA7NsjcV//M6KYY3fiZUkiJXbL4oTCXBmEx/J32hOUM5toQyLeythA2ppgxtQgtbgmhSsqF4yxGskuZl1XOr3sNVpXabx1OEEziFc/DgGmpwD3VoAIMRvMArvDnPzrvz4XzOWwtOPnMMC3C+fgF+ypYZ</latexit><latexit sha1_base64="XIFFDZzg56X6sUkOUbF3IiA0F9w=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgY7gTQcugjWUE8wHJEfY2e8mSvb1jd04IR8C/YKu9ndj6V2z9JW6SK0zig4HHezPMzAsSKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00Tp5rxBotlrNsBNVwKxRsoUPJ2ojmNAslbwehu6reeuDYiVo84Trgf0YESoWAUrdS66AoV4rhXrrhVdwaySrycVCBHvVf+6fZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCOpYpG3PjZ7NwJObNKn4SxtqWQzNS/ExmNjBlHge2MKA7NsjcV//M6KYY3fiZUkiJXbL4oTCXBmEx/J32hOUM5toQyLeythA2ppgxtQgtbgmhSsqF4yxGskuZl1XOr3sNVpXabx1OEEziFc/DgGmpwD3VoAIMRvMArvDnPzrvz4XzOWwtOPnMMC3C+fgF+ypYZ</latexit><latexit sha1_base64="XIFFDZzg56X6sUkOUbF3IiA0F9w=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgY7gTQcugjWUE8wHJEfY2e8mSvb1jd04IR8C/YKu9ndj6V2z9JW6SK0zig4HHezPMzAsSKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00Tp5rxBotlrNsBNVwKxRsoUPJ2ojmNAslbwehu6reeuDYiVo84Trgf0YESoWAUrdS66AoV4rhXrrhVdwaySrycVCBHvVf+6fZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCOpYpG3PjZ7NwJObNKn4SxtqWQzNS/ExmNjBlHge2MKA7NsjcV//M6KYY3fiZUkiJXbL4oTCXBmEx/J32hOUM5toQyLeythA2ppgxtQgtbgmhSsqF4yxGskuZl1XOr3sNVpXabx1OEEziFc/DgGmpwD3VoAIMRvMArvDnPzrvz4XzOWwtOPnMMC3C+fgF+ypYZ</latexit><latexit sha1_base64="XIFFDZzg56X6sUkOUbF3IiA0F9w=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgY7gTQcugjWUE8wHJEfY2e8mSvb1jd04IR8C/YKu9ndj6V2z9JW6SK0zig4HHezPMzAsSKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00Tp5rxBotlrNsBNVwKxRsoUPJ2ojmNAslbwehu6reeuDYiVo84Trgf0YESoWAUrdS66AoV4rhXrrhVdwaySrycVCBHvVf+6fZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCOpYpG3PjZ7NwJObNKn4SxtqWQzNS/ExmNjBlHge2MKA7NsjcV//M6KYY3fiZUkiJXbL4oTCXBmEx/J32hOUM5toQyLeythA2ppgxtQgtbgmhSsqF4yxGskuZl1XOr3sNVpXabx1OEEziFc/DgGmpwD3VoAIMRvMArvDnPzrvz4XzOWwtOPnMMC3C+fgF+ypYZ</latexit> +1

