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FIG. 3: Fermi surface and dispersion maps of SmB6. (a) Fermi surface plot of SmB6

measured by 7 eV LASER source at temperature of 7 K. A small � pocket and a large X pocket

are observed. A big elliptical and a small circular shaped black dash lines around X and � points

are guide for the eyes. Inset shows a schematic plot of Fermi surface in the first Brillouin zone. (b)

Electronic dispersion map (left) and its energy distribution curves (EDCs) for � pocket. (c) same

as (b) for X band. (d) Comparison of integrated EDC for � and X band. A gap value of about 15

meV is observed in both cases.

Topological Kondo Insulators

CeCoIn5	:	2.5	K	Superconductor

Heavy Fermion  
Superconductivity

Piers Coleman: Rutgers Center for Materials Theory, USA
Julich, 


21 Sept, 2015

Heavy Fermion Physics: a 21st Century perspective



Quantum Criticality & 
Strange Metals 
  

11

FIG. 3: Fermi surface and dispersion maps of SmB6. (a) Fermi surface plot of SmB6

measured by 7 eV LASER source at temperature of 7 K. A small � pocket and a large X pocket

are observed. A big elliptical and a small circular shaped black dash lines around X and � points

are guide for the eyes. Inset shows a schematic plot of Fermi surface in the first Brillouin zone. (b)

Electronic dispersion map (left) and its energy distribution curves (EDCs) for � pocket. (c) same

as (b) for X band. (d) Comparison of integrated EDC for � and X band. A gap value of about 15

meV is observed in both cases.

Topological Kondo Insulators

CeCoIn5	:	2.5	K	Superconductor

Heavy Fermion  
Superconductivity

2

FIG. 1: a. Upper critical field Hc2 of the superconduct-
ing state in URu2Si2 determined from the onset of resistiv-
ity at ⇡ 30 mK. An example trace is shown in the inset.
b. Schematic representation of the angle-dependent magnetic
quantum oscillations adapted from Fig. 18 of reference [22],
with the indices of the spin zeroes indicated. In order to show
the oscillatory behavior, the sign of the amplitude is negated
on crossing each spin zero.

fermion condensate [20] for all orientations of the mag-
netic field � the exception being a narrow range of angles
within ⇠ 10� of the [100] axis in Fig. 2 (likely associated
with the dominant role of diamagnetic screening currents
once g

⇤
e↵ is strongly suppressed [19]).

A further key observation is that the field orientation-
dependence of g

⇤
e↵ in Fig. 2 is very di↵erent from the

usual isotropic case of g⇤ ⇡ 2 for band electrons (dotted
line), indicating the spin susceptibility of the quasipar-
ticles in URu2Si2 to di↵er along the two distinct crys-
talline axes. Since the Zeeman splitting of the quasi-
particles is given by the projection M · Ĥ of the spin

magnetizationM = ⇢
µ2
B
2 (g2a cos ✓, 0, g

2
c sin ✓)H alongH =

H(cos ✓, 0, sin ✓) [where ⇢ is the electronic density-of-

states], setting M · Ĥ = ⇢
µBg⇤

eff
2 H defines an e↵ective

g-factor

g
⇤
e↵ =

q
g2c sin

2
✓ + g2a cos

2 ✓ (3)

that (in the case of a strong anisotropy) traces the form

FIG. 2: Polar plot of the field orientation-dependence of g⇤e↵
estimated using equations (1) and (2) represented by open
and closed circles respectively. Also shown, is a fit (solid line)
to equation (3) to g

⇤
e↵ , and the isotropic g

⇤ ⇡ 2 (dotted line)
expected for conventional band electrons. In Fig. 1a we as-
sumeHc2 ⇡ Hp. In extracting g

⇤
e↵ from the index assignments

of g⇤e↵(m
⇤
/me↵) in Fig. 1b, the weakly angle-dependent m

⇤

is interpolated from the measured values in reference [22].

of a figure of ‘8.’ A fit to equation (3) in Fig. 2 (solid
line) yields gc = 2.65 ± 0.05 and ga = 0.0 ± 0.1, implying

a large anisotropy in the spin susceptibility �c

�a
=

� gc
ga

�2
.

