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Exponential Decay Properties of Wannier Functions and Related Quantities
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The spatial decay properties of Wannier functions and related quantities have been investigated using
analytical and numerical methods. We find that the form of the decay is a power law times an exponential,
with a particular power-law exponent that is universal for each kind of quantity. In one dimension we
find an exponent of —3/4 for Wannier functions, —1/2 for the density matrix and for energy matrix
elements, and —1/2 or —3/2 for different constructions of nonorthonormal Wannier-like functions.
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A growing interest in localized real-space descriptions
of the electronic structure of solids has been motivated
by the development of computationally efficient “linear-
scaling” algorithms [1,2] and by the desirability of a local
real-space mapping of chemical [3,4] and dielectric [5,6]
properties. A primary avenue to such a description is
the use of Wannier functions [7-9] (WFs), i.e., a set of
localized wave functions wg(r) obtained from the Bloch
functions ¢ (r) by a Fourier-like unitary transformation.
A closely related approach is to represent the electronic
structure in terms of the density matrix n(r,r’). It is thus
not surprising to find considerable recent interest in the
localization properties of the WFs [3] and of the density
matrix [10,11].

In a classic 1959 paper, Kohn proved, for the case of
a centrosymmetric crystal in one dimension (1D), that the
WFs have an “exponential decay” w(x) = e~ "*, where h
is the distance of a branch point from the real axis in the
complex-k plane [8]. More precisely,

(e = {5 420 0
The density matrix has a similar decay n(x,x’) =
e =¥l The exponential decay of the WFs has since
been proven for the general 1D [12] and single-band 3D
[13] cases, and that of the density matrix (more precisely,
of the band projection operator) has been proven in general
[12]. The energy matrix elements E(R) = (wg|H|wy),
with wg(x) = w(x — R) and R = la a lattice vector, are
also expected to have a similar decay, E(R) ~ ¢ "k,

The purpose of this Letter is to address two questions.
First, Eq. (1) allows considerable freedom; in fact, it is
consistent with

wx) = x %e

2

for any exponent «, i.e., a decay which could be faster
(a > 0) or slower (« < 0) than pure exponential. Does
such a power-law prefactor exist, and if so, what is the
exponent a? Second, it has long been understood that
relaxation of the orthogonality constraint (wo | wg) = 8o
can give “more localized” Wannier-like functions [14—-16].
In what sense are these more localized—a larger A, or a
larger « for the same /%, or only a smaller prefactor of the
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tail? We show that the power-law prefactors of Eq. (2)
do exist, and that the various quantities have a common
inverse decay length £ but different exponents «. In 1D
we find that @« = 3/4 for usual (orthonormal) WFs, a =
1/2 for n(x,x') and E(R), and @ = 1/2 or « = 3/2 for
two different constructions of nonorthonormal Wannier-
like functions (NWFs). The NWFs of superior decay
(~x"32¢7%) can be constructed by a projection method
as duals to a set of trial functions. These results may have
important implications for the design and implementation
of efficient real-space electronic-structure algorithms.

We first review the central results of the pioneering work
of Kohn [8], who considers a centrosymmetric potential
of period a in 1D. Conveniently, the 1D case is simpli-
fied by the impossibility of nonmonotonic bands, indirect
gaps, and symmetry-induced degeneracies. The WFs are
constructed as

m/a
wp(x — R) = wpr(x) = %4/’7 e "Ry (x) dk
3)

with the phases of the Bloch functions #,; chosen as in
Sec. 6 of Ref. [8]. The exponential decay of the WFs
is then governed by the positions of branch points in the
“complex band structure” E, (k) constructed by regarding
complex E, to be a function of complex k via analytic
continuation from the real axis [8,9]. Specifically, there is
a Riemann sheet E, (k) for each band n, and the branch
points k, are the points at which the sheets are connected,
E,(k,) = E,+1(k,). These are located at

b — {77/61 * ih,,

*ih,,

n even,
n odd, )

and at translational image locations k,(lm) =k, +27m/a
for integer m. E,(k) and i,(k) are thus analytic func-
tions in the strip [Im(k)| < h, where h,, = min(h,_1, h,).
Kohn’s main result [8] is that the decay of the WF for the
nth band is as w,(x) = e ™! in the sense of Eq. (1). In
what follows we restrict our attention to the bottom band
(n = 0), for which hy = h¢ (henceforth just /). The rele-
vant branch point in the upper half-plane is ko = 7/a +
ih and the expected Wannier decay is w(x) =~ e/,