<latexit sha1_base64="rQKZBJTzTds+zBVee9Q4EcbD+RU=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtqlm03YnQglFPwLXvXuTbz6V7z6S9y2OdjWBwOP92aYmRckUhh03W+nsLa+sblV3C7t7O7tH5QPj5omTjXjDRbLWLcDargUijdQoOTtRHMaBZK3gtHd1G89cW1ErB5xnHA/ogMlQsEoWql10RUqxHGvXHGr7gxklXg5qUCOeq/80+3HLI24QiapMR3PTdDPqEbBJJ+UuqnhCWUjOuAdSxWNuPGz2bkTcmaVPgljbUshmal/JzIaGTOOAtsZURyaZW8q/ud1Ugxv/EyoJEWu2HxRmEqCMZn+TvpCc4ZybAllWthbCRtSTRnahBa2BNGkZEPxliNYJc3LqudWvYerSu02j6cIJ3AK5+DBNdTgHurQAAYjeIFXeHOenXfnw/mctxacfOYYFuB8/QJ7lpYX</latexit><latexit sha1_base64="rQKZBJTzTds+zBVee9Q4EcbD+RU=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtqlm03YnQglFPwLXvXuTbz6V7z6S9y2OdjWBwOP92aYmRckUhh03W+nsLa+sblV3C7t7O7tH5QPj5omTjXjDRbLWLcDargUijdQoOTtRHMaBZK3gtHd1G89cW1ErB5xnHA/ogMlQsEoWql10RUqxHGvXHGr7gxklXg5qUCOeq/80+3HLI24QiapMR3PTdDPqEbBJJ+UuqnhCWUjOuAdSxWNuPGz2bkTcmaVPgljbUshmal/JzIaGTOOAtsZURyaZW8q/ud1Ugxv/EyoJEWu2HxRmEqCMZn+TvpCc4ZybAllWthbCRtSTRnahBa2BNGkZEPxliNYJc3LqudWvYerSu02j6cIJ3AK5+DBNdTgHurQAAYjeIFXeHOenXfnw/mctxacfOYYFuB8/QJ7lpYX</latexit><latexit sha1_base64="rQKZBJTzTds+zBVee9Q4EcbD+RU=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtqlm03YnQglFPwLXvXuTbz6V7z6S9y2OdjWBwOP92aYmRckUhh03W+nsLa+sblV3C7t7O7tH5QPj5omTjXjDRbLWLcDargUijdQoOTtRHMaBZK3gtHd1G89cW1ErB5xnHA/ogMlQsEoWql10RUqxHGvXHGr7gxklXg5qUCOeq/80+3HLI24QiapMR3PTdDPqEbBJJ+UuqnhCWUjOuAdSxWNuPGz2bkTcmaVPgljbUshmal/JzIaGTOOAtsZURyaZW8q/ud1Ugxv/EyoJEWu2HxRmEqCMZn+TvpCc4ZybAllWthbCRtSTRnahBa2BNGkZEPxliNYJc3LqudWvYerSu02j6cIJ3AK5+DBNdTgHurQAAYjeIFXeHOenXfnw/mctxacfOYYFuB8/QJ7lpYX</latexit><latexit sha1_base64="rQKZBJTzTds+zBVee9Q4EcbD+RU=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtqlm03YnQglFPwLXvXuTbz6V7z6S9y2OdjWBwOP92aYmRckUhh03W+nsLa+sblV3C7t7O7tH5QPj5omTjXjDRbLWLcDargUijdQoOTtRHMaBZK3gtHd1G89cW1ErB5xnHA/ogMlQsEoWql10RUqxHGvXHGr7gxklXg5qUCOeq/80+3HLI24QiapMR3PTdDPqEbBJJ+UuqnhCWUjOuAdSxWNuPGz2bkTcmaVPgljbUshmal/JzIaGTOOAtsZURyaZW8q/ud1Ugxv/EyoJEWu2HxRmEqCMZn+TvpCc4ZybAllWthbCRtSTRnahBa2BNGkZEPxliNYJc3LqudWvYerSu02j6cIJ3AK5+DBNdTgHurQAAYjeIFXeHOenXfnw/mctxacfOYYFuB8/QJ7lpYX</latexit>