To obtain a lower bound for the anistropy, we plot ge↵
(circles) in Fig. 3 extracted from quantum oscillation ex-
periments [22] versus sin ✓ (in the vicinity of the cusp in
Fig. 2) together with the prediction (lines) for di↵erent

values of �a

�b
=

� gc
ga

�2
made using equation (3). The ob-

servation of a spin zero in Fig. 1 at angles as small as 3�

implies a lower bound �a

�b
& 1000. A smaller anisotropy

would be expected to lead to the observation of fewer spin
zeroes and nonlinearity in the plot with an upturn in ge↵

at small values of sin ✓ (as shown in the simulations).

A large anisotropy in the magnetic susceptibility is the
behavior expected for local magnetic moments of large
angular momenta whose confinement within a crystal
lattice gives rise to an Ising anisotropy. Kondo cou-
pling provides the means by which such an anisotropy
can be transferred to itinerant electrons [8]. In the case
of an isolated magnetic impurity (i.e. an isolated mag-
netic moment), Kondo singlets can be considered the re-
sult of an antiferromagnetic coupling between the impu-
rity and conduction electron states expanded as partial
waves of the same angular momenta [26]. A Fermi liquid
composed of ‘composite heavy quasiparticles’ with heavy
e↵ective masses and local angular momentum quantum
numbers is one of the anticipated outcomes in a lattice
of moments should such partial states overlap and sat-
isfy Bloch’s theorem at low temperatures [27, 28], as ap-
pears to be the case in URu2Si2. The finding of a large
anisotropic impurity susceptibility ( �c

�a
⇠ 140) in the di-
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FIGURE 1. Depicting localized 4 f , 5 f and 3d atomic wavefunctions.

represented by a single, neutral spin operator

�S=
h̄

2
�σ

where �σ denotes the Pauli matrices of the localized electron. Localized moments de-

velop within highly localized atomic wavefunctions. The most severely localized wave-

functions in nature occur inside the partially filled 4 f shell of rare earth compounds

(Fig. 1) such as cerium (Ce) or Ytterbium (Yb). Local moment formation also occurs

in the localized 5 f levels of actinide atoms as uranium and the slightly more delocal-

ized 3d levels of first row transition metals(Fig. 1). Localized moments are the origin

of magnetism in insulators, and in metals their interaction with the mobile charge car-

riers profoundly changes the nature of the metallic state via a mechanism known as the
“Kondo effect”.

In the past decade, the physics of local moment formation has also reappeared in

connection with quantum dots, where it gives rise to the Coulomb blockade phenomenon

and the non-equilibrium Kondo effect.
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H =
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J. Kondo, 1962

Chapter 16. c©Piers Coleman 2010

where the density of conduction electron states ρ(ε) is taken to be constant. The Poor Man’s renor-
malization procedure follows the evolution of J(D) that results from reducing D by progressively
integrating out the electron states at the edge of the conduction band. In the Poor Man’s procedure,
the band-width is not rescaled to its original size after each renormalization, which avoids the need
to renormalize the electron operators so that instead of Eq. (16.81), H(D′) = H̃L.

To carry out the renormalization procedure, we integrate out the high-energy spin fluctuations
using the t-matrix formulation for the induced interaction Hint, derived in the last section. Formally,
the induced interaction is given by

δHint
ab =

1
2
[Tab(Ea) + Tab(Eb)]

where

Tab(E) =
∑

λ∈|H〉



H(I)aλH

(I)
λb

E − EHλ




where the energy of state |λ〉 lies in the range [D′,D]. There are two possible intermediate states
that can be produced by the action of H(I) on a one-electron state: (I) either the electron state is
scattered directly, or (II) a virtual electron hole-pair is created in the intermediate state. In process
(I), the T-matrix can be represented by the Feynman diagram

