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ABSTRACT 

Using current superconductivity theory and some assumptions 
about the normal state properties of solids, estimates of the maxi- 
mum superconducting transition temperature are made. The optimum 
resonant frequency for an attractive interaction, the role of 
umklapp scattering, and the appearance of lattice instabilities are 
discussed. 

INTRODUCTION 

At the present stage of our understanding of solids, it is 
possible to make reasonable estimates of superconducting transition 
temperatures for many materials. Some problems do arise when one 
attempts to study transition metals and complicated solids but these 
do not appear to be associated with the foundations of the theory 
of superconductivity of Bardeen, Cooper and Schrieffer, 1 but rather 
with our knowledge of the properties of the normal state of these 
solids. In fact, using the BCS theory and more recent modifica- 
tions 2-6, McMillan7 was able to analyze the properties of a large 
number of metals and arrive at an equation which gives estimates 
for the superconducting transition temperature, Tc, in terms of a 
few parameters. McMillan also expressed these parameters in terms 
of quantities which could be measured (like the Debye temperature) 
or calculated (like k the electron-phonon ~oupling constant). More 
recently,pseudopotential calculations of ko have yielded values for 
the parameter which are in good agreement with values obtained using 
the McMillan equation for a known T c . In addition, since k also 
gives a measure of the effective mass arising from electron-phonon 
coupling, estimates of k can be obtained from measurements of the 
heat capacity. These values are consistent with the calculated 
values and those determined from T c. 

Considering these results, which indicate that theoretical es- 
timates of the strength of the electron-phonon interaction are con- 
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v Effective low-energy theory valid in the weak coupling limit only

v Attraction between electrons of opposite momenta in an energy  window centered on 
the Fermi level

v – ultraviolet cutoff of the order of the typical phonon energy, e.g., the Debye energy. “This 
cutoff corresponds to forming our wave function from states in the region where the 
interaction is expected to be attractive and not mixing in states outside this region.”

v Emerges from the high-energy (Eliashberg) theory in the weak coupling limit
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Holstein Hamiltonian

Fröhlich Hamiltonian

H. Frölich, Electrons in lattice fields, Adv. Phys. 3, 325 (1954)

T. Holstein, Studies of polaron motion…, Ann. Phys. 8, 325 (1959) 
Einstein in 1905 Theodore Holstein

Herbert Fröhlich

A. Einstein, Planck’s theory of radiation and the theory of 
the specific heat, Ann. d. Physik 22, 180 (1907) 
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Main conclusions are independent of the choice of the effective 
Hamiltonian, so let us work with the Holstein Hamiltonian
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A method is developed which enables one to obtain the electron-energy spectrum and disper-
sion of the lattice vibrations without assuming that the interaction between electrons and pho-
nons is small. 

1. INTRODUCTION 

THE attraction between electrons due to the ex-
change of phonons leads in superconductors to the 
formation of a bound state of two electrons with 
opposite momenta. In the ground state of a super-
conductor a condensed component consisting of 
these bound electrons is formed and a gap results 
in the energy spectrum. 1 

In papers on the theory of superconductivity1 

the interaction between electrons and lattice vibra-
tions has been assumed to be small, although we 
know that this condition is not fulfilled for all super-
conductors. is therefore of interest to construct 
a theory which is not limited in this way. 

In the present paper we develop a method which 
enables one to consider the interaction between 
electrons and lattice vibrations in a normal metal 
without assuming that the interaction is small. The 
method is based on the use of quantum field-theo-
retical equations. 

The application of field theory to superconduc-
tors involves certain difficulties. The state which 
contains the "condensate" of bound electrons can-
not be obtained from the ground state of noninter-
acting particles by applying the interaction adiabat-
ically. The necessary condition for the use of or-
dinary field-theoretical methods it,> thus violated. 
The method developed below for a normal metal, 
where this difficulty does not occur, can therefore 
be extended to a superconductor only through a 
separate investigation. 

The interaction between electrons and lattice 
vibrations in a normal metal is certainly of inter-
est in itself. Frohlich2 used perturbation theory 
to investigate this interaction. He considered an 
isotropic model of a metal described by the Hamil-
tonian 

996 

H = H0 + H1 , H0 = L + L 
P q<qrn 

H 1 == L rtqat+qap (bq + b:!=q), (1) 
p,q<qm 

where ap, ap and bq, bq are the annihilation and 
creation operators of electrons and phonons and 
qm is the maximum phonon momentum. We know 
that which determines the interaction between 
electrons and phonons, is given for small q (in 
atomic units) by 

= ('-o'IT2/po) = coq, (2) 

where is the unrenormalized velocity of sound, 
c0 "' M-¥ 2, M is the mass of an ion and 71.0 is a 
dimensionless parameter, introduced by Frohlich,2 

which does not contain the ion mass; 71.0 1. 
It will be shown below that the energy spectrum 

of the Hamiltonian (1) cannot be obtained by pertur-
bation theory, despite the smallness of the param-
eter M-1/ 2 in aci. The criterion for the applica-
bility of perturbation theory is the smallness of 71.0, 
which does not contain the ion mass. Field theo-
retical methods3 enable us to obtain the energy 
spectrum, without assuming that 71.0 is small, as 
a power series in M-112• 

2. METHOD OF SOLUTION 

We introduce the electron and phonon propaga-
tion functions G and D: 

G = i (T'Y (1) '¥+ (2)), D = i (Tcp (1) cp (2)), (3) 

where the averaging is performed over the ground 
state of the system 

'P = eifft L (b + b±  ) eiqrrt e-iHt, 
q<qm q q q 

'Y = eiHt L 
p 

Dyson's equations relate D and G to the vertex 
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A perturbation theory is developed for the Green's function in which the Green's function cal-
culated for the superconducting ground state is used as the zero approximation. Dyson equa-
tions are written down from which the electron Green's function can be determined. Interac-
tion between electrons and phonons is not assumed to be small. The spectrum and the damping 
of the excitations are calculated. 

1. INTRODUCTION 

As Migdal1 has shown in his work, a perturbation 
series for the vertex function of electron-phonon 
interaction converges rapidly, independent of 
whether the interaction is weak or strong. The 
expression A.0hw0 /EF served as the expansion 
parameter, where A.0 :S 1, w0 -maximum fre-
quency of the phonons, E F - Fermi energy. For 
this reason, it was possible to solve the Dyson 
equation and find the Green's function of the elec-
trons and the phonons with accuracy up to 
A.0hw0/EF. 

Application of this method to the study of the 
superconducting state is not possible if one starts 
out from the states of non-interacting electrons. 
Contemporary superconductivity theory makes use 
of a new system of approximate wave functions. 2•3 

The corresponding energy spectrum has a gap 

E (k) = Ve2 (k) + C2 (k)' 

where ( k) is the spectrum of the normal state 
reckoned from the Fermi surface and C ( k) is a 
quantity defining the gap. The wave functions of the 
new collection of states depend both on the C ( k) 
and on the parameter. It is possible to determine 
them, for example, by a variational method2 or by 
the method of Bogolyubov. 3 Starting out from the 
new states, Bogolyubov determined the single par-
ticle spectrum of the superconductor with accuracy 
up to A.0hw0 /EF.4 

It is of interest to apply the Migdal method, 
using superconductivity theory, to the determina-
tion of the Green's functions of the electrons in 
the superconductor. In addition to the results of 
Bogolyubov et al., 4 this also allows us to compute 
the damping of the excitation. 

The Green's functions of the electrons in a 
superconductor were computed by Gor'kov5 for 
a model with a simplified four-fermion interaction. 
Use of a simplified Hamiltonian assumes the aver-
aging of all quantities over the region with linear 
dimensions of order v0 /w0 "' 10-5 em (v0 - ve-
locity of electrons on the Fermi surface). Since 
the depth of penetration of the magnetic field in a 
superconductor far removed from the transition 
point has the same order of magnitude, then the 
obtaining of equations of the type of the Gor'kov 
equations for the Frohlich Hamiltonian is of par-
ticular interest. Such equations are derived in 
the present work with the aid of superconductivity 
theory, in which the Green's functions computed 
for the "superconducting" BCS-Bogolyubov ground 
state are used as the zero approximation. 

2. ZERO HAMILTONIAN IN THE INTERACTION 
REPRESENTATION 

Following the work of Migdal, we shall consider 
a system with the Frohlich Hamiltonian (the sys-
tem of units is used in which h = m = 1 ) : 

H = dx (x) [H (x) - p.] cj>., (x) 

+ (x) cj>, (x) q:> (x)} + H ph, 

(x) = v-'f, 2} akaeikx. 
k 

q:> (x) = v-'f, IXq (bq + iqx . 
q<qM 

(1) 

(2) 

Here H ( x) is the one -electron Hamiltonian, qM 
is the maximum momentum of the phonons; for 
q « qM, 

(3) 
696 
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A perturbation theory is developed for the Green's function in which the Green's function cal-
culated for the superconducting ground state is used as the zero approximation. Dyson equa-
tions are written down from which the electron Green's function can be determined. Interac-
tion between electrons and phonons is not assumed to be small. The spectrum and the damping 
of the excitations are calculated. 

1. INTRODUCTION 

As Migdal1 has shown in his work, a perturbation 
series for the vertex function of electron-phonon 
interaction converges rapidly, independent of 
whether the interaction is weak or strong. The 
expression A.0hw0 /EF served as the expansion 
parameter, where A.0 :S 1, w0 -maximum fre-
quency of the phonons, E F - Fermi energy. For 
this reason, it was possible to solve the Dyson 
equation and find the Green's function of the elec-
trons and the phonons with accuracy up to 
A.0hw0/EF. 

Application of this method to the study of the 
superconducting state is not possible if one starts 
out from the states of non-interacting electrons. 
Contemporary superconductivity theory makes use 
of a new system of approximate wave functions. 2•3 

The corresponding energy spectrum has a gap 

E (k) = Ve2 (k) + C2 (k)' 

where ( k) is the spectrum of the normal state 
reckoned from the Fermi surface and C ( k) is a 
quantity defining the gap. The wave functions of the 
new collection of states depend both on the C ( k) 
and on the parameter. It is possible to determine 
them, for example, by a variational method2 or by 
the method of Bogolyubov. 3 Starting out from the 
new states, Bogolyubov determined the single par-
ticle spectrum of the superconductor with accuracy 
up to A.0hw0 /EF.4 

It is of interest to apply the Migdal method, 
using superconductivity theory, to the determina-
tion of the Green's functions of the electrons in 
the superconductor. In addition to the results of 
Bogolyubov et al., 4 this also allows us to compute 
the damping of the excitation. 

The Green's functions of the electrons in a 
superconductor were computed by Gor'kov5 for 
a model with a simplified four-fermion interaction. 
Use of a simplified Hamiltonian assumes the aver-
aging of all quantities over the region with linear 
dimensions of order v0 /w0 "' 10-5 em (v0 - ve-
locity of electrons on the Fermi surface). Since 
the depth of penetration of the magnetic field in a 
superconductor far removed from the transition 
point has the same order of magnitude, then the 
obtaining of equations of the type of the Gor'kov 
equations for the Frohlich Hamiltonian is of par-
ticular interest. Such equations are derived in 
the present work with the aid of superconductivity 
theory, in which the Green's functions computed 
for the "superconducting" BCS-Bogolyubov ground 
state are used as the zero approximation. 

2. ZERO HAMILTONIAN IN THE INTERACTION 
REPRESENTATION 

Following the work of Migdal, we shall consider 
a system with the Frohlich Hamiltonian (the sys-
tem of units is used in which h = m = 1 ) : 

H = dx (x) [H (x) - p.] cj>., (x) 

+ (x) cj>, (x) q:> (x)} + H ph, 

(x) = v-'f, 2} akaeikx. 
k 

q:> (x) = v-'f, IXq (bq + iqx . 
q<qM 

(1) 

(2) 

Here H ( x) is the one -electron Hamiltonian, qM 
is the maximum momentum of the phonons; for 
q « qM, 

(3) 
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Phonon-mediated electron-electron interaction
renCαα0

κκ0 ðqÞ ¼
1

N

Z ! ∂nðrÞ
∂uακ ðqÞ

"$ ∂V ionðrÞ
∂uα0κ0 ðqÞ

dr; (1)

with N, nðrÞ, uðqÞ, and V ionðrÞ being the number of unit
cells in the crystal, electron density, ionic displacement, and
ionic potential, respectively. Here, renCαα0

κκ0 ðqÞ gives the
renormalization of the phonon frequencies via the linear
e-ph coupling, and bareCαα0

κκ0 ðqÞ gives the bare phonon
frequencies [31]. The e-ph couplings are evaluated
as gνn0nðk;qÞ ¼

P
καe

α
κ ðqνÞdκαn0nðk;qÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Mκωqν

p
, where

dκαn0nðk;qÞ ¼ hψn0kþqj∂VSCFðrÞ=∂uακ ðqÞjψnki is a coupling
between the Bloch states ψnk with momentum k and band
n and ψn0kþq. The derivative of the self-consistent field
potential ∂VSCFðrÞ=∂uακ ðqÞ is written as

∂VSCFðrÞ
∂uακ ðqÞ ¼ ∂V ionðrÞ

∂uακ ðqÞ þ
Z !

e2

jr− r0j
þ dVxcðrÞ

dn
δðr− r0Þ

"

×
∂nðr0Þ
∂uακ ðqÞdr

0; (2)

with VxcðrÞ being the exchange-correlation potential. In
the rhs of this formula, the first term denotes the bare
potential and the second one denotes the screening poten-
tial. The electron density response ∂nðrÞ=∂uακ ðqÞ in
Eqs. (1) and (2) gives the renormalization of the phonon
frequencies and the screening for the e-ph couplings. This
response is explicitly written as