a2 ⌧ a3 ⌧ · · · ⌧ aN
<latexit sha1_base64="kiMAnOiskz54LBqgQsIHD4yMfic=">AAACEnicbVDLSgMxFM3UV62vUVfiJlgEV2WmCrosunElFewD2mG4k2ba0GRmSDJCGYo/4S+41b07cesPuPVLTNtZ2NYDISfn3sO9OUHCmdKO820VVlbX1jeKm6Wt7Z3dPXv/oKniVBLaIDGPZTsARTmLaEMzzWk7kRREwGkrGN5M6q1HKhWLowc9SqgnoB+xkBHQRvLtI/CrXc4x+Ofm6vZirWbPO98uOxVnCrxM3JyUUY66b/8YO0kFjTThoFTHdRLtZSA1I5yOS91U0QTIEPq0Y2gEgiovm35hjE+N0sNhLM2JNJ6qfx0ZCKVGIjCdAvRALdYm4n+1TqrDKy9jUZJqGpHZoDDlWMd4kgfuMUmJ5iNDgEhmdsVkABKINqnNTQnEuGRCcRcjWCbNasV1Ku79Rbl2ncdTRMfoBJ0hF12iGrpFddRABD2hF/SK3qxn6936sD5nrQUr9xyiOVhfv76WnTA=</latexit><latexit sha1_base64="kiMAnOiskz54LBqgQsIHD4yMfic=">AAACEnicbVDLSgMxFM3UV62vUVfiJlgEV2WmCrosunElFewD2mG4k2ba0GRmSDJCGYo/4S+41b07cesPuPVLTNtZ2NYDISfn3sO9OUHCmdKO820VVlbX1jeKm6Wt7Z3dPXv/oKniVBLaIDGPZTsARTmLaEMzzWk7kRREwGkrGN5M6q1HKhWLowc9SqgnoB+xkBHQRvLtI/CrXc4x+Ofm6vZirWbPO98uOxVnCrxM3JyUUY66b/8YO0kFjTThoFTHdRLtZSA1I5yOS91U0QTIEPq0Y2gEgiovm35hjE+N0sNhLM2JNJ6qfx0ZCKVGIjCdAvRALdYm4n+1TqrDKy9jUZJqGpHZoDDlWMd4kgfuMUmJ5iNDgEhmdsVkABKINqnNTQnEuGRCcRcjWCbNasV1Ku79Rbl2ncdTRMfoBJ0hF12iGrpFddRABD2hF/SK3qxn6936sD5nrQUr9xyiOVhfv76WnTA=</latexit><latexit sha1_base64="kiMAnOiskz54LBqgQsIHD4yMfic=">AAACEnicbVDLSgMxFM3UV62vUVfiJlgEV2WmCrosunElFewD2mG4k2ba0GRmSDJCGYo/4S+41b07cesPuPVLTNtZ2NYDISfn3sO9OUHCmdKO820VVlbX1jeKm6Wt7Z3dPXv/oKniVBLaIDGPZTsARTmLaEMzzWk7kRREwGkrGN5M6q1HKhWLowc9SqgnoB+xkBHQRvLtI/CrXc4x+Ofm6vZirWbPO98uOxVnCrxM3JyUUY66b/8YO0kFjTThoFTHdRLtZSA1I5yOS91U0QTIEPq0Y2gEgiovm35hjE+N0sNhLM2JNJ6qfx0ZCKVGIjCdAvRALdYm4n+1TqrDKy9jUZJqGpHZoDDlWMd4kgfuMUmJ5iNDgEhmdsVkABKINqnNTQnEuGRCcRcjWCbNasV1Ku79Rbl2ncdTRMfoBJ0hF12iGrpFddRABD2hF/SK3qxn6936sD5nrQUr9xyiOVhfv76WnTA=</latexit><latexit sha1_base64="kiMAnOiskz54LBqgQsIHD4yMfic=">AAACEnicbVDLSgMxFM3UV62vUVfiJlgEV2WmCrosunElFewD2mG4k2ba0GRmSDJCGYo/4S+41b07cesPuPVLTNtZ2NYDISfn3sO9OUHCmdKO820VVlbX1jeKm6Wt7Z3dPXv/oKniVBLaIDGPZTsARTmLaEMzzWk7kRREwGkrGN5M6q1HKhWLowc9SqgnoB+xkBHQRvLtI/CrXc4x+Ofm6vZirWbPO98uOxVnCrxM3JyUUY66b/8YO0kFjTThoFTHdRLtZSA1I5yOS91U0QTIEPq0Y2gEgiovm35hjE+N0sNhLM2JNJ6qfx0ZCKVGIjCdAvRALdYm4n+1TqrDKy9jUZJqGpHZoDDlWMd4kgfuMUmJ5iNDgEhmdsVkABKINqnNTQnEuGRCcRcjWCbNasV1Ku79Rbl2ncdTRMfoBJ0hF12iGrpFddRABD2hF/SK3qxn6936sD5nrQUr9xyiOVhfv76WnTA=</latexit>

Energy levels well separated (i.e. evolution is  
adiabatic and no transitions occur) everywhere  
along the contour except near crossings          
where             LZ scattering events take place2⇥ 2