’"’’"

k
k’’

"

#
$ %k’

for which the T-matrix for scattering into a high energy electron state is

T (I)(E)k′βσ′;kασ =

∑

εk′′ ∈[D−δD,D]

[
1

E − εk′′

]
J2(σaσb)βα(S aS b)σ′σ

≈ J2ρδD
[

1
E − D

]
(σaσb)βα(S aS b)σ′σ (16.102)

In process (II),

k$

’’"
" ’"

%k’

k’’#

the formation of a particle-hole pair involves a conduction electron line that crosses itself, leading
to a negative sign. Notice how the spin operators of the conduction sea and antiferromagnet reverse
their relative order in process II, so that the T-matrix for scattering into a high-energy hole-state is
given by

T (II)(E)k′βσ′;kασ = −
∑

εk′′ ∈[−D,−D+δD]

[
1

E − (εk + εk′ − εk′′)

]
J2(σbσa)βα(S aS b)σ′σ

38

⇡ J2⇥�D

D
(⇤a⇤b)⇥�(SaSb)⇤0⇤
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Fig. 2: (a) In isolation, the localized atomic states of an atom form a stable, sharp excitation
lying below the continuum. (b) In a crystal, the 2 j+1 fold degenerate state splits into multiplets,
typically forming a low lying Kramers doublet. (c) The inverse of the Curie-Weiss susceptibility
of local moments ��1 is a linear function of temperature, intersecting zero at T = �✓.

predicted by Philip W. Anderson [4, 5], which results from high energy valence fluctuations.
Jun Kondo [6] first analyzed the e↵ect of this scattering, showing that as the temperature is
lowered, the e↵ective strength of the interaction grows logarithmically, according to

J ! J(T ) = J + 2J2⇢ ln
D
T

(4)

where ⇢ is the density of states of the conduction sea (per spin) and D is the band-width. The
growth of this interaction enabled Kondo to understand why in many metals at low temperatures,
the resistance starts to rise as the temperature is lowered, giving rise to resistance minimum.

Fig. 3: (a) Schematic temperature-field phase diagram of the Kondo e↵ect. At fields and tem-
peratures large compared with the Kondo temperature TK, the local moment is unscreened with
a Curie susceptibility. At temperatures and fields small compared with TK, the local moment is
screened, forming an elastic scattering center within a Landau Fermi liquid with a Pauli sus-
ceptibility � ⇠ 1

TK
. (b) Schematic susceptibility curve for the Kondo e↵ect, showing cross-over

from Curie susceptibility at high temperatures to Pauli susceptibility at temperatures below the
Kondo temperature TK. (c) Specific heat curve for the Kondo e↵ect. Since the total area is the
full spin entropy R ln 2 and the width is of order TK, the height must be of order � ⇠ R ln 2/TK.
This sets the scale for the zero temperature specific heat coe�cient.
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where the density of conduction electron states ρ(ε) is taken to be constant. The Poor Man’s renor-
malization procedure follows the evolution of J(D) that results from reducing D by progressively
integrating out the electron states at the edge of the conduction band. In the Poor Man’s procedure,
the band-width is not rescaled to its original size after each renormalization, which avoids the need
to renormalize the electron operators so that instead of Eq. (16.81), H(D′) = H̃L.

To carry out the renormalization procedure, we integrate out the high-energy spin fluctuations
using the t-matrix formulation for the induced interaction Hint, derived in the last section. Formally,
the induced interaction is given by

δHint
ab =

1
2
[Tab(Ea) + Tab(Eb)]

where

Tab(E) =
∑

λ∈|H〉



H(I)aλH

(I)
λb

E − EHλ




where the energy of state |λ〉 lies in the range [D′,D]. There are two possible intermediate states
that can be produced by the action of H(I) on a one-electron state: (I) either the electron state is
scattered directly, or (II) a virtual electron hole-pair is created in the intermediate state. In process
(I), the T-matrix can be represented by the Feynman diagram