∂nðrÞ
∂uακ ðqÞ¼ 2

X

nmk

fnk−fmkþq

εnk−εmkþq
ψ$
nkðrÞψmkþqðrÞdκαmnðk;qÞ; (3)

where εnk and fnk are the eigenvalue and its occupancy,
respectively.
For the derivation of the effective model, we calculate the

density response with excluding the contribution from the
case where both ψmkþq and ψnk belong to the t subspace.
Then, with the resulting density response, we evaluate the
partially screened (renormalized) quantities such as gðpÞ and
ωðpÞ. We call the scheme “constrained DFPT (cDFPT)”.
Without theconstraint, fullyscreenedquantitiesarecalculated,
to which we attach the superscript “f”, instead of “p” [33].
Now, we write down the phonon-related terms in the

effective model. The effective e-ph interactions are

He-ph¼
1ffiffiffiffiffiffiffi
Nk

p
X

qν

X

kijσ

gðpÞνij ðk;qÞcσ†ikþqc
σ
jkðbqνþb†−qνÞ; (4)

where bqν (b
†
qν) is the annihilation (creation) operator of the

phonon with the wave vector q and the branch ν. cσik (cσ†ik)
annihilates (creates) the i-th Wannier orbital’s electron with
the wave vector k and the spin σ. Nk is the number of k
points. The phonon one-body part is given as

Hph ¼
X

qν

ωðpÞ
qν b†qνbqν: (5)

The momentum-space-averaged phonon-mediated effec-
tive e-e interaction VðpÞ

ij;i0j0 [Fig. 1(a)] is given by

VðpÞ
ij;i0j0ðωlÞ ¼

1

Nq

X

qν

$
1

Nk

X

k

gðpÞνij ðk;qÞ
%
DðpÞ

qν ðωlÞ

×
&

1

Nk

X

k0

½gðpÞνi0j0 ðk
0;qÞ'$

'
; (6)

where ωl ¼ 2πlT is the boson Matsubara frequency and
DðpÞ

qν ðωlÞ ¼ −2ωðpÞ
qν =ðω2

l þ ωðpÞ2
qν Þ. Note that VðpÞ

ij;i0j0 corre-
sponds to the on site quantity because of the momentum-
space averaging. This VðpÞ

ij;i0j0 is distinguished from the
momentum-space-averaged phonon-mediated effective
pairing interaction V 0ðpÞ

ij;i0j0 [Fig. 1(b)] as

V 0ðpÞ
ij;i0j0ðωlÞ¼

1

NqNk

X

qν

X

k

gðpÞνij ðk;qÞDðpÞ
qν ðωlÞ

h
gðpÞνj0i0 ðk;qÞ

i$
:

(7)

Results.—We performed density-functional calculations
with QUANTUM ESPRESSO package [34]. The generalized-
gradient approximation with the Perdew-Burke-Ernzerhof
parameterization [35] and the Troullier-Martins norm-
conserving pseudopotentials [36] in the Kleinman-
Bylander representation [37] are adopted. The cutoff
energy for the wave functions is set to 95 Ry, and we
employ 8 × 8 × 6 k points. The phonon frequencies and
the e-ph interactions are calculated using the DFPT [25]
with and without the constraint, where 4 × 4 × 3 q mesh
and a Gaussian smearing of 0.02 Ry are employed. The
maximally localized Wannier function [38] is used as the
basis of the model. The lattice parameter and the internal
coordinates are fully optimized and we get a ¼ 4.0344 Å,
c ¼ 8.9005 Å, zLa ¼ 0.14233, and zAs ¼ 0.63330. These
values are in good agreement with those of Refs. [39,40].
We show in Fig. 2(a) our calculated band structure (solid

curves)ofLaFeAsOwith theoptimizedstructureandcompare
with theWannier-interpolatedband(dottedones) for theFe-3d
orbitals.Hereafter,d3Z2−R2 ,dXZ,dYZ,dX2−Y2 , anddXY orbitals
arerepresentedas1,2,3,4,and5,respectively,wheretheX and
Y axes are parallel to the nearest Fe-As bonds and theZ axis is
perpendicular to theFeAs layer.Thescreeningandself-energy
effects within the energy range from the bottom of the Fe-3d
bands up to 2.32 eVare excluded to derive gðpÞ and ωðpÞ.

(a) (b)

FIG. 1. Feynman diagrams for phonon-mediated effective (a)
e-e [Eq. (6)] and (b) pairing [Eq. (7)] interactions. Solid lines with
arrows are electron propagators, wavy lines are phonon Green’s
functions, and dots represent e-ph couplings.
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†
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Path integral formulation of the Migdal-Eliashberg theory

1. Integrate out phonons

2. Decouple e-e interactions with Hubbard-Stratonovich fields

3. Integrate out electrons to obtain an effective action in terms of the Hubbard-Stratonovich 

fields only

4. Stationary point of the effective action = Migdal-Eliashberg theory 
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Stationary point equations = Eliashberg equations:
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Stationary point equations = Eliashberg equations:
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n + |Fn|2 = 1Stationary point constraint:

Components of a classical spin       of unit length:
<latexit sha1_base64="4ki4fRcqgOOBkZztI+LM93iF7EU="></latexit>

Sn
<latexit sha1_base64="VgkqCDjCU5gdZRSKKsABHV5Fer4="></latexit>

Sz
n = Gn, Sx

n = Re(Fn), Sy
n = Im(Fn)

Can rewrite the effective action (free energy functional) in terms of spins, i.e., map the Migdal-
Eliashberg theory to a classical spin chain!

<latexit sha1_base64="/mVndZ3wAX4mJqmhPdiqodfI/2M="></latexit>

f = ⌫0T
2
X

nl

⇥
�⇤

n+lU
�1
l �n + ⌃n+lU

�1
l ⌃n

⇤
� 2⇡⌫0T

X

n

p
(!n + ⌃n)2 + |�n|2

Free energy density:

In terms of the classical spins       it 
becomes a spin chain Hamiltonian:

<latexit sha1_base64="4ki4fRcqgOOBkZztI+LM93iF7EU="></latexit>

Sn
<latexit sha1_base64="0cn4xH0rYRAPM1zATbtp2bdmwpI="></latexit>

Hs = �2⇡
X

n

!nS
z
n � ⇡

2
Tg

2
X

nm

Sn · Sm � 1

(!n � !m)2 + ⌦2

<latexit sha1_base64="nRZyMat/IwbkJ9I50DfCGnRZYpg="></latexit>

f = ⌫0THs

Solutions of Eliashberg equations = Spin equilibria
Free energy minimum = Spin chain ground state 

<latexit sha1_base64="nLZc+I2Jstk3igdpu7IgEYy3jJw=">AAACGXicbVC7SgNBFJ31GeMramkzGASrsBuC2ghBGwuLiOYB2XWZnUySIfNYZ2aVENL6E/6CrfZ2Ymtl65c4SbYwiQcuHM65l3vviWJGtXHdb2dhcWl5ZTWzll3f2Nzazu3s1rRMFCZVLJlUjQhpwqggVUMNI41YEcQjRupR72Lk1x+I0lSKW9OPScBRR9A2xchYKcxB/0qKjqKdrkFKyUf/PkEt6Ecc3oTirnjmhbm8W3DHgPPES0kepKiEuR+/JXHCiTCYIa2bnhubYICUoZiRYdZPNIkR7qEOaVoqECc6GIw/GcJDq7RgWypbwsCx+ndigLjWfR7ZTo5MV896I/E/r5mY9mkwoCJODBF4sqidMGgkHMUCW1QRbFjfEoQVtbdC3EUKYWPDm9oS8WHWhuLNRjBPasWCd1woXZfy5fM0ngzYBwfgCHjgBJTBJaiAKsDgCbyAV/DmPDvvzofzOWldcNKZPTAF5+sXqu6gXw==</latexit>

=) S2
n = 1



Migdal-Eliashberg theory in terms of classical spins

!0

<latexit sha1_base64="TtlOhsfL8+mJv+UOU10WuZ0qLV4=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMYB6QLGF2MpsMmcc6MyuEJT/hxYMiXv0db/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3U6SlBh7jv98sVv+rPgVZJkJMK5Gj0y1+9gSKpoNISjo3pBn5iwwxrywin01IvNTTBZIyHtOuoxIKaMJvfO0VnThmgWGlX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfBVmTCappZIsFsUpR1ah2fNowDQllk8cwUQzdysiI6wxsS6ikgshWH55lbQuqkGten1fq9Rv8jiKcAKncA4BXEId7qABTSDA4Rle4c179F68d+9j0Vrw8plj+APv8we744/K</latexit>

!1

<latexit sha1_base64="UUxEYZNQ+4wnqDobk/ki/HvPNQ0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMYB6QLGF2MpsMmcc6MyuEJT/hxYMiXv0db/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3U6SlBh7gf9MsVv+rPgVZJkJMK5Gj0y1+9gSKpoNISjo3pBn5iwwxrywin01IvNTTBZIyHtOuoxIKaMJvfO0VnThmgWGlX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfBVmTCappZIsFsUpR1ah2fNowDQllk8cwUQzdysiI6wxsS6ikgshWH55lbQuqkGten1fq9Rv8jiKcAKncA4BXEId7qABTSDA4Rle4c179F68d+9j0Vrw8plj+APv8we9Z4/L</latexit>

!2

<latexit sha1_base64="Qo4nmxROMvJUG6dFwgf/XuAiN/U=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0QUG9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7a+sbm1Xdgp7u7tHxyWjo5bRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8O/PbT1QbpuSDnSQ0FHgoWcwItk7q9JSgQ9yv9ktlv+LPgVZJkJMy5Gj0S1+9gSKpoNISjo3pBn5iwwxrywin02IvNTTBZIyHtOuoxIKaMJvfO0XnThmgWGlX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfBVmTCappZIsFsUpR1ah2fNowDQllk8cwUQzdysiI6wxsS6iogshWH55lbSqlaBWub6vles3eRwFOIUzuIAALqEOd9CAJhDg8Ayv8OY9ei/eu/exaF3z8pkT+APv8we+64/M</latexit>

!�1

<latexit sha1_base64="2C5zGMsb4nckQYTLCPA+1s4QHfo=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgxbArAfUW9OIxgnnAZgmzk0kyZB7LTK8QlnyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXnAhuwfe/vcLa+sbmVnG7tLO7t39QPjxqWZ0ayppUC206MbFMcMWawEGwTmIYkbFg7Xh8N/PbT8xYrtUjTBIWSTJUfMApASeFXS3ZkPSyi2DaK1f8qj8HXiVBTiooR6NX/ur2NU0lU0AFsTYM/ASijBjgVLBpqZtalhA6JkMWOqqIZDbK5idP8ZlT+nigjSsFeK7+nsiItHYiY9cpCYzssjcT//PCFAbXUcZVkgJTdLFokAoMGs/+x31uGAUxcYRQw92tmI6IIRRcSiUXQrD88ippXVaDWvXmoVap3+ZxFNEJOkXnKEBXqI7uUQM1EUUaPaNX9OaB9+K9ex+L1oKXzxyjP/A+fwDyvZEO</latexit>

!�2

<latexit sha1_base64="4vvC5Izj7sAYaVTSeaC1hJ7VMgM=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBC8GHZDQL0FvXiMYB6wWcLspJMMmccyMyuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090VJ5wZ6/vf3tr6xubWdmGnuLu3f3BYOjpuGZVqCk2quNKdmBjgTELTMsuhk2ggIubQjsd3M7/9BNowJR/tJIFIkKFkA0aJdVLYVQKGpJddVqe9Utmv+HPgVRLkpIxyNHqlr25f0VSAtJQTY8LAT2yUEW0Z5TAtdlMDCaFjMoTQUUkEmCibnzzF507p44HSrqTFc/X3REaEMRMRu05B7MgsezPxPy9M7eA6yphMUguSLhYNUo6twrP/cZ9poJZPHCFUM3crpiOiCbUupaILIVh+eZW0qpWgVrl5qJXrt3kcBXSKztAFCtAVqqN71EBNRJFCz+gVvXnWe/HevY9F65qXz5ygP/A+fwD0QpEP</latexit>

!�3

<latexit sha1_base64="qfL2A+pNUj4HheYOZH3W/4XnLac=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBC8GHY1oN6CXjxGMA/ILmF20kmGzGOZmRXCkt/w4kERr/6MN//GSbIHTSxoKKq66e6KE86M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1hQZVXOl2TAxwJqFhmeXQTjQQEXNoxaO7qd96Am2Yko92nEAkyECyPqPEOikMlYAB6Wb4/HLSLZX9ij8DXiZBTsooR71b+gp7iqYCpKWcGNMJ/MRGGdGWUQ6TYpgaSAgdkQF0HJVEgImy2c0TfOqUHu4r7UpaPFN/T2REGDMWsesUxA7NojcV//M6qe1fRxmTSWpB0vmifsqxVXgaAO4xDdTysSOEauZuxXRINKHWxVR0IQSLLy+T5kUlqFZuHqrl2m0eRwEdoxN0hgJ0hWroHtVRA1GUoGf0it681Hvx3r2PeeuKl88coT/wPn8ATu2ROg==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

z

<latexit sha1_base64="Wud7Tk1lAE0TofbfdXT/CfC5Fa0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMwKMeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+0hjQo=</latexit>