<latexit sha1_base64="O6ChbjUFRzWtTyKHNQ2yRg3Kj0k=">AAACAHicbVC7SgNBFL3rM8ZX1NJmMAhWYTcIWgZtLCOYhyRLmJ3MJkNmdpeZu0JY0vgLttrbia1/YuuXOEm2MIkHBg7n3Mu5c4JECoOu++2srW9sbm0Xdoq7e/sHh6Wj46aJU814g8Uy1u2AGi5FxBsoUPJ2ojlVgeStYHQ79VtPXBsRRw84Triv6CASoWAUrfRY7aJQ3JBqr1R2K+4MZJV4OSlDjnqv9NPtxyxVPEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsjamP8bHbwhJxbpU/CWNsXIZmpfzcyqowZq8BOKopDs+xNxf+8TorhtZ+JKEmRR2weFKaSYEymvyd9oTlDObaEMi3srYQNqaYMbUcLKYGaFG0p3nIFq6RZrXhuxbu/LNdu8noKcApncAEeXEEN7qAODWCg4AVe4c15dt6dD+dzPrrm5DsnsADn6xdLQZZ8</latexit><latexit sha1_base64="O6ChbjUFRzWtTyKHNQ2yRg3Kj0k=">AAACAHicbVC7SgNBFL3rM8ZX1NJmMAhWYTcIWgZtLCOYhyRLmJ3MJkNmdpeZu0JY0vgLttrbia1/YuuXOEm2MIkHBg7n3Mu5c4JECoOu++2srW9sbm0Xdoq7e/sHh6Wj46aJU814g8Uy1u2AGi5FxBsoUPJ2ojlVgeStYHQ79VtPXBsRRw84Triv6CASoWAUrfRY7aJQ3JBqr1R2K+4MZJV4OSlDjnqv9NPtxyxVPEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsjamP8bHbwhJxbpU/CWNsXIZmpfzcyqowZq8BOKopDs+xNxf+8TorhtZ+JKEmRR2weFKaSYEymvyd9oTlDObaEMi3srYQNqaYMbUcLKYGaFG0p3nIFq6RZrXhuxbu/LNdu8noKcApncAEeXEEN7qAODWCg4AVe4c15dt6dD+dzPrrm5DsnsADn6xdLQZZ8</latexit><latexit sha1_base64="O6ChbjUFRzWtTyKHNQ2yRg3Kj0k=">AAACAHicbVC7SgNBFL3rM8ZX1NJmMAhWYTcIWgZtLCOYhyRLmJ3MJkNmdpeZu0JY0vgLttrbia1/YuuXOEm2MIkHBg7n3Mu5c4JECoOu++2srW9sbm0Xdoq7e/sHh6Wj46aJU814g8Uy1u2AGi5FxBsoUPJ2ojlVgeStYHQ79VtPXBsRRw84Triv6CASoWAUrfRY7aJQ3JBqr1R2K+4MZJV4OSlDjnqv9NPtxyxVPEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsjamP8bHbwhJxbpU/CWNsXIZmpfzcyqowZq8BOKopDs+xNxf+8TorhtZ+JKEmRR2weFKaSYEymvyd9oTlDObaEMi3srYQNqaYMbUcLKYGaFG0p3nIFq6RZrXhuxbu/LNdu8noKcApncAEeXEEN7qAODWCg4AVe4c15dt6dD+dzPrrm5DsnsADn6xdLQZZ8</latexit><latexit sha1_base64="O6ChbjUFRzWtTyKHNQ2yRg3Kj0k=">AAACAHicbVC7SgNBFL3rM8ZX1NJmMAhWYTcIWgZtLCOYhyRLmJ3MJkNmdpeZu0JY0vgLttrbia1/YuuXOEm2MIkHBg7n3Mu5c4JECoOu++2srW9sbm0Xdoq7e/sHh6Wj46aJU814g8Uy1u2AGi5FxBsoUPJ2ojlVgeStYHQ79VtPXBsRRw84Triv6CASoWAUrfRY7aJQ3JBqr1R2K+4MZJV4OSlDjnqv9NPtxyxVPEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsjamP8bHbwhJxbpU/CWNsXIZmpfzcyqowZq8BOKopDs+xNxf+8TorhtZ+JKEmRR2weFKaSYEymvyd9oTlDObaEMi3srYQNqaYMbUcLKYGaFG0p3nIFq6RZrXhuxbu/LNdu8noKcApncAEeXEEN7qAODWCg4AVe4c15dt6dD+dzPrrm5DsnsADn6xdLQZZ8</latexit>

) S = S1N
LZ . . . S13

LZS
12
LZ

<latexit sha1_base64="mw/TDYIYaS9BKP/JcoPtG/9/H4U="></latexit><latexit sha1_base64="mw/TDYIYaS9BKP/JcoPtG/9/H4U="></latexit><latexit sha1_base64="mw/TDYIYaS9BKP/JcoPtG/9/H4U="></latexit><latexit sha1_base64="mw/TDYIYaS9BKP/JcoPtG/9/H4U="></latexit>

HDO(t) =

0

BBB@

0 g2 · · · gN
g2 a2 · · · 0
...

...
. . .