© 2001 The American Physical Society 5341



VOLUME 86, NUMBER 23 PHYSICAL REVIEW LETTERS 4 June 2001

To confirm this decay numerically, we first choose a  suggests that E(R) shares the same inverse decay length &
simple 1D model Hamiltonian having a periodic potential ~ but has a different power-law exponent
U(x) = Y, Va(x — ma) constructed as a sum of Gauss-  p-3/2 —hR
ian “atomic” potentials Vy(x) = (Vo/b/7 )e /0" Here ER) ~ R )
a is the lattice constant and Vjy and b control the depth and ~ Naturally /4 changes if the potential parameter b is varied,
width of V. We choose units such that m = i = ¢ =1  but we find that the power-law exponents of —3/4 and

and keep a = 1 and V) = —10 fixed while adjusting b to —3/2 do not. It thus appears that these exponents are a
vary the gap. The Bloch functions are computed on a mesh  universal feature of electron band structures in 1D.

of 200 k points by expanding in 401 plane waves and the In order to gain an analytic understanding of this be-
WF at R = 0 is then constructed according to Eq. (3) us-  havior, we consider first the simpler case of the energy-
ing 128-bit arithmetic. band Fourier transform E(R) < E(k). Kohn showed that

The resulting decay of the WF for b = 0.3 is shown  the expansion of E(k) about ky = 7/a + ih takes the
as the solid line in Fig. 1(a). In this semilog plot, the  form [8]
approximate linearity of the peaks is consistent with the
expected exponential decay, but there is a slight curvature
that can be analyzed further. To do so, we first computed  with higher terms of order (k — ko)!, (k — ko)*/2, etc.
the E,(k) along 7/a + ik for real k and defined & to  The form of this expansion arises from the requirement
be the value of k at which Ey = E|. For b = 0.3 we  that E(k) come back to itself if k traverses a closed path
find 7 = 1.28869. In Fig. 2(a) we then plot (diamonds) winding twice around kg, consistent with the picture of two
hx + Inlw(x)| vs In(x) for each peak of In|w(x)|. A pure  Riemann sheets touching at k.
exponential decay w(x) = e~ should yield a horizontal Now there are well-known mathematical results that re-
line in such a plot; instead, the data appears linear with a  late the behavior of a function near a branch point to the
slope of —3/4, indicating that asymptotic decay of its Fourier transform [17]. The follow-

34 —hx ing lemma is useful here. Let f(k) be a periodic function
wx) =~ x e . ) f(k) = f(k + 27 /a) that has a leading behavior

A similar plot (not shown) for flk) = fo + y[iltk — ko))? 9)

E(k)=Ey + y(k — ko)* + ..., (8)

E(R) = (wg|H|wo) = —— f dk ¢*®E(k)  (6)  When expanded at the branch point ko = 7/a + ih. lts
2 Fourier series coefficients are given by

F(x) = fc f(k)e™ dk (10)

at x = ma for integer m. As shown in Fig. 3, the contour
Cy initially lies along the real axis. However, f(k)e*
is invariant under k — k + 27 /a, and assuming that no
other branch points or poles intervene, the contour can be
deformed to become C as shown in Fig. 3. The exponen-
tial smallness of e’** for large x kills the integrals along
the horizontal segments, and the dominant contribution to
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FIG. 2. (a) As in Fig. 1(a) but plotted so that slope reveals
FIG. 1. Decay of normalized WFs w(x) and NWFs v(x) and exponent —a of Eq. (2). (b) Same for b = 0.6 (nearly free
y(x). (a) 1D model (see text) with b = 0.3 and V, = —10. electron case) showing crossover. Pluses, diamonds, and squares
(b) 3D Si plotted along the [110] direction. represent v, w, and y, respectively.
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FIG. 3. Branch points (X), cuts (dashed lines), and integration
contours (Cy and C)) in the complex-k plane.

the C; integral comes from the vicinity of ky. Using the
contour-integral definition of the Gamma function [18],

|F(x)| = yB(B)x~1TR eI, (11)

where Bg = 2sin(B7)['(1 + B).