S0

<latexit sha1_base64="bk0df/xe824aUlRZsVCKcolzMl8=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koHZBG8uI5gOSI+xt9pIlu3vH7p4QjuBvsNXaTmz9LZb+EzeXK0zig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSD6aSUx9gYeShYxgY6V2LxDooe/2yxW36mZAq8TLSQVyNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zc6dojOrDFAYKVvSoEz9O5FiofVEBLZTYDPSy95M/M/rJia88lMm48RQSeaLwoQjE6HZ72jAFCWGTyzBRDF7KyIjrDAxNqGFLYGY2ky85QRWSeui6tWq1/e1Sv0mT6cIJ3AK5+DBJdThDhrQBAJjeIFXeHOenXfnw/mctxacfOYYFuB8/QIkT5WP</latexit>

S1

<latexit sha1_base64="1VO336AuPQdhg5EPowPW14d5Fvs=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koHZBG8uI5gOSI+xt9pIlu3vH7p4QjuBvsNXaTmz9LZb+EzeXK0zig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSD6aSUx9gYeShYxgY6V2LxDooe/1yxW36mZAq8TLSQVyNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zc6dojOrDFAYKVvSoEz9O5FiofVEBLZTYDPSy95M/M/rJia88lMm48RQSeaLwoQjE6HZ72jAFCWGTyzBRDF7KyIjrDAxNqGFLYGY2ky85QRWSeui6tWq1/e1Sv0mT6cIJ3AK5+DBJdThDhrQBAJjeIFXeHOenXfnw/mctxacfOYYFuB8/QIl4pWQ</latexit>

S2

<latexit sha1_base64="w8og7sn8y6LbeWIwA6mDbepQbSY=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CINoFbSwjmg9IjrC32UuW7O4du3tCOIK/wVZrO7H1t1j6T9wkV5jEBwOP92aYmRfEnGnjut9ObmNza3snv1vY2z84PCoen7R0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsa3M7/9RJVmkXw0k5j6Ag8lCxnBxkrtXiDQQ7/SL5bcsjsHWideRkqQodEv/vQGEUkElYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUslFlT76fzcKbqwygCFkbIlDZqrfydSLLSeiMB2CmxGetWbif953cSEV37KZJwYKsliUZhwZCI0+x0NmKLE8IklmChmb0VkhBUmxia0tCUQU5uJt5rAOmlVyl61fH1fLdVvsnTycAbncAke1KAOd9CAJhAYwwu8wpvz7Lw7H87nojXnZDOnsATn6xcndZWR</latexit>

S�1

<latexit sha1_base64="lMEwTedq4BVYRHjdsOVhHE8/mTw=">AAACAHicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTgNoFbSwjmg9MjrC32UuW7O4du3tCONL4G2y1thNb/4ml/8S9JIVJfDDweG+GmXlBzJk2rvvt5FZW19Y38puFre2d3b3i/kFDR4kitE4iHqlWgDXlTNK6YYbTVqwoFgGnzWB4k/nNJ6o0i+SDGcXUF7gvWcgINlZ67AQC3XfTM2/cLZbcsjsBWibejJRghlq3+NPpRSQRVBrCsdZtz42Nn2JlGOF0XOgkmsaYDHGfti2VWFDtp5OLx+jEKj0URsqWNGii/p1IsdB6JALbKbAZ6EUvE//z2okJL/2UyTgxVJLpojDhyEQoex/1mKLE8JElmChmb0VkgBUmxoY0tyUQWSbeYgLLpHFe9irlq7tKqXo9SycPR3AMp+DBBVThFmpQBwISXuAV3pxn5935cD6nrTlnNnMIc3C+fgFqNZbT</latexit>

S�2

<latexit sha1_base64="7yyzux+2ZHY+2+GqGfg5zkjUQ1g=">AAACAHicbVA9SwNBEJ3zM8avqKXNYhBsDHchoHZBG8uI5gOTI+xtNsmS3b1jd08IRxp/g63WdmLrP7H0n7iXXGESHww83pthZl4QcaaN6347K6tr6xubua389s7u3n7h4LChw1gRWichD1UrwJpyJmndMMNpK1IUi4DTZjC6Sf3mE1WahfLBjCPqCzyQrM8INlZ67AQC3XeT8/KkWyi6JXcKtEy8jBQhQ61b+On0QhILKg3hWOu250bGT7AyjHA6yXdiTSNMRnhA25ZKLKj2k+nFE3RqlR7qh8qWNGiq/p1IsNB6LALbKbAZ6kUvFf/z2rHpX/oJk1FsqCSzRf2YIxOi9H3UY4oSw8eWYKKYvRWRIVaYGBvS3JZApJl4iwksk0a55FVKV3eVYvU6SycHx3ACZ+DBBVThFmpQBwISXuAV3pxn5935cD5nrStONnMEc3C+fgFryZbU</latexit>

S�3

<latexit sha1_base64="jAjqEE4SO0RY8O9IjAYVTRDLNYY=">AAACAHicbVA9SwNBEJ3zM8avqKXNYhBsDHcaULugjWVE84HJEfY2e8mS3b1jd08IRxp/g63WdmLrP7H0n7iXpDCJDwYe780wMy+IOdPGdb+dpeWV1bX13EZ+c2t7Z7ewt1/XUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxjcZH7jiSrNIvlghjH1Be5JFjKCjZUe24FA95309HzUKRTdkjsGWiTelBRhimqn8NPuRiQRVBrCsdYtz42Nn2JlGOF0lG8nmsaYDHCPtiyVWFDtp+OLR+jYKl0URsqWNGis/p1IsdB6KALbKbDp63kvE//zWokJL/2UyTgxVJLJojDhyEQoex91maLE8KElmChmb0WkjxUmxoY0syUQWSbefAKLpH5W8sqlq7tysXI9TScHh3AEJ+DBBVTgFqpQAwISXuAV3pxn5935cD4nrUvOdOYAZuB8/QJtXZbV</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

z

<latexit sha1_base64="Wud7Tk1lAE0TofbfdXT/CfC5Fa0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMwKMeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+0hjQo=</latexit>

(a)

<latexit sha1_base64="J112IsHTRdxu8RE54G4PGg07VHw=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoMQm3AXAmoXtLGMaD4gOcLeZi9Zsrt37O4J4chPsNXaTmz9NZb+EzfJFSbxwcDjvRlm5gUxZ9q47reT29jc2t7J7xb29g8Oj4rHJy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/HdzG8/U6VZJJ/MJKa+wEPJQkawsdJjGV/2iyW34s6B1omXkRJkaPSLP71BRBJBpSEca9313Nj4KVaGEU6nhV6iaYzJGA9p11KJBdV+Oj91ii6sMkBhpGxJg+bq34kUC60nIrCdApuRXvVm4n9eNzHhtZ8yGSeGSrJYFCYcmQjN/kYDpigxfGIJJorZWxEZYYWJseksbQnE1GbirSawTlrViler3DxUS/XbLJ08nME5lMGDK6jDPTSgCQSG8AKv8Oakzrvz4XwuWnNONnMKS3C+fgE0f5Pq</latexit>

(b)

<latexit sha1_base64="FN9G6xScpq4cV1IZ/hfRdu5k+7w=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoMQm3AXAmoXtLGMaD4gOcLeZi9Zsrt37O4J4chPsNXaTmz9NZb+EzfJFSbxwcDjvRlm5gUxZ9q47reT29jc2t7J7xb29g8Oj4rHJy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/HdzG8/U6VZJJ/MJKa+wEPJQkawsdJjObjsF0tuxZ0DrRMvIyXI0OgXf3qDiCSCSkM41rrrubHxU6wMI5xOC71E0xiTMR7SrqUSC6r9dH7qFF1YZYDCSNmSBs3VvxMpFlpPRGA7BTYjverNxP+8bmLCaz9lMk4MlWSxKEw4MhGa/Y0GTFFi+MQSTBSztyIywgoTY9NZ2hKIqc3EW01gnbSqFa9WuXmoluq3WTp5OINzKIMHV1CHe2hAEwgM4QVe4c1JnXfnw/lctOacbOYUluB8/QI2E5Pr</latexit>

<latexit sha1_base64="0cn4xH0rYRAPM1zATbtp2bdmwpI="></latexit>

Hs = �2⇡
X

n

!nS
z
n � ⇡

2
Tg

2
X

nm

Sn · Sm � 1

(!n � !m)2 + ⌦2

Sites of the chain – fermionic Matsubara 
frequencies

<latexit sha1_base64="w+u/vZ28pkhqu3xhoTtEtO0Mrtc="></latexit>

!n = ⇡T (2n+ 1)

Ferromagnetic Heisenberg model in 
inhomogeneous Zeeman field

a) Normal state: all spins parallel to the z axis

a) Superconducting state: spins acquire  
components. Superconducting transition: 
softening of the domain wall at the origin

<latexit sha1_base64="Wg/a9a5PMhpE0wpM5fNWYennqoU="></latexit>

Sn = sgn(!n)ẑ

<latexit sha1_base64="VgkqCDjCU5gdZRSKKsABHV5Fer4="></latexit>

Sz
n = Gn, Sx

n = Re(Fn), Sy
n = Im(Fn)

<latexit sha1_base64="zQm86rfPtxUIvkpdDIXoV4JeQIw="></latexit>x

<latexit sha1_base64="nf7ZZK4qfPONC9Y1o2Jop8WrpvA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQFMRjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53Cyura+kZxs7S1vbO7V94/aOgkUwx9lohEtUKqUXCJvuFGYCtVSONQYDMc3k795hMqzRP5aEYpBjHtSx5xRo2V/LuuvHa75YpbdWcgy8TLSQVy1Lvlr04vYVmM0jBBtW57bmqCMVWGM4GTUifTmFI2pH1sWyppjDoYz46dkBOr9EiUKFvSkJn6e2JMY61HcWg7Y2oGetGbiv957cxEV8GYyzQzKNl8UZQJYhIy/Zz0uEJmxMgSyhS3txI2oIoyY/Mp2RC8xZeXSeOs6l1Uzx/OK7WbPI4iHMExnIIHl1CDe6iDDww4PMMrvDnSeXHenY95a8HJZw7hD5zPHxBejjU=</latexit>

Fn = 0

<latexit sha1_base64="yZ0in9hO2HMuK1Z/m8Cj9wGcIZU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiIB4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJaPZpKgH9Gh5CFn1FipfdeXPYluv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7ulJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jsZcIXMiIkllClubyVsRBVlxiZUsiF4yy+vktZF1bus1h5qlfpNHkcRTuAUzsGDK6jDPTSgCQzG8Ayv8OYkzovz7nwsWgtOPnMMf+B8/gDNTY87</latexit>

Fn 6= 0



<latexit sha1_base64="0cn4xH0rYRAPM1zATbtp2bdmwpI="></latexit>

Hs = �2⇡
X
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Sn · Sm � 1

(!n � !m)2 + ⌦2

Sites of the chain – fermionic Matsubara 
frequencies

<latexit sha1_base64="w+u/vZ28pkhqu3xhoTtEtO0Mrtc="></latexit>

!n = ⇡T (2n+ 1)

Ferromagnetic Heisenberg model in 
inhomogeneous Zeeman field

Spin-chain representation makes previously unknown properties easy to see. 

Example: new (“spin-flip”) solutions of the Eliashberg equations (probably play a role in kinetics)

Recall: Solutions of Eliashberg 
equations = Spin equilibria

!0

<latexit sha1_base64="TtlOhsfL8+mJv+UOU10WuZ0qLV4=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMYB6QLGF2MpsMmcc6MyuEJT/hxYMiXv0db/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3U6SlBh7jv98sVv+rPgVZJkJMK5Gj0y1+9gSKpoNISjo3pBn5iwwxrywin01IvNTTBZIyHtOuoxIKaMJvfO0VnThmgWGlX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfBVmTCappZIsFsUpR1ah2fNowDQllk8cwUQzdysiI6wxsS6ikgshWH55lbQuqkGten1fq9Rv8jiKcAKncA4BXEId7qABTSDA4Rle4c179F68d+9j0Vrw8plj+APv8we744/K</latexit>

!1

<latexit sha1_base64="UUxEYZNQ+4wnqDobk/ki/HvPNQ0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMYB6QLGF2MpsMmcc6MyuEJT/hxYMiXv0db/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3U6SlBh7gf9MsVv+rPgVZJkJMK5Gj0y1+9gSKpoNISjo3pBn5iwwxrywin01IvNTTBZIyHtOuoxIKaMJvfO0VnThmgWGlX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfBVmTCappZIsFsUpR1ah2fNowDQllk8cwUQzdysiI6wxsS6ikgshWH55lbQuqkGten1fq9Rv8jiKcAKncA4BXEId7qABTSDA4Rle4c179F68d+9j0Vrw8plj+APv8we9Z4/L</latexit>

!2

<latexit sha1_base64="Qo4nmxROMvJUG6dFwgf/XuAiN/U=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0QUG9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7a+sbm1Xdgp7u7tHxyWjo5bRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8O/PbT1QbpuSDnSQ0FHgoWcwItk7q9JSgQ9yv9ktlv+LPgVZJkJMy5Gj0S1+9gSKpoNISjo3pBn5iwwxrywin02IvNTTBZIyHtOuoxIKaMJvfO0XnThmgWGlX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfBVmTCappZIsFsUpR1ah2fNowDQllk8cwUQzdysiI6wxsS6iogshWH55lbSqlaBWub6vles3eRwFOIUzuIAALqEOd9CAJhDg8Ayv8OY9ei/eu/exaF3z8pkT+APv8we+64/M</latexit>