...
gN 0 · · · aN

1

CCCA
+ t

0

BBB@

� 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

1

CCCA

<latexit sha1_base64="QMmvCZaYY7qS2Ku4OyuJjlHTRVU="></latexit><latexit sha1_base64="QMmvCZaYY7qS2Ku4OyuJjlHTRVU="></latexit><latexit sha1_base64="QMmvCZaYY7qS2Ku4OyuJjlHTRVU="></latexit><latexit sha1_base64="QMmvCZaYY7qS2Ku4OyuJjlHTRVU="></latexit>



Knizhnik-Zamolodchikov equations

i⌫
@ 

@"j
= Ĥj 

<latexit sha1_base64="cip92LybW6aqgK68Ur1TS5n4Y6M="></latexit><latexit sha1_base64="cip92LybW6aqgK68Ur1TS5n4Y6M="></latexit><latexit sha1_base64="cip92LybW6aqgK68Ur1TS5n4Y6M="></latexit><latexit sha1_base64="cip92LybW6aqgK68Ur1TS5n4Y6M="></latexit>

Ĥj = �
X

k 6=j

~sj · ~sk
"j � "k

<latexit sha1_base64="N6mqGzblDEN3IIWwzCk4vNh0IpU="></latexit><latexit sha1_base64="N6mqGzblDEN3IIWwzCk4vNh0IpU="></latexit><latexit sha1_base64="N6mqGzblDEN3IIWwzCk4vNh0IpU="></latexit><latexit sha1_base64="N6mqGzblDEN3IIWwzCk4vNh0IpU="></latexit>

– Gaudin magnets

[Ĥj , Ĥk] = 0
<latexit sha1_base64="21zTR45eLQhBrcpgSV5UXzy/VgM=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCC6kJCLoRii66bKCvUAawmQ6acdOJmFmIpTQja/ixoUibn0Md76N0zYLbf1h4OM/53Dm/GHKmdKO820tLa+srq2XNsqbW9s7u/befkslmSS0SRKeyE6IFeVM0KZmmtNOKimOQ07b4fB2Um8/UqlYIu71KKV+jPuCRYxgbazAPkRed4A1qgcPZ6igoX/tBHbFqTpToUVwC6hAoUZgf3V7CcliKjThWCnPdVLt51hqRjgdl7uZoikmQ9ynnkGBY6r8fHrAGJ0Yp4eiRJonNJq6vydyHCs1ikPTGWM9UPO1iflfzct0dOXnTKSZpoLMFkUZRzpBkzRQj0lKNB8ZwEQy81dEBlhiok1mZROCO3/yIrTOq65Tde8uKrWbIo4SHMExnIILl1CDOjSgCQTG8Ayv8GY9WS/Wu/Uxa12yipkD+CPr8wf8B5S3</latexit><latexit sha1_base64="21zTR45eLQhBrcpgSV5UXzy/VgM=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCC6kJCLoRii66bKCvUAawmQ6acdOJmFmIpTQja/ixoUibn0Md76N0zYLbf1h4OM/53Dm/GHKmdKO820tLa+srq2XNsqbW9s7u/befkslmSS0SRKeyE6IFeVM0KZmmtNOKimOQ07b4fB2Um8/UqlYIu71KKV+jPuCRYxgbazAPkRed4A1qgcPZ6igoX/tBHbFqTpToUVwC6hAoUZgf3V7CcliKjThWCnPdVLt51hqRjgdl7uZoikmQ9ynnkGBY6r8fHrAGJ0Yp4eiRJonNJq6vydyHCs1ikPTGWM9UPO1iflfzct0dOXnTKSZpoLMFkUZRzpBkzRQj0lKNB8ZwEQy81dEBlhiok1mZROCO3/yIrTOq65Tde8uKrWbIo4SHMExnIILl1CDOjSgCQTG8Ayv8GY9WS/Wu/Uxa12yipkD+CPr8wf8B5S3</latexit><latexit sha1_base64="21zTR45eLQhBrcpgSV5UXzy/VgM=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCC6kJCLoRii66bKCvUAawmQ6acdOJmFmIpTQja/ixoUibn0Md76N0zYLbf1h4OM/53Dm/GHKmdKO820tLa+srq2XNsqbW9s7u/befkslmSS0SRKeyE6IFeVM0KZmmtNOKimOQ07b4fB2Um8/UqlYIu71KKV+jPuCRYxgbazAPkRed4A1qgcPZ6igoX/tBHbFqTpToUVwC6hAoUZgf3V7CcliKjThWCnPdVLt51hqRjgdl7uZoikmQ9ynnkGBY6r8fHrAGJ0Yp4eiRJonNJq6vydyHCs1ikPTGWM9UPO1iflfzct0dOXnTKSZpoLMFkUZRzpBkzRQj0lKNB8ZwEQy81dEBlhiok1mZROCO3/yIrTOq65Tde8uKrWbIo4SHMExnIILl1CDOjSgCQTG8Ayv8GY9WS/Wu/Uxa12yipkD+CPr8wf8B5S3</latexit><latexit sha1_base64="21zTR45eLQhBrcpgSV5UXzy/VgM=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCC6kJCLoRii66bKCvUAawmQ6acdOJmFmIpTQja/ixoUibn0Md76N0zYLbf1h4OM/53Dm/GHKmdKO820tLa+srq2XNsqbW9s7u/befkslmSS0SRKeyE6IFeVM0KZmmtNOKimOQ07b4fB2Um8/UqlYIu71KKV+jPuCRYxgbazAPkRed4A1qgcPZ6igoX/tBHbFqTpToUVwC6hAoUZgf3V7CcliKjThWCnPdVLt51hqRjgdl7uZoikmQ9ynnkGBY6r8fHrAGJ0Yp4eiRJonNJq6vydyHCs1ikPTGWM9UPO1iflfzct0dOXnTKSZpoLMFkUZRzpBkzRQj0lKNB8ZwEQy81dEBlhiok1mZROCO3/yIrTOq65Tde8uKrWbIo4SHMExnIILl1CDOjSgCQTG8Ayv8GY9WS/Wu/Uxa12yipkD+CPr8wf8B5S3</latexit>