’"’’"

k
k’’

"

#
$ %k’

for which the T-matrix for scattering into a high energy electron state is

T (I)(E)k′βσ′;kασ =

∑

εk′′ ∈[D−δD,D]

[
1

E − εk′′

]
J2(σaσb)βα(S aS b)σ′σ

≈ J2ρδD
[

1
E − D

]
(σaσb)βα(S aS b)σ′σ (16.102)

In process (II),

k$

’’"
" ’"

%k’

k’’#

the formation of a particle-hole pair involves a conduction electron line that crosses itself, leading
to a negative sign. Notice how the spin operators of the conduction sea and antiferromagnet reverse
their relative order in process II, so that the T-matrix for scattering into a high-energy hole-state is
given by

T (II)(E)k′βσ′;kασ = −
∑

εk′′ ∈[−D,−D+δD]

[
1

E − (εk + εk′ − εk′′)

]
J2(σbσa)βα(S aS b)σ′σ
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predicted by Philip W. Anderson [4, 5], which results from high energy valence fluctuations.
Jun Kondo [6] first analyzed the e↵ect of this scattering, showing that as the temperature is
lowered, the e↵ective strength of the interaction grows logarithmically, according to

J ! J(T ) = J + 2J2⇢ ln
D
T

(4)

where ⇢ is the density of states of the conduction sea (per spin) and D is the band-width. The
growth of this interaction enabled Kondo to understand why in many metals at low temperatures,
the resistance starts to rise as the temperature is lowered, giving rise to resistance minimum.

Fig. 3: (a) Schematic temperature-field phase diagram of the Kondo e↵ect. At fields and tem-
peratures large compared with the Kondo temperature TK, the local moment is unscreened with
a Curie susceptibility. At temperatures and fields small compared with TK, the local moment is
screened, forming an elastic scattering center within a Landau Fermi liquid with a Pauli sus-
ceptibility � ⇠ 1

TK
. (b) Schematic susceptibility curve for the Kondo e↵ect, showing cross-over

from Curie susceptibility at high temperatures to Pauli susceptibility at temperatures below the
Kondo temperature TK. (c) Specific heat curve for the Kondo e↵ect. Since the total area is the
full spin entropy R ln 2 and the width is of order TK, the height must be of order � ⇠ R ln 2/TK.
This sets the scale for the zero temperature specific heat coe�cient.

Today, we understand this logarithmic correction as a renormalization of the Kondo coupling
constant, resulting from fact that as the temperature is lowered, more and more high frequency
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where the density of conduction electron states ρ(ε) is taken to be constant. The Poor Man’s renor-
malization procedure follows the evolution of J(D) that results from reducing D by progressively
integrating out the electron states at the edge of the conduction band. In the Poor Man’s procedure,
the band-width is not rescaled to its original size after each renormalization, which avoids the need
to renormalize the electron operators so that instead of Eq. (16.81), H(D′) = H̃L.
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the band-width is not rescaled to its original size after each renormalization, which avoids the need
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Fig. 2: (a) In isolation, the localized atomic states of an atom form a stable, sharp excitation
lying below the continuum. (b) In a crystal, the 2 j+1 fold degenerate state splits into multiplets,
typically forming a low lying Kramers doublet. (c) The inverse of the Curie-Weiss susceptibility
of local moments ��1 is a linear function of temperature, intersecting zero at T = �✓.

predicted by Philip W. Anderson [4, 5], which results from high energy valence fluctuations.
Jun Kondo [6] first analyzed the e↵ect of this scattering, showing that as the temperature is
lowered, the e↵ective strength of the interaction grows logarithmically, according to

J ! J(T ) = J + 2J2⇢ ln
D
T

(4)

where ⇢ is the density of states of the conduction sea (per spin) and D is the band-width. The
growth of this interaction enabled Kondo to understand why in many metals at low temperatures,
the resistance starts to rise as the temperature is lowered, giving rise to resistance minimum.