!�1

<latexit sha1_base64="2C5zGMsb4nckQYTLCPA+1s4QHfo=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgxbArAfUW9OIxgnnAZgmzk0kyZB7LTK8QlnyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXnAhuwfe/vcLa+sbmVnG7tLO7t39QPjxqWZ0ayppUC206MbFMcMWawEGwTmIYkbFg7Xh8N/PbT8xYrtUjTBIWSTJUfMApASeFXS3ZkPSyi2DaK1f8qj8HXiVBTiooR6NX/ur2NU0lU0AFsTYM/ASijBjgVLBpqZtalhA6JkMWOqqIZDbK5idP8ZlT+nigjSsFeK7+nsiItHYiY9cpCYzssjcT//PCFAbXUcZVkgJTdLFokAoMGs/+x31uGAUxcYRQw92tmI6IIRRcSiUXQrD88ippXVaDWvXmoVap3+ZxFNEJOkXnKEBXqI7uUQM1EUUaPaNX9OaB9+K9ex+L1oKXzxyjP/A+fwDyvZEO</latexit>

!�2

<latexit sha1_base64="4vvC5Izj7sAYaVTSeaC1hJ7VMgM=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBC8GHZDQL0FvXiMYB6wWcLspJMMmccyMyuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090VJ5wZ6/vf3tr6xubWdmGnuLu3f3BYOjpuGZVqCk2quNKdmBjgTELTMsuhk2ggIubQjsd3M7/9BNowJR/tJIFIkKFkA0aJdVLYVQKGpJddVqe9Utmv+HPgVRLkpIxyNHqlr25f0VSAtJQTY8LAT2yUEW0Z5TAtdlMDCaFjMoTQUUkEmCibnzzF507p44HSrqTFc/X3REaEMRMRu05B7MgsezPxPy9M7eA6yphMUguSLhYNUo6twrP/cZ9poJZPHCFUM3crpiOiCbUupaILIVh+eZW0qpWgVrl5qJXrt3kcBXSKztAFCtAVqqN71EBNRJFCz+gVvXnWe/HevY9F65qXz5ygP/A+fwD0QpEP</latexit>

!�3

<latexit sha1_base64="qfL2A+pNUj4HheYOZH3W/4XnLac=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBC8GHY1oN6CXjxGMA/ILmF20kmGzGOZmRXCkt/w4kERr/6MN//GSbIHTSxoKKq66e6KE86M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1hQZVXOl2TAxwJqFhmeXQTjQQEXNoxaO7qd96Am2Yko92nEAkyECyPqPEOikMlYAB6Wb4/HLSLZX9ij8DXiZBTsooR71b+gp7iqYCpKWcGNMJ/MRGGdGWUQ6TYpgaSAgdkQF0HJVEgImy2c0TfOqUHu4r7UpaPFN/T2REGDMWsesUxA7NojcV//M6qe1fRxmTSWpB0vmifsqxVXgaAO4xDdTysSOEauZuxXRINKHWxVR0IQSLLy+T5kUlqFZuHqrl2m0eRwEdoxN0hgJ0hWroHtVRA1GUoGf0it681Hvx3r2PeeuKl88coT/wPn8ATu2ROg==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

z

<latexit sha1_base64="Wud7Tk1lAE0TofbfdXT/CfC5Fa0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMwKMeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+0hjQo=</latexit>

S0

<latexit sha1_base64="bk0df/xe824aUlRZsVCKcolzMl8=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koHZBG8uI5gOSI+xt9pIlu3vH7p4QjuBvsNXaTmz9LZb+EzeXK0zig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSD6aSUx9gYeShYxgY6V2LxDooe/2yxW36mZAq8TLSQVyNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zc6dojOrDFAYKVvSoEz9O5FiofVEBLZTYDPSy95M/M/rJia88lMm48RQSeaLwoQjE6HZ72jAFCWGTyzBRDF7KyIjrDAxNqGFLYGY2ky85QRWSeui6tWq1/e1Sv0mT6cIJ3AK5+DBJdThDhrQBAJjeIFXeHOenXfnw/mctxacfOYYFuB8/QIkT5WP</latexit>

S1

<latexit sha1_base64="1VO336AuPQdhg5EPowPW14d5Fvs=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koHZBG8uI5gOSI+xt9pIlu3vH7p4QjuBvsNXaTmz9LZb+EzeXK0zig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSD6aSUx9gYeShYxgY6V2LxDooe/1yxW36mZAq8TLSQVyNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zc6dojOrDFAYKVvSoEz9O5FiofVEBLZTYDPSy95M/M/rJia88lMm48RQSeaLwoQjE6HZ72jAFCWGTyzBRDF7KyIjrDAxNqGFLYGY2ky85QRWSeui6tWq1/e1Sv0mT6cIJ3AK5+DBJdThDhrQBAJjeIFXeHOenXfnw/mctxacfOYYFuB8/QIl4pWQ</latexit>

S2

<latexit sha1_base64="w8og7sn8y6LbeWIwA6mDbepQbSY=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CINoFbSwjmg9IjrC32UuW7O4du3tCOIK/wVZrO7H1t1j6T9wkV5jEBwOP92aYmRfEnGnjut9ObmNza3snv1vY2z84PCoen7R0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsa3M7/9RJVmkXw0k5j6Ag8lCxnBxkrtXiDQQ7/SL5bcsjsHWideRkqQodEv/vQGEUkElYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUslFlT76fzcKbqwygCFkbIlDZqrfydSLLSeiMB2CmxGetWbif953cSEV37KZJwYKsliUZhwZCI0+x0NmKLE8IklmChmb0VkhBUmxia0tCUQU5uJt5rAOmlVyl61fH1fLdVvsnTycAbncAke1KAOd9CAJhAYwwu8wpvz7Lw7H87nojXnZDOnsATn6xcndZWR</latexit>

S�1

<latexit sha1_base64="lMEwTedq4BVYRHjdsOVhHE8/mTw=">AAACAHicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTgNoFbSwjmg9MjrC32UuW7O4du3tCONL4G2y1thNb/4ml/8S9JIVJfDDweG+GmXlBzJk2rvvt5FZW19Y38puFre2d3b3i/kFDR4kitE4iHqlWgDXlTNK6YYbTVqwoFgGnzWB4k/nNJ6o0i+SDGcXUF7gvWcgINlZ67AQC3XfTM2/cLZbcsjsBWibejJRghlq3+NPpRSQRVBrCsdZtz42Nn2JlGOF0XOgkmsaYDHGfti2VWFDtp5OLx+jEKj0URsqWNGii/p1IsdB6JALbKbAZ6EUvE//z2okJL/2UyTgxVJLpojDhyEQoex/1mKLE8JElmChmb0VkgBUmxoY0tyUQWSbeYgLLpHFe9irlq7tKqXo9SycPR3AMp+DBBVThFmpQBwISXuAV3pxn5935cD6nrTlnNnMIc3C+fgFqNZbT</latexit>

S�2

<latexit sha1_base64="7yyzux+2ZHY+2+GqGfg5zkjUQ1g=">AAACAHicbVA9SwNBEJ3zM8avqKXNYhBsDHchoHZBG8uI5gOTI+xtNsmS3b1jd08IRxp/g63WdmLrP7H0n7iXXGESHww83pthZl4QcaaN6347K6tr6xubua389s7u3n7h4LChw1gRWichD1UrwJpyJmndMMNpK1IUi4DTZjC6Sf3mE1WahfLBjCPqCzyQrM8INlZ67AQC3XeT8/KkWyi6JXcKtEy8jBQhQ61b+On0QhILKg3hWOu250bGT7AyjHA6yXdiTSNMRnhA25ZKLKj2k+nFE3RqlR7qh8qWNGiq/p1IsNB6LALbKbAZ6kUvFf/z2rHpX/oJk1FsqCSzRf2YIxOi9H3UY4oSw8eWYKKYvRWRIVaYGBvS3JZApJl4iwksk0a55FVKV3eVYvU6SycHx3ACZ+DBBVThFmpQBwISXuAV3pxn5935cD5nrStONnMEc3C+fgFryZbU</latexit>

S�3

<latexit sha1_base64="jAjqEE4SO0RY8O9IjAYVTRDLNYY=">AAACAHicbVA9SwNBEJ3zM8avqKXNYhBsDHcaULugjWVE84HJEfY2e8mS3b1jd08IRxp/g63WdmLrP7H0n7iXpDCJDwYe780wMy+IOdPGdb+dpeWV1bX13EZ+c2t7Z7ewt1/XUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxjcZH7jiSrNIvlghjH1Be5JFjKCjZUe24FA95309HzUKRTdkjsGWiTelBRhimqn8NPuRiQRVBrCsdYtz42Nn2JlGOF0lG8nmsaYDHCPtiyVWFDtp+OLR+jYKl0URsqWNGis/p1IsdB6KALbKbDp63kvE//zWokJL/2UyTgxVJLJojDhyEQoex91maLE8KElmChmb0WkjxUmxoY0syUQWSbefAKLpH5W8sqlq7tysXI9TScHh3AEJ+DBBVTgFqpQAwISXuAV3pxn5935cD4nrUvOdOYAZuB8/QJtXZbV</latexit>

!0

<latexit sha1_base64="TtlOhsfL8+mJv+UOU10WuZ0qLV4=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMYB6QLGF2MpsMmcc6MyuEJT/hxYMiXv0db/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3U6SlBh7jv98sVv+rPgVZJkJMK5Gj0y1+9gSKpoNISjo3pBn5iwwxrywin01IvNTTBZIyHtOuoxIKaMJvfO0VnThmgWGlX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfBVmTCappZIsFsUpR1ah2fNowDQllk8cwUQzdysiI6wxsS6ikgshWH55lbQuqkGten1fq9Rv8jiKcAKncA4BXEId7qABTSDA4Rle4c179F68d+9j0Vrw8plj+APv8we744/K</latexit>

!1

<latexit sha1_base64="UUxEYZNQ+4wnqDobk/ki/HvPNQ0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMYB6QLGF2MpsMmcc6MyuEJT/hxYMiXv0db/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3U6SlBh7gf9MsVv+rPgVZJkJMK5Gj0y1+9gSKpoNISjo3pBn5iwwxrywin01IvNTTBZIyHtOuoxIKaMJvfO0VnThmgWGlX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfBVmTCappZIsFsUpR1ah2fNowDQllk8cwUQzdysiI6wxsS6ikgshWH55lbQuqkGten1fq9Rv8jiKcAKncA4BXEId7qABTSDA4Rle4c179F68d+9j0Vrw8plj+APv8we9Z4/L</latexit>

!2

<latexit sha1_base64="Qo4nmxROMvJUG6dFwgf/XuAiN/U=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0QUG9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7a+sbm1Xdgp7u7tHxyWjo5bRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8O/PbT1QbpuSDnSQ0FHgoWcwItk7q9JSgQ9yv9ktlv+LPgVZJkJMy5Gj0S1+9gSKpoNISjo3pBn5iwwxrywin02IvNTTBZIyHtOuoxIKaMJvfO0XnThmgWGlX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfBVmTCappZIsFsUpR1ah2fNowDQllk8cwUQzdysiI6wxsS6iogshWH55lbSqlaBWub6vles3eRwFOIUzuIAALqEOd9CAJhDg8Ayv8OY9ei/eu/exaF3z8pkT+APv8we+64/M</latexit>

!�1

<latexit sha1_base64="2C5zGMsb4nckQYTLCPA+1s4QHfo=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgxbArAfUW9OIxgnnAZgmzk0kyZB7LTK8QlnyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXnAhuwfe/vcLa+sbmVnG7tLO7t39QPjxqWZ0ayppUC206MbFMcMWawEGwTmIYkbFg7Xh8N/PbT8xYrtUjTBIWSTJUfMApASeFXS3ZkPSyi2DaK1f8qj8HXiVBTiooR6NX/ur2NU0lU0AFsTYM/ASijBjgVLBpqZtalhA6JkMWOqqIZDbK5idP8ZlT+nigjSsFeK7+nsiItHYiY9cpCYzssjcT//PCFAbXUcZVkgJTdLFokAoMGs/+x31uGAUxcYRQw92tmI6IIRRcSiUXQrD88ippXVaDWvXmoVap3+ZxFNEJOkXnKEBXqI7uUQM1EUUaPaNX9OaB9+K9ex+L1oKXzxyjP/A+fwDyvZEO</latexit>

!�2

<latexit sha1_base64="4vvC5Izj7sAYaVTSeaC1hJ7VMgM=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBC8GHZDQL0FvXiMYB6wWcLspJMMmccyMyuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090VJ5wZ6/vf3tr6xubWdmGnuLu3f3BYOjpuGZVqCk2quNKdmBjgTELTMsuhk2ggIubQjsd3M7/9BNowJR/tJIFIkKFkA0aJdVLYVQKGpJddVqe9Utmv+HPgVRLkpIxyNHqlr25f0VSAtJQTY8LAT2yUEW0Z5TAtdlMDCaFjMoTQUUkEmCibnzzF507p44HSrqTFc/X3REaEMRMRu05B7MgsezPxPy9M7eA6yphMUguSLhYNUo6twrP/cZ9poJZPHCFUM3crpiOiCbUupaILIVh+eZW0qpWgVrl5qJXrt3kcBXSKztAFCtAVqqN71EBNRJFCz+gVvXnWe/HevY9F65qXz5ygP/A+fwD0QpEP</latexit>