Q: Is their any relationship between the multi-time Schrödinger 
equations we derived for solvable Landau-Zener models and Knizhnik-
Zamolodchikov equations?



Ĥj = 2Bszj �
X

k 6=j

~sj · ~sk
"j � "k

<latexit sha1_base64="MsL8aAw/X8upcOWk3pLBNtZmgJ8="></latexit><latexit sha1_base64="MsL8aAw/X8upcOWk3pLBNtZmgJ8="></latexit><latexit sha1_base64="MsL8aAw/X8upcOWk3pLBNtZmgJ8="></latexit><latexit sha1_base64="MsL8aAw/X8upcOWk3pLBNtZmgJ8="></latexit>

Generalized Knizhnik-Zamolodchikov equations

i⌫
@ 

@"j
= Ĥj 

<latexit sha1_base64="cip92LybW6aqgK68Ur1TS5n4Y6M="></latexit><latexit sha1_base64="cip92LybW6aqgK68Ur1TS5n4Y6M="></latexit><latexit sha1_base64="cip92LybW6aqgK68Ur1TS5n4Y6M="></latexit><latexit sha1_base64="cip92LybW6aqgK68Ur1TS5n4Y6M="></latexit>

– Gaudin magnets

[Ĥj , Ĥk] = 0
<latexit sha1_base64="21zTR45eLQhBrcpgSV5UXzy/VgM=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCC6kJCLoRii66bKCvUAawmQ6acdOJmFmIpTQja/ixoUibn0Md76N0zYLbf1h4OM/53Dm/GHKmdKO820tLa+srq2XNsqbW9s7u/befkslmSS0SRKeyE6IFeVM0KZmmtNOKimOQ07b4fB2Um8/UqlYIu71KKV+jPuCRYxgbazAPkRed4A1qgcPZ6igoX/tBHbFqTpToUVwC6hAoUZgf3V7CcliKjThWCnPdVLt51hqRjgdl7uZoikmQ9ynnkGBY6r8fHrAGJ0Yp4eiRJonNJq6vydyHCs1ikPTGWM9UPO1iflfzct0dOXnTKSZpoLMFkUZRzpBkzRQj0lKNB8ZwEQy81dEBlhiok1mZROCO3/yIrTOq65Tde8uKrWbIo4SHMExnIILl1CDOjSgCQTG8Ayv8GY9WS/Wu/Uxa12yipkD+CPr8wf8B5S3</latexit><latexit sha1_base64="21zTR45eLQhBrcpgSV5UXzy/VgM=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCC6kJCLoRii66bKCvUAawmQ6acdOJmFmIpTQja/ixoUibn0Md76N0zYLbf1h4OM/53Dm/GHKmdKO820tLa+srq2XNsqbW9s7u/befkslmSS0SRKeyE6IFeVM0KZmmtNOKimOQ07b4fB2Um8/UqlYIu71KKV+jPuCRYxgbazAPkRed4A1qgcPZ6igoX/tBHbFqTpToUVwC6hAoUZgf3V7CcliKjThWCnPdVLt51hqRjgdl7uZoikmQ9ynnkGBY6r8fHrAGJ0Yp4eiRJonNJq6vydyHCs1ikPTGWM9UPO1iflfzct0dOXnTKSZpoLMFkUZRzpBkzRQj0lKNB8ZwEQy81dEBlhiok1mZROCO3/yIrTOq65Tde8uKrWbIo4SHMExnIILl1CDOjSgCQTG8Ayv8GY9WS/Wu/Uxa12yipkD+CPr8wf8B5S3</latexit><latexit sha1_base64="21zTR45eLQhBrcpgSV5UXzy/VgM=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCC6kJCLoRii66bKCvUAawmQ6acdOJmFmIpTQja/ixoUibn0Md76N0zYLbf1h4OM/53Dm/GHKmdKO820tLa+srq2XNsqbW9s7u/befkslmSS0SRKeyE6IFeVM0KZmmtNOKimOQ07b4fB2Um8/UqlYIu71KKV+jPuCRYxgbazAPkRed4A1qgcPZ6igoX/tBHbFqTpToUVwC6hAoUZgf3V7CcliKjThWCnPdVLt51hqRjgdl7uZoikmQ9ynnkGBY6r8fHrAGJ0Yp4eiRJonNJq6vydyHCs1ikPTGWM9UPO1iflfzct0dOXnTKSZpoLMFkUZRzpBkzRQj0lKNB8ZwEQy81dEBlhiok1mZROCO3/yIrTOq65Tde8uKrWbIo4SHMExnIILl1CDOjSgCQTG8Ayv8GY9WS/Wu/Uxa12yipkD+CPr8wf8B5S3</latexit><latexit