Fig. 3: (a) Schematic temperature-field phase diagram of the Kondo e↵ect. At fields and tem-
peratures large compared with the Kondo temperature TK, the local moment is unscreened with
a Curie susceptibility. At temperatures and fields small compared with TK, the local moment is
screened, forming an elastic scattering center within a Landau Fermi liquid with a Pauli sus-
ceptibility � ⇠ 1

TK
. (b) Schematic susceptibility curve for the Kondo e↵ect, showing cross-over

from Curie susceptibility at high temperatures to Pauli susceptibility at temperatures below the
Kondo temperature TK. (c) Specific heat curve for the Kondo e↵ect. Since the total area is the
full spin entropy R ln 2 and the width is of order TK, the height must be of order � ⇠ R ln 2/TK.
This sets the scale for the zero temperature specific heat coe�cient.

Today, we understand this logarithmic correction as a renormalization of the Kondo coupling
constant, resulting from fact that as the temperature is lowered, more and more high frequency

“Kondo Resistance Minimum”



1

10

0.1

1
<latexit sha1_base64="kHbZkymBEKdJYVegr3MhQQtg3Qo="></latexit><latexit sha1_base64="kHbZkymBEKdJYVegr3MhQQtg3Qo="></latexit>

J

W
ea

k 
co

up
lin

g
St

ro
ng

 c
ou

pl
in

g

Electron sea

2j+1

Curie 


Heavy Fermions + Kondo

Spin (4f,5f): 
“quark” of heavy 
electron physics.

“Scales to 
Strong Coupling”

T

H =
X

k�

✏kc
†
k�ck� + J ~S · ~�(0)

J. Kondo, 1962

5.4 Piers Coleman
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typically forming a low lying Kramers doublet. (c) The inverse of the Curie-Weiss susceptibility
of local moments ��1 is a linear function of temperature, intersecting zero at T = �✓.

predicted by Philip W. Anderson [4, 5], which results from high energy valence fluctuations.
Jun Kondo [6] first analyzed the e↵ect of this scattering, showing that as the temperature is
lowered, the e↵ective strength of the interaction grows logarithmically, according to

J ! J(T ) = J + 2J2⇢ ln
D
T

(4)

where ⇢ is the density of states of the conduction sea (per spin) and D is the band-width. The
growth of this interaction enabled Kondo to understand why in many metals at low temperatures,
the resistance starts to rise as the temperature is lowered, giving rise to resistance minimum.

Fig. 3: (a) Schematic temperature-field phase diagram of the Kondo e↵ect. At fields and tem-
peratures large compared with the Kondo temperature TK, the local moment is unscreened with
a Curie susceptibility. At temperatures and fields small compared with TK, the local moment is
screened, forming an elastic scattering center within a Landau Fermi liquid with a Pauli sus-
ceptibility � ⇠ 1

TK
. (b) Schematic susceptibility curve for the Kondo e↵ect, showing cross-over

from Curie susceptibility at high temperatures to Pauli susceptibility at temperatures below the
Kondo temperature TK. (c) Specific heat curve for the Kondo e↵ect. Since the total area is the
full spin entropy R ln 2 and the width is of order TK, the height must be of order � ⇠ R ln 2/TK.
This sets the scale for the zero temperature specific heat coe�cient.
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predicted by Philip W. Anderson [4, 5], which results from high energy valence fluctuations.
Jun Kondo [6] first analyzed the e↵ect of this scattering, showing that as the temperature is
lowered, the e↵ective strength of the interaction grows logarithmically, according to

J ! J(T ) = J + 2J2⇢ ln
D
T

(4)

where ⇢ is the density of states of the conduction sea (per spin) and D is the band-width. The
growth of this interaction enabled Kondo to understand why in many metals at low temperatures,
the resistance starts to rise as the temperature is lowered, giving rise to resistance minimum.