!�3

<latexit sha1_base64="qfL2A+pNUj4HheYOZH3W/4XnLac=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBC8GHY1oN6CXjxGMA/ILmF20kmGzGOZmRXCkt/w4kERr/6MN//GSbIHTSxoKKq66e6KE86M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1hQZVXOl2TAxwJqFhmeXQTjQQEXNoxaO7qd96Am2Yko92nEAkyECyPqPEOikMlYAB6Wb4/HLSLZX9ij8DXiZBTsooR71b+gp7iqYCpKWcGNMJ/MRGGdGWUQ6TYpgaSAgdkQF0HJVEgImy2c0TfOqUHu4r7UpaPFN/T2REGDMWsesUxA7NojcV//M6qe1fRxmTSWpB0vmifsqxVXgaAO4xDdTysSOEauZuxXRINKHWxVR0IQSLLy+T5kUlqFZuHqrl2m0eRwEdoxN0hgJ0hWroHtVRA1GUoGf0it681Hvx3r2PeeuKl88coT/wPn8ATu2ROg==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

z

<latexit sha1_base64="Wud7Tk1lAE0TofbfdXT/CfC5Fa0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMwKMeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+0hjQo=</latexit>

S0

<latexit sha1_base64="bk0df/xe824aUlRZsVCKcolzMl8=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koHZBG8uI5gOSI+xt9pIlu3vH7p4QjuBvsNXaTmz9LZb+EzeXK0zig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSD6aSUx9gYeShYxgY6V2LxDooe/2yxW36mZAq8TLSQVyNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zc6dojOrDFAYKVvSoEz9O5FiofVEBLZTYDPSy95M/M/rJia88lMm48RQSeaLwoQjE6HZ72jAFCWGTyzBRDF7KyIjrDAxNqGFLYGY2ky85QRWSeui6tWq1/e1Sv0mT6cIJ3AK5+DBJdThDhrQBAJjeIFXeHOenXfnw/mctxacfOYYFuB8/QIkT5WP</latexit>

S1

<latexit sha1_base64="1VO336AuPQdhg5EPowPW14d5Fvs=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koHZBG8uI5gOSI+xt9pIlu3vH7p4QjuBvsNXaTmz9LZb+EzeXK0zig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSD6aSUx9gYeShYxgY6V2LxDooe/1yxW36mZAq8TLSQVyNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zc6dojOrDFAYKVvSoEz9O5FiofVEBLZTYDPSy95M/M/rJia88lMm48RQSeaLwoQjE6HZ72jAFCWGTyzBRDF7KyIjrDAxNqGFLYGY2ky85QRWSeui6tWq1/e1Sv0mT6cIJ3AK5+DBJdThDhrQBAJjeIFXeHOenXfnw/mctxacfOYYFuB8/QIl4pWQ</latexit>

S2

<latexit sha1_base64="w8og7sn8y6LbeWIwA6mDbepQbSY=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CINoFbSwjmg9IjrC32UuW7O4du3tCOIK/wVZrO7H1t1j6T9wkV5jEBwOP92aYmRfEnGnjut9ObmNza3snv1vY2z84PCoen7R0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsa3M7/9RJVmkXw0k5j6Ag8lCxnBxkrtXiDQQ7/SL5bcsjsHWideRkqQodEv/vQGEUkElYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUslFlT76fzcKbqwygCFkbIlDZqrfydSLLSeiMB2CmxGetWbif953cSEV37KZJwYKsliUZhwZCI0+x0NmKLE8IklmChmb0VkhBUmxia0tCUQU5uJt5rAOmlVyl61fH1fLdVvsnTycAbncAke1KAOd9CAJhAYwwu8wpvz7Lw7H87nojXnZDOnsATn6xcndZWR</latexit>

S�1

<latexit sha1_base64="lMEwTedq4BVYRHjdsOVhHE8/mTw=">AAACAHicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTgNoFbSwjmg9MjrC32UuW7O4du3tCONL4G2y1thNb/4ml/8S9JIVJfDDweG+GmXlBzJk2rvvt5FZW19Y38puFre2d3b3i/kFDR4kitE4iHqlWgDXlTNK6YYbTVqwoFgGnzWB4k/nNJ6o0i+SDGcXUF7gvWcgINlZ67AQC3XfTM2/cLZbcsjsBWibejJRghlq3+NPpRSQRVBrCsdZtz42Nn2JlGOF0XOgkmsaYDHGfti2VWFDtp5OLx+jEKj0URsqWNGii/p1IsdB6JALbKbAZ6EUvE//z2okJL/2UyTgxVJLpojDhyEQoex/1mKLE8JElmChmb0VkgBUmxoY0tyUQWSbeYgLLpHFe9irlq7tKqXo9SycPR3AMp+DBBVThFmpQBwISXuAV3pxn5935cD6nrTlnNnMIc3C+fgFqNZbT</latexit>

S�2

<latexit sha1_base64="7yyzux+2ZHY+2+GqGfg5zkjUQ1g=">AAACAHicbVA9SwNBEJ3zM8avqKXNYhBsDHchoHZBG8uI5gOTI+xtNsmS3b1jd08IRxp/g63WdmLrP7H0n7iXXGESHww83pthZl4QcaaN6347K6tr6xubua389s7u3n7h4LChw1gRWichD1UrwJpyJmndMMNpK1IUi4DTZjC6Sf3mE1WahfLBjCPqCzyQrM8INlZ67AQC3XeT8/KkWyi6JXcKtEy8jBQhQ61b+On0QhILKg3hWOu250bGT7AyjHA6yXdiTSNMRnhA25ZKLKj2k+nFE3RqlR7qh8qWNGiq/p1IsNB6LALbKbAZ6kUvFf/z2rHpX/oJk1FsqCSzRf2YIxOi9H3UY4oSw8eWYKKYvRWRIVaYGBvS3JZApJl4iwksk0a55FVKV3eVYvU6SycHx3ACZ+DBBVThFmpQBwISXuAV3pxn5935cD5nrStONnMEc3C+fgFryZbU</latexit>

S�3

<latexit sha1_base64="jAjqEE4SO0RY8O9IjAYVTRDLNYY=">AAACAHicbVA9SwNBEJ3zM8avqKXNYhBsDHcaULugjWVE84HJEfY2e8mS3b1jd08IRxp/g63WdmLrP7H0n7iXpDCJDwYe780wMy+IOdPGdb+dpeWV1bX13EZ+c2t7Z7ewt1/XUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxjcZH7jiSrNIvlghjH1Be5JFjKCjZUe24FA95309HzUKRTdkjsGWiTelBRhimqn8NPuRiQRVBrCsdYtz42Nn2JlGOF0lG8nmsaYDHCPtiyVWFDtp+OLR+jYKl0URsqWNGis/p1IsdB6KALbKbDp63kvE//zWokJL/2UyTgxVJLJojDhyEQoex91maLE8KElmChmb0WkjxUmxoY0syUQWSbefAKLpH5W8sqlq7tysXI9TScHh3AEJ+DBBVTgFqpQAwISXuAV3pxn5935cD4nrUvOdOYAZuB8/QJtXZbV</latexit>

EY and Altshuler (2022)

Migdal-Eliashberg theory in terms of classical spins



!0

<latexit sha1_base64="TtlOhsfL8+mJv+UOU10WuZ0qLV4=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMYB6QLGF2MpsMmcc6MyuEJT/hxYMiXv0db/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3U6SlBh7jv98sVv+rPgVZJkJMK5Gj0y1+9gSKpoNISjo3pBn5iwwxrywin01IvNTTBZIyHtOuoxIKaMJvfO0VnThmgWGlX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfBVmTCappZIsFsUpR1ah2fNowDQllk8cwUQzdysiI6wxsS6ikgshWH55lbQuqkGten1fq9Rv8jiKcAKncA4BXEId7qABTSDA4Rle4c179F68d+9j0Vrw8plj+APv8we744/K</latexit>

!1

<latexit sha1_base64="UUxEYZNQ+4wnqDobk/ki/HvPNQ0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMYB6QLGF2MpsMmcc6MyuEJT/hxYMiXv0db/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3U6SlBh7gf9MsVv+rPgVZJkJMK5Gj0y1+9gSKpoNISjo3pBn5iwwxrywin01IvNTTBZIyHtOuoxIKaMJvfO0VnThmgWGlX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfBVmTCappZIsFsUpR1ah2fNowDQllk8cwUQzdysiI6wxsS6ikgshWH55lbQuqkGten1fq9Rv8jiKcAKncA4BXEId7qABTSDA4Rle4c179F68d+9j0Vrw8plj+APv8we9Z4/L</latexit>

!2

<latexit sha1_base64="Qo4nmxROMvJUG6dFwgf/XuAiN/U=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0QUG9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7a+sbm1Xdgp7u7tHxyWjo5bRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8O/PbT1QbpuSDnSQ0FHgoWcwItk7q9JSgQ9yv9ktlv+LPgVZJkJMy5Gj0S1+9gSKpoNISjo3pBn5iwwxrywin02IvNTTBZIyHtOuoxIKaMJvfO0XnThmgWGlX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfBVmTCappZIsFsUpR1ah2fNowDQllk8cwUQzdysiI6wxsS6iogshWH55lbSqlaBWub6vles3eRwFOIUzuIAALqEOd9CAJhDg8Ayv8OY9ei/eu/exaF3z8pkT+APv8we+64/M</latexit>

!�1

<latexit sha1_base64="2C5zGMsb4nckQYTLCPA+1s4QHfo=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgxbArAfUW9OIxgnnAZgmzk0kyZB7LTK8QlnyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXnAhuwfe/vcLa+sbmVnG7tLO7t39QPjxqWZ0ayppUC206MbFMcMWawEGwTmIYkbFg7Xh8N/PbT8xYrtUjTBIWSTJUfMApASeFXS3ZkPSyi2DaK1f8qj8HXiVBTiooR6NX/ur2NU0lU0AFsTYM/ASijBjgVLBpqZtalhA6JkMWOqqIZDbK5idP8ZlT+nigjSsFeK7+nsiItHYiY9cpCYzssjcT//PCFAbXUcZVkgJTdLFokAoMGs/+x31uGAUxcYRQw92tmI6IIRRcSiUXQrD88ippXVaDWvXmoVap3+ZxFNEJOkXnKEBXqI7uUQM1EUUaPaNX9OaB9+K9ex+L1oKXzxyjP/A+fwDyvZEO</latexit>

!�2

<latexit sha1_base64="4vvC5Izj7sAYaVTSeaC1hJ7VMgM=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBC8GHZDQL0FvXiMYB6wWcLspJMMmccyMyuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090VJ5wZ6/vf3tr6xubWdmGnuLu3f3BYOjpuGZVqCk2quNKdmBjgTELTMsuhk2ggIubQjsd3M7/9BNowJR/tJIFIkKFkA0aJdVLYVQKGpJddVqe9Utmv+HPgVRLkpIxyNHqlr25f0VSAtJQTY8LAT2yUEW0Z5TAtdlMDCaFjMoTQUUkEmCibnzzF507p44HSrqTFc/X3REaEMRMRu05B7MgsezPxPy9M7eA6yphMUguSLhYNUo6twrP/cZ9poJZPHCFUM3crpiOiCbUupaILIVh+eZW0qpWgVrl5qJXrt3kcBXSKztAFCtAVqqN71EBNRJFCz+gVvXnWe/HevY9F65qXz5ygP/A+fwD0QpEP</latexit>

!�3

<latexit sha1_base64="qfL2A+pNUj4HheYOZH3W/4XnLac=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBC8GHY1oN6CXjxGMA/ILmF20kmGzGOZmRXCkt/w4kERr/6MN//GSbIHTSxoKKq66e6KE86M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1hQZVXOl2TAxwJqFhmeXQTjQQEXNoxaO7qd96Am2Yko92nEAkyECyPqPEOikMlYAB6Wb4/HLSLZX9ij8DXiZBTsooR71b+gp7iqYCpKWcGNMJ/MRGGdGWUQ6TYpgaSAgdkQF0HJVEgImy2c0TfOqUHu4r7UpaPFN/T2REGDMWsesUxA7NojcV//M6qe1fRxmTSWpB0vmifsqxVXgaAO4xDdTysSOEauZuxXRINKHWxVR0IQSLLy+T5kUlqFZuHqrl2m0eRwEdoxN0hgJ0hWroHtVRA1GUoGf0it681Hvx3r2PeeuKl88coT/wPn8ATu2ROg==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

z

<latexit sha1_base64="Wud7Tk1lAE0TofbfdXT/CfC5Fa0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMwKMeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+0hjQo=</latexit>

S0

<latexit sha1_base64="bk0df/xe824aUlRZsVCKcolzMl8=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koHZBG8uI5gOSI+xt9pIlu3vH7p4QjuBvsNXaTmz9LZb+EzeXK0zig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSD6aSUx9gYeShYxgY6V2LxDooe/2yxW36mZAq8TLSQVyNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zc6dojOrDFAYKVvSoEz9O5FiofVEBLZTYDPSy95M/M/rJia88lMm48RQSeaLwoQjE6HZ72jAFCWGTyzBRDF7KyIjrDAxNqGFLYGY2ky85QRWSeui6tWq1/e1Sv0mT6cIJ3AK5+DBJdThDhrQBAJjeIFXeHOenXfnw/mctxacfOYYFuB8/QIkT5WP</latexit>

S1

<latexit sha1_base64="1VO336AuPQdhg5EPowPW14d5Fvs=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koHZBG8uI5gOSI+xt9pIlu3vH7p4QjuBvsNXaTmz9LZb+EzeXK0zig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSD6aSUx9gYeShYxgY6V2LxDooe/1yxW36mZAq8TLSQVyNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zc6dojOrDFAYKVvSoEz9O5FiofVEBLZTYDPSy95M/M/rJia88lMm48RQSeaLwoQjE6HZ72jAFCWGTyzBRDF7KyIjrDAxNqGFLYGY2ky85QRWSeui6tWq1/e1Sv0mT6cIJ3AK5+DBJdThDhrQBAJjeIFXeHOenXfnw/mctxacfOYYFuB8/QIl4pWQ</latexit>