Equation (11) now allows us to understand the observed
behavior of quantities such as E(R) and w(x). For ex-
ample, since E(k) in Eq. (8) has 8 = 1/2, we confirm that
E(R) = R e "R witha@ = 1 + B = 3/2. Similarly, to
understand the decay of w(x), we need to know the behav-
ior of ¢ (x) regarded as a function of k near the branch
point ky. Once again Kohn [8] provides the needed result
r = (k — ko)~V/*. Sure enough, B = —1/4 gives a de-
cay w(x + R) = R™3*¢~"R for small x and R > a. In
other words, w(x) = x3/*¢™" for large x, as obtained
numerically from Fig. 2(a).

We can summarize the information about both the k and
x dependence of i (x) near the branch point as

P (x) = Aogx)g~V* + A1(x)g "t + 0¥, (12)

where g = i(k — ko). Aog(x) and A;(x) are real functions
obeying A,(x + a) = ™94, (x).

The locality of the density matrix (i.e., the band projec-
tion operator) is also very important. For example, many
linear-scaling algorithms are based on a direct solution for
the density matrix [1,2,19]. We can write

n(x',x) = %fc i (X )i (x) dk (13)

where, following Kohn [8], we have substituted i (x')
by ¢—(x’) in order that the integrand of Eq. (13) should
remain analytic off the real axis. The behavior of 1_(x)
near the branch point is _;(x) = Ag(—x)[i(k —
ko)]~'/4. The integrand of Eq. (13) then takes the form
Yo (X )i (x) = Ao(—x")Ao(x) [i(k — ko)]" /2. Apply-
ing Eq. (11) yields n(0,x) = x~"/2¢7" for large x,
and more generally, n(x’,x) = (x — x/)~/2e="0=¥) for
x > x'. This @ = 1/2 behavior of the decay has been
confirmed from numerical plots (not shown) similar to
Fig. 2(a).

We have so far shown that E(x), w(x), and n(0, x) all
have a decay of the form x~%e¢ " with a common h
but with different (universal) exponents ar = 3/2, a,, =
3/4, and @, = 1/2. The energy matrix elements thus have
the fastest decay, and the density matrix the slowest.

One may next ask whether it is possible to find
nonorthonormal Wannier-like functions (NWFs) with a
faster decay than those of the orthonormal WFs w(x)
[14—16]. We explore this question in the context of
band-projection methods [20-22]. The basic idea of
the projection technique is to start with a trial function
t(x) and generate a Wannier-like function v(x) by acting
with the band-projection operator P = >, |y ) (|, i.e.,
lug) = Pltg). Here |tg) corresponds to the translational
image t(x — R) of #(x) in cell R = na, and similarly
for |vg). The trial functions can be Gaussian functions,
atomic, or molecular orbitals, etc. The |vg) are NWFs
having overlap Soz = (vo|vg) = {to|P|tg). Numerical
investigations on C and Si by Stephan and Drabold
indicated that the projected functions v(x) are not more
localized than the true WFs w(x) [22]. This should not
be surprising; introduction of NWFs may give flexibility
to generate more localized orbitals, but this flexibility
needs to be used to advantage. To do so, we introduce
dual functions y(x) defined via |yo) = > x(S™ Dorlvr),
so that (yg|vg) = Sor and also (yg|?g) = Sog. This
latter equation means that y(x) is orthogonal to the trial
function at every site except R = 0, suggesting that y(x)
may be especially well localized.

Numerical tests of the decay of (normalized versions of)
v(x) and y(x) are shown as dashed and dotted curves, re-
spectively, in Figs. 1(a) and 2(a). The trial function used
is a 6 function on the atomic site, but use of other nar-
row trial functions gives similar results. It clearly appears
that &« = 1/2 and 3/2 for v(x) and y(x), respectively, to
be compared with @ = 3/4 for w(x). Thus, the simple
projected functions v (x) actually have a slower decay than
the WFs w(x), but the duals y(x) have a much faster decay
than either of them.