Fig. 3: (a) Schematic temperature-field phase diagram of the Kondo e↵ect. At fields and tem-
peratures large compared with the Kondo temperature TK, the local moment is unscreened with
a Curie susceptibility. At temperatures and fields small compared with TK, the local moment is
screened, forming an elastic scattering center within a Landau Fermi liquid with a Pauli sus-
ceptibility � ⇠ 1

TK
. (b) Schematic susceptibility curve for the Kondo e↵ect, showing cross-over

from Curie susceptibility at high temperatures to Pauli susceptibility at temperatures below the
Kondo temperature TK. (c) Specific heat curve for the Kondo e↵ect. Since the total area is the
full spin entropy R ln 2 and the width is of order TK, the height must be of order � ⇠ R ln 2/TK.
This sets the scale for the zero temperature specific heat coe�cient.
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predicted by Philip W. Anderson [4, 5], which results from high energy valence fluctuations.
Jun Kondo [6] first analyzed the e↵ect of this scattering, showing that as the temperature is
lowered, the e↵ective strength of the interaction grows logarithmically, according to

J ! J(T ) = J + 2J2⇢ ln
D
T

(4)

where ⇢ is the density of states of the conduction sea (per spin) and D is the band-width. The
growth of this interaction enabled Kondo to understand why in many metals at low temperatures,
the resistance starts to rise as the temperature is lowered, giving rise to resistance minimum.

Fig. 3: (a) Schematic temperature-field phase diagram of the Kondo e↵ect. At fields and tem-
peratures large compared with the Kondo temperature TK, the local moment is unscreened with
a Curie susceptibility. At temperatures and fields small compared with TK, the local moment is
screened, forming an elastic scattering center within a Landau Fermi liquid with a Pauli sus-
ceptibility � ⇠ 1

TK
. (b) Schematic susceptibility curve for the Kondo e↵ect, showing cross-over

from Curie susceptibility at high temperatures to Pauli susceptibility at temperatures below the
Kondo temperature TK. (c) Specific heat curve for the Kondo e↵ect. Since the total area is the
full spin entropy R ln 2 and the width is of order TK, the height must be of order � ⇠ R ln 2/TK.
This sets the scale for the zero temperature specific heat coe�cient.
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constant, resulting from fact that as the temperature is lowered, more and more high frequency
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predicted by Philip W. Anderson [4, 5], which results from high energy valence fluctuations.
Jun Kondo [6] first analyzed the e↵ect of this scattering, showing that as the temperature is
lowered, the e↵ective strength of the interaction grows logarithmically, according to

J ! J(T ) = J + 2J2⇢ ln
D
T

(4)

where ⇢ is the density of states of the conduction sea (per spin) and D is the band-width. The
growth of this interaction enabled Kondo to understand why in many metals at low temperatures,
the resistance starts to rise as the temperature is lowered, giving rise to resistance minimum.

Fig. 3: (a) Schematic temperature-field phase diagram of the Kondo e↵ect. At fields and tem-
peratures large compared with the Kondo temperature TK, the local moment is unscreened with
a Curie susceptibility. At temperatures and fields small compared with TK, the local moment is
screened, forming an elastic scattering center within a Landau Fermi liquid with a Pauli sus-
ceptibility � ⇠ 1

TK
. (b) Schematic susceptibility curve for the Kondo e↵ect, showing cross-over

from Curie susceptibility at high temperatures to Pauli susceptibility at temperatures below the
Kondo temperature TK. (c) Specific heat curve for the Kondo e↵ect. Since the total area is the
full spin entropy R ln 2 and the width is of order TK, the height must be of order � ⇠ R ln 2/TK.
This sets the scale for the zero temperature specific heat coe�cient.