S2

<latexit sha1_base64="w8og7sn8y6LbeWIwA6mDbepQbSY=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CINoFbSwjmg9IjrC32UuW7O4du3tCOIK/wVZrO7H1t1j6T9wkV5jEBwOP92aYmRfEnGnjut9ObmNza3snv1vY2z84PCoen7R0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsa3M7/9RJVmkXw0k5j6Ag8lCxnBxkrtXiDQQ7/SL5bcsjsHWideRkqQodEv/vQGEUkElYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUslFlT76fzcKbqwygCFkbIlDZqrfydSLLSeiMB2CmxGetWbif953cSEV37KZJwYKsliUZhwZCI0+x0NmKLE8IklmChmb0VkhBUmxia0tCUQU5uJt5rAOmlVyl61fH1fLdVvsnTycAbncAke1KAOd9CAJhAYwwu8wpvz7Lw7H87nojXnZDOnsATn6xcndZWR</latexit>

S�1

<latexit sha1_base64="lMEwTedq4BVYRHjdsOVhHE8/mTw=">AAACAHicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTgNoFbSwjmg9MjrC32UuW7O4du3tCONL4G2y1thNb/4ml/8S9JIVJfDDweG+GmXlBzJk2rvvt5FZW19Y38puFre2d3b3i/kFDR4kitE4iHqlWgDXlTNK6YYbTVqwoFgGnzWB4k/nNJ6o0i+SDGcXUF7gvWcgINlZ67AQC3XfTM2/cLZbcsjsBWibejJRghlq3+NPpRSQRVBrCsdZtz42Nn2JlGOF0XOgkmsaYDHGfti2VWFDtp5OLx+jEKj0URsqWNGii/p1IsdB6JALbKbAZ6EUvE//z2okJL/2UyTgxVJLpojDhyEQoex/1mKLE8JElmChmb0VkgBUmxoY0tyUQWSbeYgLLpHFe9irlq7tKqXo9SycPR3AMp+DBBVThFmpQBwISXuAV3pxn5935cD6nrTlnNnMIc3C+fgFqNZbT</latexit>

S�2

<latexit sha1_base64="7yyzux+2ZHY+2+GqGfg5zkjUQ1g=">AAACAHicbVA9SwNBEJ3zM8avqKXNYhBsDHchoHZBG8uI5gOTI+xtNsmS3b1jd08IRxp/g63WdmLrP7H0n7iXXGESHww83pthZl4QcaaN6347K6tr6xubua389s7u3n7h4LChw1gRWichD1UrwJpyJmndMMNpK1IUi4DTZjC6Sf3mE1WahfLBjCPqCzyQrM8INlZ67AQC3XeT8/KkWyi6JXcKtEy8jBQhQ61b+On0QhILKg3hWOu250bGT7AyjHA6yXdiTSNMRnhA25ZKLKj2k+nFE3RqlR7qh8qWNGiq/p1IsNB6LALbKbAZ6kUvFf/z2rHpX/oJk1FsqCSzRf2YIxOi9H3UY4oSw8eWYKKYvRWRIVaYGBvS3JZApJl4iwksk0a55FVKV3eVYvU6SycHx3ACZ+DBBVThFmpQBwISXuAV3pxn5935cD5nrStONnMEc3C+fgFryZbU</latexit>

S�3

<latexit sha1_base64="jAjqEE4SO0RY8O9IjAYVTRDLNYY=">AAACAHicbVA9SwNBEJ3zM8avqKXNYhBsDHcaULugjWVE84HJEfY2e8mS3b1jd08IRxp/g63WdmLrP7H0n7iXpDCJDwYe780wMy+IOdPGdb+dpeWV1bX13EZ+c2t7Z7ewt1/XUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxjcZH7jiSrNIvlghjH1Be5JFjKCjZUe24FA95309HzUKRTdkjsGWiTelBRhimqn8NPuRiQRVBrCsdYtz42Nn2JlGOF0lG8nmsaYDHCPtiyVWFDtp+OLR+jYKl0URsqWNGis/p1IsdB6KALbKbDp63kvE//zWokJL/2UyTgxVJLJojDhyEQoex91maLE8KElmChmb0WkjxUmxoY0syUQWSbefAKLpH5W8sqlq7tysXI9TScHh3AEJ+DBBVTgFqpQAwISXuAV3pxn5935cD4nrUvOdOYAZuB8/QJtXZbV</latexit>

!0

<latexit sha1_base64="TtlOhsfL8+mJv+UOU10WuZ0qLV4=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMYB6QLGF2MpsMmcc6MyuEJT/hxYMiXv0db/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3U6SlBh7jv98sVv+rPgVZJkJMK5Gj0y1+9gSKpoNISjo3pBn5iwwxrywin01IvNTTBZIyHtOuoxIKaMJvfO0VnThmgWGlX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfBVmTCappZIsFsUpR1ah2fNowDQllk8cwUQzdysiI6wxsS6ikgshWH55lbQuqkGten1fq9Rv8jiKcAKncA4BXEId7qABTSDA4Rle4c179F68d+9j0Vrw8plj+APv8we744/K</latexit>

!1

<latexit sha1_base64="UUxEYZNQ+4wnqDobk/ki/HvPNQ0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMYB6QLGF2MpsMmcc6MyuEJT/hxYMiXv0db/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3U6SlBh7gf9MsVv+rPgVZJkJMK5Gj0y1+9gSKpoNISjo3pBn5iwwxrywin01IvNTTBZIyHtOuoxIKaMJvfO0VnThmgWGlX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfBVmTCappZIsFsUpR1ah2fNowDQllk8cwUQzdysiI6wxsS6ikgshWH55lbQuqkGten1fq9Rv8jiKcAKncA4BXEId7qABTSDA4Rle4c179F68d+9j0Vrw8plj+APv8we9Z4/L</latexit>

!2

<latexit sha1_base64="Qo4nmxROMvJUG6dFwgf/XuAiN/U=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0QUG9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7a+sbm1Xdgp7u7tHxyWjo5bRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8O/PbT1QbpuSDnSQ0FHgoWcwItk7q9JSgQ9yv9ktlv+LPgVZJkJMy5Gj0S1+9gSKpoNISjo3pBn5iwwxrywin02IvNTTBZIyHtOuoxIKaMJvfO0XnThmgWGlX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfBVmTCappZIsFsUpR1ah2fNowDQllk8cwUQzdysiI6wxsS6iogshWH55lbSqlaBWub6vles3eRwFOIUzuIAALqEOd9CAJhDg8Ayv8OY9ei/eu/exaF3z8pkT+APv8we+64/M</latexit>

!�1

<latexit sha1_base64="2C5zGMsb4nckQYTLCPA+1s4QHfo=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgxbArAfUW9OIxgnnAZgmzk0kyZB7LTK8QlnyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXnAhuwfe/vcLa+sbmVnG7tLO7t39QPjxqWZ0ayppUC206MbFMcMWawEGwTmIYkbFg7Xh8N/PbT8xYrtUjTBIWSTJUfMApASeFXS3ZkPSyi2DaK1f8qj8HXiVBTiooR6NX/ur2NU0lU0AFsTYM/ASijBjgVLBpqZtalhA6JkMWOqqIZDbK5idP8ZlT+nigjSsFeK7+nsiItHYiY9cpCYzssjcT//PCFAbXUcZVkgJTdLFokAoMGs/+x31uGAUxcYRQw92tmI6IIRRcSiUXQrD88ippXVaDWvXmoVap3+ZxFNEJOkXnKEBXqI7uUQM1EUUaPaNX9OaB9+K9ex+L1oKXzxyjP/A+fwDyvZEO</latexit>

!�2

<latexit sha1_base64="4vvC5Izj7sAYaVTSeaC1hJ7VMgM=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBC8GHZDQL0FvXiMYB6wWcLspJMMmccyMyuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090VJ5wZ6/vf3tr6xubWdmGnuLu3f3BYOjpuGZVqCk2quNKdmBjgTELTMsuhk2ggIubQjsd3M7/9BNowJR/tJIFIkKFkA0aJdVLYVQKGpJddVqe9Utmv+HPgVRLkpIxyNHqlr25f0VSAtJQTY8LAT2yUEW0Z5TAtdlMDCaFjMoTQUUkEmCibnzzF507p44HSrqTFc/X3REaEMRMRu05B7MgsezPxPy9M7eA6yphMUguSLhYNUo6twrP/cZ9poJZPHCFUM3crpiOiCbUupaILIVh+eZW0qpWgVrl5qJXrt3kcBXSKztAFCtAVqqN71EBNRJFCz+gVvXnWe/HevY9F65qXz5ygP/A+fwD0QpEP</latexit>

!�3

<latexit sha1_base64="qfL2A+pNUj4HheYOZH3W/4XnLac=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBC8GHY1oN6CXjxGMA/ILmF20kmGzGOZmRXCkt/w4kERr/6MN//GSbIHTSxoKKq66e6KE86M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1hQZVXOl2TAxwJqFhmeXQTjQQEXNoxaO7qd96Am2Yko92nEAkyECyPqPEOikMlYAB6Wb4/HLSLZX9ij8DXiZBTsooR71b+gp7iqYCpKWcGNMJ/MRGGdGWUQ6TYpgaSAgdkQF0HJVEgImy2c0TfOqUHu4r7UpaPFN/T2REGDMWsesUxA7NojcV//M6qe1fRxmTSWpB0vmifsqxVXgaAO4xDdTysSOEauZuxXRINKHWxVR0IQSLLy+T5kUlqFZuHqrl2m0eRwEdoxN0hgJ0hWroHtVRA1GUoGf0it681Hvx3r2PeeuKl88coT/wPn8ATu2ROg==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

z

<latexit sha1_base64="Wud7Tk1lAE0TofbfdXT/CfC5Fa0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMwKMeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+0hjQo=</latexit>

S0

<latexit sha1_base64="bk0df/xe824aUlRZsVCKcolzMl8=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koHZBG8uI5gOSI+xt9pIlu3vH7p4QjuBvsNXaTmz9LZb+EzeXK0zig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSD6aSUx9gYeShYxgY6V2LxDooe/2yxW36mZAq8TLSQVyNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zc6dojOrDFAYKVvSoEz9O5FiofVEBLZTYDPSy95M/M/rJia88lMm48RQSeaLwoQjE6HZ72jAFCWGTyzBRDF7KyIjrDAxNqGFLYGY2ky85QRWSeui6tWq1/e1Sv0mT6cIJ3AK5+DBJdThDhrQBAJjeIFXeHOenXfnw/mctxacfOYYFuB8/QIkT5WP</latexit>

S1

<latexit sha1_base64="1VO336AuPQdhg5EPowPW14d5Fvs=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koHZBG8uI5gOSI+xt9pIlu3vH7p4QjuBvsNXaTmz9LZb+EzeXK0zig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSD6aSUx9gYeShYxgY6V2LxDooe/1yxW36mZAq8TLSQVyNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zc6dojOrDFAYKVvSoEz9O5FiofVEBLZTYDPSy95M/M/rJia88lMm48RQSeaLwoQjE6HZ72jAFCWGTyzBRDF7KyIjrDAxNqGFLYGY2ky85QRWSeui6tWq1/e1Sv0mT6cIJ3AK5+DBJdThDhrQBAJjeIFXeHOenXfnw/mctxacfOYYFuB8/QIl4pWQ</latexit>

S2

<latexit sha1_base64="w8og7sn8y6LbeWIwA6mDbepQbSY=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CINoFbSwjmg9IjrC32UuW7O4du3tCOIK/wVZrO7H1t1j6T9wkV5jEBwOP92aYmRfEnGnjut9ObmNza3snv1vY2z84PCoen7R0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsa3M7/9RJVmkXw0k5j6Ag8lCxnBxkrtXiDQQ7/SL5bcsjsHWideRkqQodEv/vQGEUkElYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUslFlT76fzcKbqwygCFkbIlDZqrfydSLLSeiMB2CmxGetWbif953cSEV37KZJwYKsliUZhwZCI0+x0NmKLE8IklmChmb0VkhBUmxia0tCUQU5uJt5rAOmlVyl61fH1fLdVvsnTycAbncAke1KAOd9CAJhAYwwu8wpvz7Lw7H87nojXnZDOnsATn6xcndZWR</latexit>

S�1

<latexit sha1_base64="lMEwTedq4BVYRHjdsOVhHE8/mTw=">AAACAHicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTgNoFbSwjmg9MjrC32UuW7O4du3tCONL4G2y1thNb/4ml/8S9JIVJfDDweG+GmXlBzJk2rvvt5FZW19Y38puFre2d3b3i/kFDR4kitE4iHqlWgDXlTNK6YYbTVqwoFgGnzWB4k/nNJ6o0i+SDGcXUF7gvWcgINlZ67AQC3XfTM2/cLZbcsjsBWibejJRghlq3+NPpRSQRVBrCsdZtz42Nn2JlGOF0XOgkmsaYDHGfti2VWFDtp5OLx+jEKj0URsqWNGii/p1IsdB6JALbKbAZ6EUvE//z2okJL/2UyTgxVJLpojDhyEQoex/1mKLE8JElmChmb0VkgBUmxoY0tyUQWSbeYgLLpHFe9irlq7tKqXo9SycPR3AMp+DBBVThFmpQBwISXuAV3pxn5935cD6nrTlnNnMIc3C+fgFqNZbT</latexit>