These results can be explained by the complex analysis
of the Bloch-like functions v (x) and yy (x) that are related
to v(x) and y(x) in the same way that ¢ (x) is related to
w(x). Defining

nh) = [ gt d. (14

it follows from |vy) = [¢fi) (i | £) that |vg) = n(k) [¢).
Also the Fourier transform of S(0, R) can be seen to be

S(k) = n*(k), so that | y;) = |x)/n(k). In the vicinity
of ky we have

n(k) = nolitk — ko)I™/* + mili(k — ko)]'* + ...,

" (15)
where 1, = [_., A,(—x)t(x) dx. Moreover,
ve(x) = moAox)g 2 + ...,
wi(x) = Ao(x)g ™t + .., (16)

W) = — o) + A0)g? + ..,
70

where g = i(k — ko) and A (x) = A;(x) — (11/70)Ao(x).
The leading term in y; (x) gives no singularity, so the real-
space decay is determined by the behavior of the next
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term for which @« = B + 1 = 3/2. To be explicit, we
can define A ,(x) = A,(x)e" so that A is antiperiodic,
A(x + a) = —A(x), and for large x we find

w(x) = B—1/4ﬂ0()€)x_3/4€_hx,
v(x) = B_10mo Ag(x)x e, (17)
y(x) = (31/2/770);211()6))673/267“-

The above conclusions regarding y(x) rely on the ab-
sence of zeros of n(k) inside the strip —h < Im(k) < h.
If such zeros exist, yi(x) = ¥ (x)/n(k) may have new
singularities and y(x) will then have poor decay compared
to other NWFs. We find that this problem does not arise
when using 7(x) = &(x) or a narrow Gaussian, but can be
triggered by use of a too-wide Gaussian for ¢.

Is it possible to find a NWF with an even faster decay
than x~3/2e "7  Yes; define a new NWF z; = £ (k)yx
where f(k) is analytic in the strip |[Im(k)|] < h and
has simple zeros at the branch points 2n + 1)7 * ih.
The function f(k) = 1 + cos(ka)/cosh(ha) is a good
candidate [23]. Then the leading singularity of z; is as
(k — ko)*?, and we expect z(x) ~ x5/2¢~"*_ We have
confirmed numerically that this works. However, since
the multiplication by f(k) in k space corresponds to a
convolution in real space, the resulting z(x) is actually
broader than y(x) or w(x) by almost any other measure
(e.g., second moments [3]). Thus, this strategy may be
counterproductive in practice.

Before leaving the 1D case, we make two brief
comments. First, the extension to the case of non-
centrosymmetric potentials in 1D is not difficult, and
the results (including values of the a exponents) are
unchanged. Second, there is an apparent paradox concern-
ing the nearly free electron limit. For free electrons the
occupied portion of the band gives w(x) ~ sin(krx)/krx,
i.e., ~x~!. One may expect this to go over to ~x~le
in the nearly free case, but this would be inconsistent with
our general result @ = 3/4. Actually we find there is a
crossover behavior, as shown in Fig. 2(b), with o = 1
behavior for x < x, and @ = 3/4 in the true large-x tail.
The crossover distance x. increases as the gap decreases;
as the gap closes, x, — % and A — 0.

Before concluding, we briefly discuss the 3D case. Here
the 6-dimensional space of complex (ky, ky, k;) makes the
formal analysis difficult. We have carried out a numerical
calculation of WFs and NWFs for Si using an empirical-
pseudopotential scheme starting from four bond-centered
trial functions. The results are plotted in Fig. 1(b). We
obtain a decay length 2! of 0.59a. Previous numerical
studies of WFs in Si have given values for #~' ranging
widely from 0.64a to 1.16a, based on different models
and computational details (see Ref. [24], and references
therein). Given the breadth of this range, our result can
be considered consistent with the previous values. Plots
of hx + In|F(x)| vs In(x) (not shown) again show linear
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behavior, with slopes that appear consistent with the 1D
values of @« = 3/4, 1/2, and 3/2 for w, v, and y, respec-
tively. However, in this case we cannot afford to go to
very large x values, and we suspect that there may be a
crossover to larger « values in the far tails. We leave this
as a question for future investigations.

To conclude, we find that in 1D the asymptotic behav-
ior of WFs and related quantities can all be expressed as
X %e~ "™ with a common /A, and with exponents « that
take on universal rational values depending on the type of
singularity of the relevant function at the branch points in
the complex-k plane. It is surprising that this behavior
has gone unnoticed since Kohn’s seminal 1959 paper. The
consequences for linear-scaling calculations, and localized
real-space representations of electron structure more gen-
erally, remain to be fully explored.
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