Today, we understand this logarithmic correction as a renormalization of the Kondo coupling
constant, resulting from fact that as the temperature is lowered, more and more high frequency
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Heavy Fermions and the Kondo Lattice 5.5

quantum spin fluctuations become coherent, and these strengthen the Kondo interaction. The
e↵ect is closely analogous to the growth of the strong-interaction between quarks, and like
quarks, the local moment in the Kondo e↵ect is asymptotically free at high energies. However,
as you can see from the above equation, once the temperature becomes of order

TK ⇠ D exp
"
� 1

2J⇢

#

the correction becomes as large as the original perturbation, and at lower temperatures, the
Kondo interaction can no longer be treated perturbatively. In fact, non-perturbative methods
tell us that this interaction scales to strong coupling at low energies, causing electrons in the
conduction sea to magnetically screen the local moment to form an inert Kondo singlet denoted
by

|GS i = 1p
2

(| *#i � | +"i) , (5)

where the thick arrow refers to the spin state of the local moment and the thin arrow refers to the
spin state of a bound-electron at the site of the local moment. The key features of the impurity
Kondo e↵ect are are:

• The electron fluid surrounding the Kondo singlet forms a Fermi liquid, with a Pauli sus-
ceptibility � ⇠ 1/TK .

• The local moment is a kind of qubit which entangles with the conduction sea to form
a singlet. As the temperature T is raised, the entanglement entropy converts to thermal
entropy, given by the integral of the specific heat coe�cient,

S (T ) =
Z T

0
dT 0

CV(T 0)
T 0
.

Since the total area under the curve, S (T ! 1) = R ln 2 per mole is the high tempera-
ture spin entropy, and since the characteristic width is the Kondo temperature, it follows
that the the characteristic zero temperature specific heat coe�cient must be of order the
inverse Kondo temperature: � = CV

T (T ! 0) ⇠ R ln 2
TK

. (See Fig. 3 b)

• The only scale in the physics is TK . For example, the resistivity created by magnetic
scattering o↵ the impurity has a universal temperature dependence

R(T )
RU
= ni�

 
T
TK

!
(6)

where ni is the concentration of magnetic impurities, �(x) is a universal function and ⇢U

is the unit of unitary resistance (basically resistance with a scattering rate of order the
Fermi energy),

RU =
2ne2

⇡m⇢
(7)

Experiment confirms that the resistivity in the Kondo e↵ect can indeed be scaled onto a
single curve that fits forms derived from the Kondo model (see Fig 4).
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Kondo interaction can no longer be treated perturbatively. In fact, non-perturbative methods
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where the thick arrow refers to the spin state of the local moment and the thin arrow refers to the
spin state of a bound-electron at the site of the local moment. The key features of the impurity
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ture spin entropy, and since the characteristic width is the Kondo temperature, it follows
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where the thick arrow refers to the spin state of the local moment and the thin arrow refers to the
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Since the total area under the curve, S (T ! 1) = R ln 2 per mole is the high tempera-
ture spin entropy, and since the characteristic width is the Kondo temperature, it follows
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Experiment confirms that the resistivity in the Kondo e↵ect can indeed be scaled onto a
single curve that fits forms derived from the Kondo model (see Fig 4).
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the correction becomes as large as the original perturbation, and at lower temperatures, the
Kondo interaction can no longer be treated perturbatively. In fact, non-perturbative methods
tell us that this interaction scales to strong coupling at low energies, causing electrons in the
conduction sea to magnetically screen the local moment to form an inert Kondo singlet denoted
by
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where the thick arrow refers to the spin state of the local moment and the thin arrow refers to the
spin state of a bound-electron at the site of the local moment. The key features of the impurity
Kondo e↵ect are are:

• The electron fluid surrounding the Kondo singlet forms a Fermi liquid, with a Pauli sus-
ceptibility � ⇠ 1/TK .