S�2

<latexit sha1_base64="7yyzux+2ZHY+2+GqGfg5zkjUQ1g=">AAACAHicbVA9SwNBEJ3zM8avqKXNYhBsDHchoHZBG8uI5gOTI+xtNsmS3b1jd08IRxp/g63WdmLrP7H0n7iXXGESHww83pthZl4QcaaN6347K6tr6xubua389s7u3n7h4LChw1gRWichD1UrwJpyJmndMMNpK1IUi4DTZjC6Sf3mE1WahfLBjCPqCzyQrM8INlZ67AQC3XeT8/KkWyi6JXcKtEy8jBQhQ61b+On0QhILKg3hWOu250bGT7AyjHA6yXdiTSNMRnhA25ZKLKj2k+nFE3RqlR7qh8qWNGiq/p1IsNB6LALbKbAZ6kUvFf/z2rHpX/oJk1FsqCSzRf2YIxOi9H3UY4oSw8eWYKKYvRWRIVaYGBvS3JZApJl4iwksk0a55FVKV3eVYvU6SycHx3ACZ+DBBVThFmpQBwISXuAV3pxn5935cD5nrStONnMEc3C+fgFryZbU</latexit>

S�3

<latexit sha1_base64="jAjqEE4SO0RY8O9IjAYVTRDLNYY=">AAACAHicbVA9SwNBEJ3zM8avqKXNYhBsDHcaULugjWVE84HJEfY2e8mS3b1jd08IRxp/g63WdmLrP7H0n7iXpDCJDwYe780wMy+IOdPGdb+dpeWV1bX13EZ+c2t7Z7ewt1/XUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxjcZH7jiSrNIvlghjH1Be5JFjKCjZUe24FA95309HzUKRTdkjsGWiTelBRhimqn8NPuRiQRVBrCsdYtz42Nn2JlGOF0lG8nmsaYDHCPtiyVWFDtp+OLR+jYKl0URsqWNGis/p1IsdB6KALbKbDp63kvE//zWokJL/2UyTgxVJLJojDhyEQoex91maLE8KElmChmb0WkjxUmxoY0syUQWSbefAKLpH5W8sqlq7tysXI9TScHh3AEJ+DBBVTgFqpQAwISXuAV3pxn5935cD4nrUvOdOYAZuB8/QJtXZbV</latexit>

(a)

<latexit sha1_base64="J112IsHTRdxu8RE54G4PGg07VHw=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoMQm3AXAmoXtLGMaD4gOcLeZi9Zsrt37O4J4chPsNXaTmz9NZb+EzfJFSbxwcDjvRlm5gUxZ9q47reT29jc2t7J7xb29g8Oj4rHJy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/HdzG8/U6VZJJ/MJKa+wEPJQkawsdJjGV/2iyW34s6B1omXkRJkaPSLP71BRBJBpSEca9313Nj4KVaGEU6nhV6iaYzJGA9p11KJBdV+Oj91ii6sMkBhpGxJg+bq34kUC60nIrCdApuRXvVm4n9eNzHhtZ8yGSeGSrJYFCYcmQjN/kYDpigxfGIJJorZWxEZYYWJseksbQnE1GbirSawTlrViler3DxUS/XbLJ08nME5lMGDK6jDPTSgCQSG8AKv8Oakzrvz4XwuWnNONnMKS3C+fgE0f5Pq</latexit>

<latexit sha1_base64="0cn4xH0rYRAPM1zATbtp2bdmwpI="></latexit>

Hs = �2⇡
X

n

!nS
z
n � ⇡

2
Tg

2
X

nm

Sn · Sm � 1

(!n � !m)2 + ⌦2

Sites of the chain – fermionic Matsubara 
frequencies

<latexit sha1_base64="w+u/vZ28pkhqu3xhoTtEtO0Mrtc="></latexit>

!n = ⇡T (2n+ 1)

Ferromagnetic Heisenberg model in 
inhomogeneous Zeeman field

Recall: Solutions of Eliashberg 
equations = Spin equilibria

Spin-chain representation makes previously unknown properties easy to see. 

Example: new (“spin-flip”) solutions of the Eliashberg equations (probably play a role in kinetics)

EY and Altshuler (2022)

Migdal-Eliashberg theory in terms of classical spins



Universality of the strong coupling limit
<latexit sha1_base64="Jb3QtiAzx6mv0PB7zRVFogHsPCw="></latexit>

� =
g2

⌦2
=

⌫0↵2

K
! 1 equivalent to

<latexit sha1_base64="jbL62dZZU5RtFujJP5EOv0YX7Cg="></latexit>

⌦ ! 0 K ! 0or (free ion limit)

<latexit sha1_base64="QeRWI8Khn5sN8Ao+J5O8NU1PbpA="></latexit>

� ! 1

<latexit sha1_base64="GX+u1471WHN5GA22BmNL7m7b068=">AAACIHicbVBNSwMxFMz6bf2qevQSLIIHKbtSrBeh6EUQUcHaQndd3qbZNjSb3SZZoSz9KV78K148KKI3/TWmtYi2DgSGmXm8vAkSzpS27Q9ranpmdm5+YTG3tLyyupZf37hRcSoJrZKYx7IegKKcCVrVTHNaTySFKOC0FnROBn7tjkrFYnGtewn1ImgJFjIC2kh+vuxeRLQFt/tHbiiBZGf97Ly/53a7KTRx60d2RerbLvCkbaKDiJ8v2EV7CDxJnBEpoBEu/fy724xJGlGhCQelGo6daC8DqRnhtJ9zU0UTIB1o0YahAiKqvGx4YB/vGKWJw1iaJzQeqr8nMoiU6kWBSUag22rcG4j/eY1Uh4dexkSSairI96Iw5VjHeNAWbjJJieY9Q4BIZv6KSRtMI9p0mjMlOOMnT5Kb/aJzUCxdlQqV41EdC2gLbaNd5KAyqqBTdImqiKB79Iie0Yv1YD1Zr9bbd3TKGs1soj+wPr8AuPyjWQ==</latexit>

⌦2 =
K

M
, g2 =

⌫0↵2

M



<latexit sha1_base64="Jb3QtiAzx6mv0PB7zRVFogHsPCw="></latexit>

� =
g2

⌦2
=

⌫0↵2

K
! 1 equivalent to

<latexit sha1_base64="jbL62dZZU5RtFujJP5EOv0YX7Cg="></latexit>

⌦ ! 0 K ! 0or (free ion limit)

<latexit sha1_base64="THB6cxZlbwspJMa8oGvOlmUDnjo="></latexit>

Hs = �2⇡
X

n

!nS
z
n � ⇡

2
T

X

nm

Unm (Sn · Sm � 1)

<latexit sha1_base64="nai3Z+IgEStYTZMLRnplxZLKzCA="></latexit>

Unm =
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some materials fall off the main-trend curve in Fig. 31.
Coombes and Carbotte (1986a) have given a detailed
analysis of these deviations. To be specific, they consider
the case of Pb for which T, /~&„=0. 128. To get some
feeling for the dependence, in this case, of 26o/kz T, on
shape of the spectral density, they scale several model
base spectra aoF(co) to get a F(co)*=BaoF(bco) with 8
and b constants, as described in Sec. II. In this way, they
can start with the spectrum for any given material (X)
and get the Pb T, value, as well as T, /co&„value, by ad-
justing the two constants B and b. Once this is done,
they can recalculate the gap-to-critical-temperature ratio
and see how it compares with that for pure Pb. Such re-
scaled spectra based on Sn and In are shown in Fig. 1.
Results for 26o/k~T, are given in the inset of Fig. 31.
We see that this ratio is, indeed, dependent not only on
T, /co, „value, but also on the shape of a F(co)*. The
differences are not very large, however. Larger

differences can, of course, be found if more extreme mod-
el spectra are used instead of real-material shapes.

B. Functional derivatives

The functional derivative of the gap edge Ao as a func-
tion of a F(co) gives information on the relative impor-
tance of different phonon modes on 60. Such derivatives
can be computed directly by augmenting a given base
a F(co) spectrum by an infinitesimal delta function at a
particular frequency co, as was done by Mitrovic et al.
(1980). Some of their results are reproduced in Fig. 32
where we plot 5 lnbo/5a F(O) against fl/bo for Tl (dot-
dashed), Nb (dotted), Pb (dashed), and Nb3Sn (solid).
These are to be compared with 51nT, /5a F(Q) for the
same materials given in Fig. 33. The shape of the func-
tional derivative curves for Ao are very similar to those

TABLE IV. Superconducting properties of conventional materials.

Material (meV) (meV)

Area

(meV)

~max

(meV)

Al
V
Ta
Sn
Tl
Tlp 9B1p
In
Nb (Butler)
Nb (Arnold)
V3Si 1

V Si (Kihl. )
Nb (Rowell)
Mo
Pbo. zTlo. 6
La
V3CJa
Nb3A1 (2)
Nb3Ge (2)
Pbo. 6Tlo. 4
Pb
Nb3A1 (3)
Pbo. sTlo. 2
Hg
Nb3Sn
Pbp 98io l

Nb3A1 (1)
Nb3Cxe (1)
Pbp 88io 2

Pbp 7Bip 3

Pbo. 6s»0. 35
Pbo. sB&o.s
Cxa
Pbo 7sBio. zs
Bi

0.1017
0.4621
0.3862
0.3233
0.2034
0.1983
0.2931
0.7931
0.7931
1.4741
1.4132
0.7931
0.7586
0.3966
0.4340
1.2931
1.2070
1.7240
0.5086
0.6198
1.6121
0.5862
0.3612
1.5603
0.6595
1.4138
1.7240
0.6853
0.7284
0.7716
0.6026
0.7379
0.5957
0.5267

0.147
0.223
0.121
0.116
0.1.32
0.113
0.116
0.373
0.186
0.142
0.139
0.118
0.071
0.115
0.040
0.090
0.082
0.238
0.125
0.144
0.225
0.121
0.124
0.156
0.105
0.127
0.088
0.111
0.109
0.091
0.136
0.174
0.136
0.091

0.43
0.80
0.69
0.72
0.80
0.78
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0.90
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1.20
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2.13
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14.78
11.06
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4.45
4.15
5.83
13.88
12.83
21.11
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10.69
9.95
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4.37
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10.66
15.17
4.27
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4.32
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10.68
4.33
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10.80
3.99
4.01
3.8S
1 ~ 88
3.04
2.07
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some materials fall off the main-trend curve in Fig. 31.
Coombes and Carbotte (1986a) have given a detailed
analysis of these deviations. To be specific, they consider
the case of Pb for which T, /~&„=0. 128. To get some
feeling for the dependence, in this case, of 26o/kz T, on
shape of the spectral density, they scale several model
base spectra aoF(co) to get a F(co)*=BaoF(bco) with 8
and b constants, as described in Sec. II. In this way, they
can start with the spectrum for any given material (X)
and get the Pb T, value, as well as T, /co&„value, by ad-
justing the two constants B and b. Once this is done,
they can recalculate the gap-to-critical-temperature ratio
and see how it compares with that for pure Pb. Such re-
scaled spectra based on Sn and In are shown in Fig. 1.
Results for 26o/k~T, are given in the inset of Fig. 31.
We see that this ratio is, indeed, dependent not only on
T, /co, „value, but also on the shape of a F(co)*. The
differences are not very large, however. Larger

differences can, of course, be found if more extreme mod-
el spectra are used instead of real-material shapes.

B. Functional derivatives

The functional derivative of the gap edge Ao as a func-
tion of a F(co) gives information on the relative impor-
tance of different phonon modes on 60. Such derivatives
can be computed directly by augmenting a given base
a F(co) spectrum by an infinitesimal delta function at a
particular frequency co, as was done by Mitrovic et al.
(1980). Some of their results are reproduced in Fig. 32
where we plot 5 lnbo/5a F(O) against fl/bo for Tl (dot-
dashed), Nb (dotted), Pb (dashed), and Nb3Sn (solid).
These are to be compared with 51nT, /5a F(Q) for the
same materials given in Fig. 33. The shape of the func-
tional derivative curves for Ao are very similar to those

TABLE IV. Superconducting properties of conventional materials.

Material (meV) (meV)

Area

(meV)

~max

(meV)

Al
V
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Sn
Tl
Tlp 9B1p
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V3CJa
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Hg
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1.86
2.74
9.35
7.25
11.80
10.76
6.29
5.47
2.74
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To raise the superconducting-transition temperature (Tc) has been
the driving force for the long-sustained effort in superconductivity
research. Recent progress in hydrides with Tcs up to 287 K under
pressure of 267 GPa has heralded a new era of room temperature
superconductivity (RTS) with immense technological promise. Indeed,
RTS will lift the temperature barrier for the ubiquitous application of
superconductivity. Unfortunately, formidable pressure is required to
attain such high Tcs. The most effective relief to this impasse is to
remove the pressure needed while retaining the pressure-induced Tc
without pressure. Here, we show such a possibility in the pure and
doped high-temperature superconductor (HTS) FeSe by retaining,
at ambient pressure via pressure quenching (PQ), its Tc up to 37 K
(quadrupling that of a pristine FeSe at ambient) and other pressure-
induced phases. We have also observed that some phases remain
stable without pressure at up to 300 K and for at least 7 d. The obser-
vations are in qualitative agreement with our ab initio simulations us-
ing the solid-state nudged elastic band (SSNEB) method. We strongly
believe that the PQ technique developed here can be adapted to the
RTS hydrides and other materials of value with minimal effort.

