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2D electron system in a magnetic field
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Landau levels

 In the discussion above the radius of the cyclotron orbit 

could be varied continuously. 

 What happens if we add the lattice and quantum 

mechanics?

 We will start by looking at the effect of the lattice on the 

electronic motion

 Using a semi-classical approach based on the Onsager 

relation we will  show that the cyclotron orbits are now 

quantized.

 This will allow us to calculate the Landau level energy 

sequence
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Bloch electrons in external fields

In graphene this  approximation  is valid for all transport 

experiments. 

)(

;
)(1)(

BvEq
dt

kd

k

k
v

dt

krd

k

k


























E.Y. Andrei

Bloch electrons in external fields
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Bloch electrons in external fields

direction ˆ in the is B z
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Semiclassical Onsager quantization

Electron wavefunction is single valued. Therefore  a closed cyclotron orbit

must satisfy:  q2pN,   N=integer
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Homework: prove this relationship
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Onsager quantization condition 

 The area of the cyclotron orbit encloses an integer number of flux lines
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Generalized Onsager relation
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EXAMPLE: 
Landau levels  of massive  2D electrons from Onsager relation

Express the area in terms of energy using E(k)  
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Landau levels

 How does this compare to the full quantum mechanical  

solution? 



2D electron system in a magnetic field
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Example: 

Landau gauge:

Symmetric gauge




 AA

• All gauges give the same energy spectrum. 

• The wavefunctions will be different they will have the 

symmetry of the gauge.
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The magnetic field is independent of the choice of gauge
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Contains p2 and x2 : Resembles Harmonic oscillator 

2D electron system in a magnetic field
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2D electron system in a magnetic field
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1. Landau levels
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Landau levels

 Same as the semiclassical result!! 

 But now we can also calculate the wavefunctions
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2D electron system in a magnetic field
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Landau gaugeX and Y motion decoupled: 

X: Harmonic oscillator Y: Free

2. Wavefunctions – Landau gauge
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2D electron system in a magnetic field: wave function

B

Landau gauge

X and Y motion decoupled: 

X: Harmonic oscillator Y: Free

• Y direction- Plane wave

• X direction - Gaussian around x0 (ky) of width lB (2N)1/2

1’st Landau level N=0 2’nd Landu level N=1

2. Wavefunctions – Landau gauge



2D electron system in a magnetic field: wave function

B

Symmetric gauge

X and Y motion decoupled: 

X: Harmonic oscillator Y: Free
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Landau levels in non-relativistic 2D electron system
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Landau levels  in graphene from Onsager relation 

Express the area S(k) in terms of energy using E(k)  
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Graphene: p



Landau levels  in graphene from Dirac-Weyl equation
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Graphene and conventional 2d electron systems

Conventional

semiconductor

Low energy excitations Density of states
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Summary of part II

orbit cyclotron by  enclosedflux     
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