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Figure 1. Energy diagram illustrating how the energy of a spin liquid can be lowered below 
that of an antiferromagnetic state by Kondo compensation. 

states [ 6 ] ,  and x may be large due to frustrationt. A combination of these two factors 
will then tend to suppress development of conventional local moment magnetism. 

A useful way to visualise the formation of a Kondo-stabilised spin liquid is to use 
Anderson’s resonating valence bond picture [7] (figure 2). A pure spin liquid is visualised 
by linking pairs o f f  spins together into singlets or valence bonds. Spin exchange be- 
tween sites causes the ends of the valence bonds to resonate throughout the spin system 
forming a sort of ‘quantum spaghetti’. When we introduce Kondo coupling to the con- 
duction electrons, the ends of the valence bonds occasionally link up with a conduction 
electron lying within an energy TK of the Fermi level, resonantly scattering the electrons 
close to the Fermi energy. Typically, the number of conduction electrons within this 
energy is far smaller than the number of f spins, and in keeping with the Nozieres 
exhaustion principle, most of the valence bonds must stay within the spin liquid. 

Conduction e- 

f spins 

L e -  I b i  

Figure 2. Illustrating how Kondo compensation of a spin liquid results in an escape of 
the valence bonds into the conduction sea, generating singlet pairs of conduction electrons, 
thereby inducing a pairing component to the resonant Kondo scattering of conduction 
electrons. 

Occasionally however, spin exchange will occur between two valence bonds that link 
conduction electrons to f moments, causing the momentary escape of one valence 
bond entirely into the conduction sea. Such brief excursions of valence bonds into the 
conduction sea will produce resonant singlet pairing amongst low-energy conduction 
electrons, and as we shall see, this generates superconductivity in the heavy fermion 
system. 

In this paper we examine this hypothesis within a new path integral formalism, using 
a lattice model for heavy fermions that contains both RKKY and Kondo interactions. 

t In the 2D cuprate superconductors we believe a similar effect may also be taking place, where in this case 
TK should be replaced by JK and a is very close to unity. See [ 7 ] .  
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these materials, the entropy of condensation

S c =

Z Tc

0

CV

T
dT (60)

can be as large as (1/3)R ln 2 per rare earth ion, indicating that the spin is, in some-way entan-
gling with the conduction electrons to build the condensate. In this situation, we need to be able
to consider the Kondo e↵ect and superconductivity on an equal footing.

Fig. 12: (a) Phase diagram of 115 compounds CeMIn5, adapted from [43], showing magnetic
and superconducting phases as a function of alloy concentration. (b) Sketch of specific heat co-
e�cient of CeCoIn5, (with nuclear Schottky contribution subtracted), showing the large entropy
of condensation associated with the superconducting state. (After Petrovic et al 2001 [39]).

4.1 Symplectic spins and SP (N).

Although the SU(N) large N expansion provides a very useful description of the normal state
of heavy fermion metals and Kondo insulators, there is strangely, no superconducting solution.
This short-coming lies in the very structure of the S U(N) group. S U(N) is perfectly tailored
to particle physics, where the physical excitations - the mesons and baryons appear as color
singlets, with the meson a a qq̄ quark-antiquark singlet while the baryon is an N-quark singlet
q1q2 . . . qN , (where of course N = 3 in reality). In electronic condensed matter, the meson
becomes a particle-hole pair, but there are no two-particle singlets in S U(N) beyond N = 2. The
origin of this failure can be traced back to the absence of a consistent definition of time-reversal
symmetry in S U(N) for N > 2. This means that singlet Cooper pairs and superconductivity can
not develop at the large N limit.
A solution to this problem which grew out an approach developed by Read and Sachdev [44] for
frustrated magnetism, is to use the symplectic group S P(N), where N must be an even number
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4.2 Superconductivity in the Kondo Heisenberg Model

Let us take a look at the way this works in a nearest neighbor “Kondo Heisenberg model” [47],

H = Hc + HK + HM. (63)

Here Hc =
P

k� ✏kc†k�ck� describes the conduction sea, whereas HK and HM are the Kondo and
Heisenberg (RKKY) interactions, respectively. These take the form
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where we’ve introduced the notation ↵̃ = Sgn(↵) and have shown how the interactions are
expanded in into particle-hole and particle-particle channels. Notice how the interactions are
equally divided between particle-hole and particle-particle channels. When we carry out the
Hubbard Stratonovich decoupling, in each of these terms, we obtain