sha1_base64="21zTR45eLQhBrcpgSV5UXzy/VgM=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCC6kJCLoRii66bKCvUAawmQ6acdOJmFmIpTQja/ixoUibn0Md76N0zYLbf1h4OM/53Dm/GHKmdKO820tLa+srq2XNsqbW9s7u/befkslmSS0SRKeyE6IFeVM0KZmmtNOKimOQ07b4fB2Um8/UqlYIu71KKV+jPuCRYxgbazAPkRed4A1qgcPZ6igoX/tBHbFqTpToUVwC6hAoUZgf3V7CcliKjThWCnPdVLt51hqRjgdl7uZoikmQ9ynnkGBY6r8fHrAGJ0Yp4eiRJonNJq6vydyHCs1ikPTGWM9UPO1iflfzct0dOXnTKSZpoLMFkUZRzpBkzRQj0lKNB8ZwEQy81dEBlhiok1mZROCO3/yIrTOq65Tde8uKrWbIo4SHMExnIILl1CDOjSgCQTG8Ayv8GY9WS/Wu/Uxa12yipkD+CPr8wf8B5S3</latexit>
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Observation: The evolution of the system with magnetic field B is 
governed by the BCS Hamiltonian [ Yuzbashyan, Ann. Phys. (2018) ]
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This equation is consistent with the generalized KZ equations, because the BCS 
Hamiltonians satisfies the zero curvature conditions:
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= ĤBCS 

<latexit sha1_base64="6+Lh2ZbielIdlV+75NB0UovKP9Q="></latexit><latexit sha1_base64="6+Lh2ZbielIdlV+75NB0UovKP9Q="></latexit><latexit sha1_base64="6+Lh2ZbielIdlV+75NB0UovKP9Q="></latexit><latexit sha1_base64="6+Lh2ZbielIdlV+75NB0UovKP9Q="></latexit>
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Integrable time-dependent BCS Hamiltonians: let B = B(t)
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X

j

2"j ŝ
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Solution of the non-stationary Schrödinger eq:  (t) =  KZ[B(t)]
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Yuzbashyan, Ann. Phys. (2018) 

B(t) = sin(⌫t) =) ˆHBCS(t) = cos(⌫t)
X

j

2"j ŝ
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�
k



Three irreducible exactly solvable MLZ problems since 1932 
1. Demkov-Osherov model Soviet Phys. JETP (1968)

2. Bow-tie model Ostrovsky & Nakamura, J. Phys. A  (1997)

3. Inhomogeneous Dicke model             Sinitsyn, Yuzbashyan, Chernyak, Patra & Sun, PRL (2018)
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What about exactly solvable multi-level Landau-Zener problems?
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There is a mapping from Gaudin magnets to each of these models!
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Gaudin magnets Demkov-Osherov model

Bow-tie model
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ŝ�0 !
p
2sb̂, ŝ+0 !
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Inhomogeneous Dicke model 

Plus various new integrable time-dependent Hamiltonians result if we replace spin 
SU(2) with other Lie algebras or consider hyperbolic or trigonometric Gaudin magnets