FeSe | high-temperature superconductivity | high pressure |
pressure quench | retention

The vast impact of room temperature superconductivity (RTS)
on humanity is limited only by the imagination. Recent re-

ports show that RTS is indeed within reach, although only under
high pressure (HP). For instance, superconducting-transition tem-
peratures (Tcs) above 200 K have been reported in unstable mo-
lecular solids (hydrides), i.e., up to 203 K in H3S under 155 GPa
(1, 2), up to 260 K in LaH10 under 190 GPa (3–5), up to 287 K in
C–H–S under 267 GPa (6), and potentially well above room tem-
perature in La–H under 158 GPa after thermal cycling (7); earlier,
Tc up to 164 K was reported in the stable cuprate high-temperature
superconductor (HTS) HgBa2Ca2Cu3O8+δ under 31 GPa (8, 9).
While record-high Tcs reported to date fall into practical cryo-
genic regimes for applications, the HP required to attain these
superconducting states renders them impractical for significant
applications or for scientific inquiries. The challenge is not restricted
to further increasing the superconducting transition temperature
under extreme conditions and must now include concentrated
efforts to lower, and better yet remove, the applied pressure (PA)
required. Retaining the pressure-enhanced or -induced high-Tc
superconducting (SC) phase (1–12) without pressure will effectively
meet this challenge.
It has been shown that most of the alloys used in industrial ap-

plications are actually metastable at room temperature and atmo-
spheric pressure (13). These metastable phases possess desired and/
or enhanced properties that their stable counterparts lack. Exam-
ples include diamond and other superhard materials, heavily doped
semiconducting materials, certain three-dimensionally printed ma-
terials, highly polymeric materials, black phosphorus, etc. They are
metastable because they are kinetically stable but thermodynamically
not, protected only by an energy barrier (Fig. 1A). By taking advantage

of such energy barriers, lattice and/or electronic, one may therefore be
able to stabilize the metastable phase or the “supercooled” state at
atmospheric pressure via rapid pressure quenching (PQ) and/or
temperature quenching. The energy barrier may be fortified by
chemical doping; ionic liquid gating (14); a proper thermodynamic
path; and introduction of strains (15), defects (16), or pressure
inhomogeneity (17). The pressure-enhanced or -induced SC phase
with a high Tc may be considered metastable or supercooled and may
be stabilized. Here, we report the successful retention of pressure-
enhanced and -induced SC phases at ambient pressure in the Fe-
based HTSs via PQ (Fig. 1B) at a chosen quench pressure (PQ) and
quench temperature (TQ). PQ is the pressure from which the pressure
is rapidly removed to ambient. TQ is the temperature at which the
pressure is removed, and it remains unchanged during the PQ pro-
cess. We have successfully retained a pressure-enhanced SC phase
with a Tc up to 37 K at PQ = 4.15 GPa and TQ = 4.2 K in the SC
FeSe and a pressure-induced SC phase with a Tc up to 26.5 K at
PQ = 6.32 GPa and TQ = 4.2 K in the non-SC Cu-doped FeSe. We
have also retained the insulating phase induced by pressure above
∼9 GPa in both samples via PQ. The pressure-quenched (PQed)
high-Tc phases have also been found to be stable up to ∼200 K and

Significance

As room temperature superconductivity (RTS) has been repor-
ted recently in hydrides at megabar pressures, the grand
challenge in superconductivity research and development is no
longer restricted to further increasing the superconducting
transition temperature under extreme conditions and must
now include concentrated efforts to lower, and better yet
remove, the applied pressure required. This work addresses
directly such a challenge by demonstrating our successful re-
tention of pressure-enhanced and/or -induced superconducting
phases and/or semiconducting phases without pressure in single
crystals of superconducting FeSe and non-superconducting Cu-
doped FeSe. The pressure-quenching technique developed in
this work offers the possibility of future practical application and
the unraveling of RTS recently detected in hydrides but only
under high pressures.
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To raise the superconducting-transition temperature (Tc) has been
the driving force for the long-sustained effort in superconductivity
research. Recent progress in hydrides with Tcs up to 287 K under
pressure of 267 GPa has heralded a new era of room temperature
superconductivity (RTS) with immense technological promise. Indeed,
RTS will lift the temperature barrier for the ubiquitous application of
superconductivity. Unfortunately, formidable pressure is required to
attain such high Tcs. The most effective relief to this impasse is to
remove the pressure needed while retaining the pressure-induced Tc
without pressure. Here, we show such a possibility in the pure and
doped high-temperature superconductor (HTS) FeSe by retaining,
at ambient pressure via pressure quenching (PQ), its Tc up to 37 K
(quadrupling that of a pristine FeSe at ambient) and other pressure-
induced phases. We have also observed that some phases remain
stable without pressure at up to 300 K and for at least 7 d. The obser-
vations are in qualitative agreement with our ab initio simulations us-
ing the solid-state nudged elastic band (SSNEB) method. We strongly
believe that the PQ technique developed here can be adapted to the
RTS hydrides and other materials of value with minimal effort.

FeSe | high-temperature superconductivity | high pressure |
pressure quench | retention

The vast impact of room temperature superconductivity (RTS)
on humanity is limited only by the imagination. Recent re-

ports show that RTS is indeed within reach, although only under
high pressure (HP). For instance, superconducting-transition tem-
peratures (Tcs) above 200 K have been reported in unstable mo-
lecular solids (hydrides), i.e., up to 203 K in H3S under 155 GPa
(1, 2), up to 260 K in LaH10 under 190 GPa (3–5), up to 287 K in
C–H–S under 267 GPa (6), and potentially well above room tem-
perature in La–H under 158 GPa after thermal cycling (7); earlier,
Tc up to 164 K was reported in the stable cuprate high-temperature
superconductor (HTS) HgBa2Ca2Cu3O8+δ under 31 GPa (8, 9).
While record-high Tcs reported to date fall into practical cryo-
genic regimes for applications, the HP required to attain these
superconducting states renders them impractical for significant
applications or for scientific inquiries. The challenge is not restricted
to further increasing the superconducting transition temperature
under extreme conditions and must now include concentrated
efforts to lower, and better yet remove, the applied pressure (PA)
required. Retaining the pressure-enhanced or -induced high-Tc
superconducting (SC) phase (1–12) without pressure will effectively
meet this challenge.
It has been shown that most of the alloys used in industrial ap-

plications are actually metastable at room temperature and atmo-
spheric pressure (13). These metastable phases possess desired and/
or enhanced properties that their stable counterparts lack. Exam-
ples include diamond and other superhard materials, heavily doped
semiconducting materials, certain three-dimensionally printed ma-
terials, highly polymeric materials, black phosphorus, etc. They are
metastable because they are kinetically stable but thermodynamically
not, protected only by an energy barrier (Fig. 1A). By taking advantage

of such energy barriers, lattice and/or electronic, one may therefore be
able to stabilize the metastable phase or the “supercooled” state at
atmospheric pressure via rapid pressure quenching (PQ) and/or
temperature quenching. The energy barrier may be fortified by
chemical doping; ionic liquid gating (14); a proper thermodynamic
path; and introduction of strains (15), defects (16), or pressure
inhomogeneity (17). The pressure-enhanced or -induced SC phase
with a high Tc may be considered metastable or supercooled and may
be stabilized. Here, we report the successful retention of pressure-
enhanced and -induced SC phases at ambient pressure in the Fe-
based HTSs via PQ (Fig. 1B) at a chosen quench pressure (PQ) and
quench temperature (TQ). PQ is the pressure from which the pressure
is rapidly removed to ambient. TQ is the temperature at which the
pressure is removed, and it remains unchanged during the PQ pro-
cess. We have successfully retained a pressure-enhanced SC phase
with a Tc up to 37 K at PQ = 4.15 GPa and TQ = 4.2 K in the SC
FeSe and a pressure-induced SC phase with a Tc up to 26.5 K at
PQ = 6.32 GPa and TQ = 4.2 K in the non-SC Cu-doped FeSe. We
have also retained the insulating phase induced by pressure above
∼9 GPa in both samples via PQ. The pressure-quenched (PQed)
high-Tc phases have also been found to be stable up to ∼200 K and

Significance

As room temperature superconductivity (RTS) has been repor-
ted recently in hydrides at megabar pressures, the grand
challenge in superconductivity research and development is no
longer restricted to further increasing the superconducting
transition temperature under extreme conditions and must
now include concentrated efforts to lower, and better yet
remove, the applied pressure required. This work addresses
directly such a challenge by demonstrating our successful re-
tention of pressure-enhanced and/or -induced superconducting
phases and/or semiconducting phases without pressure in single
crystals of superconducting FeSe and non-superconducting Cu-
doped FeSe. The pressure-quenching technique developed in
this work offers the possibility of future practical application and
the unraveling of RTS recently detected in hydrides but only
under high pressures.

Author contributions: L.D., Z.W., and C.-W.C. designed research; L.D., T.B., R.D., M.G., and
D.R. performed research; Y.X., B.G., X.L., K.Y., T.C., Z.W., Y.M., and P.D. contributed new
reagents/analytic tools; L.D., T.B., and C.-W.C. analyzed data; L.D. and C.-W.C. wrote the
paper; and L.D. and C.-W.C. directed the project.

Reviewers: Q.L., Brookhaven National Laboratory; and J.S.S., Washington University in St.
Louis.

The authors declare no competing interest.

Published under the PNAS license.

See online for related content such as Commentaries.
1To whom correspondence may be addressed. Email: cwchu@uh.edu or ldeng2@central.
uh.edu.

This article contains supporting information online at https://www.pnas.org/lookup/suppl/
doi:10.1073/pnas.2108938118/-/DCSupplemental.

Published July 7, 2021.

PNAS 2021 Vol. 118 No. 28 e2108938118 https://doi.org/10.1073/pnas.2108938118 | 1 of 6

PH
YS

IC
S

D
ow

nl
oa

de
d 

fr
om

 h
ttp

s:
//w

w
w

.p
na

s.o
rg

 b
y 

17
3.

72
.5

4.
21

8 
on

 A
pr

il 
18

, 2
02

3 
fr

om
 IP

 a
dd

re
ss

 1
73

.7
2.

54
.2

18
.



<latexit sha1_base64="2pJLY2CFfphwpoELzshVospLdK8="></latexit>

Gp(!n) =
1

i!n + i⌃n � ⇠p
Normal state thermal Green’s function:

<latexit sha1_base64="q53K5XihwFeDgpHGlzqqgrX9M1A="></latexit>

⌃(⌧) = ⇡U(⌧)G(⌧)

<latexit sha1_base64="RHqF7pRZL6RT/aux2xWU4cJ8jys="></latexit>

⌃n = ⇡Tg2
X

m

Gn

(!n � !m)2 + ⌦2
= ⇡Tg2

X

m

sgn(!n)

(!n � !m)2 + ⌦2
! �⇡T sgn(!n)

Recall:
<latexit sha1_base64="sVb+tvzae/Ip5u/VEF0Wz42PZ+s="></latexit>

Gn = Sz
n = sgn(!n)

Quasiparticle lifetime    at large  <latexit sha1_base64="eQik9kz+Tz5hC9WQyD1/ew1UAss="></latexit>⌧
<latexit sha1_base64="QpLrIGEbGBy+5uUsj7OGHJh5mVE=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVZdFNy4r2Ae0Q8lkMm1okhmSjFCG4je41bU7ceu3uPRPTNtZ2NYDgcM553JvTpBwpo3rfjuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhNgTTmTtGmY4bSTKIpFwGk7GN1N/fYTVZrF8tGME+oLPJAsYgQbK7V73EZD3C9X3Ko7A1olXk4qkKPRL//0wpikgkpDONa667mJ8TOsDCOcTkq9VNMEkxEe0K6lEguq/Wx27gSdWSVEUazskwbN1L8TGRZaj0VgkwKboV72puJ/Xjc10Y2fMZmkhkoyXxSlHJkYTf+OQqYoMXxsCSaK2VsRGWKFibENLWwJxMR24i03sEpaF1Xvqlp7uKzUb/N2inACp3AOHlxDHe6hAU0gMIIXeIU359l5dz6cz3m04OQzx7AA5+sXB3qWHQ==</latexit>

�



Quasiparticle lifetime    at large  

<latexit sha1_base64="mEwY+ycJlCpG39P4v4D7Jzp+HsA="></latexit>

GR
p (!) =

1

! � ⇠p + i�⇡T
Retarded Green’s function:

Quasiparticle decay rate:

Quasiparticle lifetime:
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Qualitative picture of the breakdown
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Decay rate due to nonmagnetic impurities:                                     In our case:
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Vanishing of the quasiparticle lifetime is due to classical phonons: thermal 
fluctuations of static ion displacements
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The role of classical phonons
Classical momenta integrate out (they 
are independent variables). 
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The role of classical phonons
Classical momenta integrate out (they 
are independent variables).

We have electrons moving in a potential , which comes at an elastic energy cost. At 
strong coupling                and the elastic energy cost disappears. 

elastic energy potential
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Inevitably, at some point it becomes energetically favorable to generate a nonuniform potential 
for electrons, i.e.,      acquire nonzero averages. Lattice translational symmetry breaks and 
charge-density-wave (CDW) order develops.
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EY and Altshuler (2022)
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Peierls (CDW) instability: toy example
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Quasiparticle spectrum:   – Peierls gap

The solution with              has lower energy breaking the translational symmetry of the original 
lattice.
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Gaps opens at the Fermi energy: Metal-insulator transition. At lower fillings can also be FL 
to FL transition accompanied by lattice translational symmetry breaking. Or structural 
transition at              resulting in a lower value of 
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