HK !
X

j

h
c† j↵

⇣
Vj f j↵ + ↵̃�

K
j f † j�↵

⌘
+ H.c

i
+ N

0
BBBBB@
|Vj|2 + |�K

j |2

JK

1
CCCCCA

HH !
X

(i, j)

h
ti j f †i↵ f j↵ + �i j↵̃ f †i↵ f † j�↵ + H.c

i
+ N

" |ti j|2 + |�i j|2
JH

#
(65)

At each site, we can always rotate the f-electrons in particle-hole space to remove the “Kondo
pairing” component and set �K

j = 0, but the pairing terms in the Heisenberg component can
not be eliminated. This mean-field theory describes a kind of Kondo stabilized spin-liquid [47].
The physical picture is as follows: in practice, a spin-liquid is unstable to magnetism, but its
happy co-existence with the Kondo e↵ect brings its energy below that of the antiferromagnet.
The hybridization of the f with the conduction sea converts the spinons of the spin-liquid into
charged fermions. The ti j terms describe various kind of exotic density waves. The �i j terms
now describe pairing amongst the composite fermions.
To develop a simple theory of the superconducting state, we restrict our attention to uniform,
static saddle points, dropping the ti j. Lets look at the resulting mean-field theory. In two dimen-
sions, this becomes

H =
X

k,↵>0

(c̃†k↵, f̃ †k↵)
2
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where
c̃†k↵ = (c†k↵, ↵̃c�k,�↵), f̃ †k↵ = ( f †k↵, ↵̃ f�k,�↵) (67)

are Nambu spinors for the conduction and f-electrons. The vector ~Wof Lagrange multipliers
couples to the isospin of the f-electrons: stationarity of the Free energy with respect to this
variable imposes the mean-field constraint that h f̃ †~⌧ f i = 0. The function �Hk = �k(cos kx �
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5.24 Piers Coleman

[45, 46]. This little-known group is a subgroup of S U(N). In fact for N = 2, S U(2) = S P(2)
are identical, but they diverge for higher N. For example, S U(4) has 15 generators, but its
symplectic sub-group S P(4) has only 10. At large N, S P(N) has approximately half the number
of generators of S U(N). The symplectic property of the group allows it to consistently treat
time-reversal symmetry of spins and it also allows the formation of two-particle singlets for any
N.
One of the interesting aspects of S P(N) spin operators, is their relationship to pair operators.
Consider S P(2) ⌘ S U(2): the pair operator is  † = f †" f †# and since this operator is a sin-
glet, it commutes with the spin operators, [ , ~S ] = [ †, ~S ] = 0 which, since  and  † are
the generators of particle-hole transformations, implies that the S U(2) spin operator is particle-
hole symmetric. It is this feature that is preserved by the S P(N) group, all the way out to
N ! 1. In fact, we can use this fact to write down an S P(N) spins as follows: an S U(N)
spin is given by SS U(N)

↵� = f †↵ f�. Under a particle hole transformation f↵ ! Sgn(↵) f�↵. If we
take the particle-hold transform of the S U(N) spin and add it to itself we obtain an S P(N) spin,

S ↵� = f †↵ f� + Sgn(↵�) f�� f †�↵, (61)

Symplectic Spin operator

where the values of the spin indices are ↵, � 2 {±1/2, . . . ,±N/2}. This spin operator commutes
with the three isospin variables

⌧3 = nf � N/2, ⌧+ =
X

↵>0

f †↵ f †�↵, ⌧� =
X

↵>0

f�↵ f↵. (62)

With these local symmetries, the spin is continuous invariant under SU (2) particle-hole rota-
tions f↵ ! u f↵ + vSgn↵ f †�↵, where |u2| + |v2| = 1, as you can verify. To define an irreducible
representation of the spin, we also have to impose a constraint on the Hilbert space, which in its
simplest form is ⌧3 = ⌧± = 0, equivalent to Q = N/2 in the S U(N) approach. In other-words,
the s-wave part of the f-pairing must vanish identically.

Fig. 13: Phase diagram for the two-dimensional Kondo Heisenberg model, derived in the
S P(N) large N approach, adapted from [47], courtesy Rebecca Flint.
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