Ĥj = 2Bszj �
X

k 6=j

~sj · ~sk
"j � "k

<latexit sha1_base64="DC39lUMLlRpngvcrN75Ttw2Vd4s="></latexit><latexit sha1_base64="DC39lUMLlRpngvcrN75Ttw2Vd4s="></latexit><latexit sha1_base64="DC39lUMLlRpngvcrN75Ttw2Vd4s="></latexit><latexit sha1_base64="DC39lUMLlRpngvcrN75Ttw2Vd4s="></latexit>

Gaudin magnets
Demkov-Osherov model

Hj =

0

BBBBBBBBBBBBB@
. . .

1

CCCCCCCCCCCCCA

<latexit sha1_base64="YEn3Ik8zNTmpDdnkMhRnLC6Tqtg="></latexit><latexit sha1_base64="YEn3Ik8zNTmpDdnkMhRnLC6Tqtg="></latexit><latexit sha1_base64="YEn3Ik8zNTmpDdnkMhRnLC6Tqtg="></latexit><latexit sha1_base64="YEn3Ik8zNTmpDdnkMhRnLC6Tqtg="></latexit>

Block-diagonal

s1 = 1, "1 = 0, sk =
g2k
a2k

, "k = � 1

ak
, 2B = t�

NX

k=2

g2k
ak

<latexit sha1_base64="bD9YvFCoyUKGO7b6v3BRO0zaNbE="></latexit><latexit sha1_base64="bD9YvFCoyUKGO7b6v3BRO0zaNbE="></latexit><latexit sha1_base64="bD9YvFCoyUKGO7b6v3BRO0zaNbE="></latexit><latexit sha1_base64="bD9YvFCoyUKGO7b6v3BRO0zaNbE="></latexit>

[Sz
tot
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Crucially, the new system satisfies the zero curvature condition 

[Hj , HDO] = [Hj , Hk] = 0
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Unrelated to the mapping, but holds

Guaranteed by the mapping from Gaudins 
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The non-stationary Schrödinger 
eq. can be consistently 
embedded into a set of multi-
time Schrödinger eqs.

Demkov-Osherov model
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Solution of the generalized KZ eqs. via off-shell Bethe ansatz
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Off-shell Bethe states:

Yang-Yang action:

Solution of KZ eqs:

Babujian, J. Phys. A (1993); Fioretto, Caux, Gritsev, New J. Phys. (2014) 
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Off-shell Bethe states:

Yang-Yang action:

Solution of KZ eqs:

Babujian, J. Phys. A (1993); Fioretto, Caux, Gritsev, New J. Phys. (2014) 

Solution of the non-stationary Schrödinger eq. 
for the time-dependent BCS Hamiltonians:  (t) =  KZ[B(t), "]
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Solution of the generalized KZ eqs. via off-shell Bethe ansatz



A similar technique solves the non-stationary Schrödinger eq. for 
Demkov-Osherov, bow-tie & driven inhomogeneous Dicke models

Example: Demkov-Osherov model
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Off-shell Bethe states:

Yang-Yang action:

Solution of the non-stationary Schrödinger eq:
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Summary
qFormulated a set of conditions under which the non-stationary Schrödinger 

eq. for a time-dependent quantum Hamiltonian is integrable – embedding 
into a system of consistent multi-time Schrödinger eqs. 

qNew intergrable !(#), e.g., the BCS model with coupling ∝ 1/#, a Floquet 
BCS model and linearly driven inhomogeneous Dicke model

qExactly solvable multi-level Landau-Zener problems fit into this construction

qAll nontrivial integrable !(#) to date map to Gaudin magnets. Their non-
stationary Schrödinger eq. is solvable via off-shell Bethe ansatz

qThis theory explains why the scattering matrix factorizes for integrable !(#)



Open Questions
qFormulated a set of conditions under which the non-stationary Schrödinger 

eq. for a time-dependent quantum Hamiltonian is integrable – embedding 
into a system of consistent multi-time Schrödinger eqs. 

qAll nontrivial integrable !(#) to date map to Gaudin magnets. Their non-
stationary Schrödinger eq. is solvable via off-shell Bethe ansatz

Q Are there integrable !(#) that do not map to Gaudin magnets? If not, 
then why? Any integrable !(#) not listed in this talk?

Q Can we introduce time dependence into, e.g., XXZ or Hubbard 
Hamiltonian without breaking integrability?
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= Ĥ 

i⌫
@ 

@xk
= Ĥk 
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Gaudin magnets:
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