• The local moment is a kind of qubit which entangles with the conduction sea to form
a singlet. As the temperature T is raised, the entanglement entropy converts to thermal
entropy, given by the integral of the specific heat coe�cient,
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Since the total area under the curve, S (T ! 1) = R ln 2 per mole is the high tempera-
ture spin entropy, and since the characteristic width is the Kondo temperature, it follows
that the the characteristic zero temperature specific heat coe�cient must be of order the
inverse Kondo temperature: � = CV
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Experiment confirms that the resistivity in the Kondo e↵ect can indeed be scaled onto a
single curve that fits forms derived from the Kondo model (see Fig 4).
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quantum spin fluctuations become coherent, and these strengthen the Kondo interaction. The
e↵ect is closely analogous to the growth of the strong-interaction between quarks, and like
quarks, the local moment in the Kondo e↵ect is asymptotically free at high energies. However,
as you can see from the above equation, once the temperature becomes of order
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the correction becomes as large as the original perturbation, and at lower temperatures, the
Kondo interaction can no longer be treated perturbatively. In fact, non-perturbative methods
tell us that this interaction scales to strong coupling at low energies, causing electrons in the
conduction sea to magnetically screen the local moment to form an inert Kondo singlet denoted
by
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where the thick arrow refers to the spin state of the local moment and the thin arrow refers to the
spin state of a bound-electron at the site of the local moment. The key features of the impurity
Kondo e↵ect are are:

• The electron fluid surrounding the Kondo singlet forms a Fermi liquid, with a Pauli sus-
ceptibility � ⇠ 1/TK .

• The local moment is a kind of qubit which entangles with the conduction sea to form
a singlet. As the temperature T is raised, the entanglement entropy converts to thermal
entropy, given by the integral of the specific heat coe�cient,
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Since the total area under the curve, S (T ! 1) = R ln 2 per mole is the high tempera-
ture spin entropy, and since the characteristic width is the Kondo temperature, it follows
that the the characteristic zero temperature specific heat coe�cient must be of order the
inverse Kondo temperature: � = CV
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• The only scale in the physics is TK . For example, the resistivity created by magnetic
scattering o↵ the impurity has a universal temperature dependence
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where ni is the concentration of magnetic impurities, �(x) is a universal function and ⇢U

is the unit of unitary resistance (basically resistance with a scattering rate of order the
Fermi energy),

RU =
2ne2

⇡m⇢
(7)

Experiment confirms that the resistivity in the Kondo e↵ect can indeed be scaled onto a
single curve that fits forms derived from the Kondo model (see Fig 4).
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• The scattering o↵ the Kondo singlet is resonantly confined to a narrow region of order
TK , called the Kondo or Abriksov-Suhl resonance.

Fig. 4: Temperature dependence of resistivity associated with scattering from an impurity
spin from [7, 8]. The resistivity saturates at the unitarity limit at low temperatures, due to the
formation of the Kondo resonance. Adapted from [7].

1.3 The Kondo lattice

In heavy fermion material, containing a lattice of local moments, the Kondo e↵ect develops
coherence. In a single impurity, a Kondo singlet scatters electrons without conserving momen-
tum, giving rise to a huge build-up of resistivity at low temperatures. However, in a lattice, with
translational symmetry, this same elastic scattering now conserves momentum, and this leads to
coherent scattering o↵ the Kondo singlets. In the simplest heavy fermion metals, this leads to a
dramatic reduction in the resistivity at temperatures below the Kondo temperature.
As a simple example, consider CeCu6 a classic heavy fermion metal. Naively, CeCu6 is just
a copper alloy, in which 14% of the copper atoms are replaced by cerium, yet this modest
replacement radically alters the metal. In this material, it actually proves possible to follow the
development of coherence from the dilute single ion Kondo limit, to the dense Kondo lattice, by
forming the alloy La1�xCexCu6. Lanthanum is iso-electronic to cerium, but has an empty f-shell,
so the limit x! 0 corresponds to the dilute Kondo limit, and in this limit the resistivity follows
the classic Kondo curve. However, as the concentration of cerium increases, the resistivity
curve starts to develop a coherence maximum, an in the concentrated limit drops to zero with a
characteristic T 2 dependence of a Landau Fermi liquid (see Fig. 6).
CeCu6 displays the following classic features of a heavy fermion metal:

• A Curie-Weiss susceptibility � ⇠ (T + ✓)�1 at high temperatures.

• A paramagnetic spin susceptibility � ⇠ cons at low temperatures.
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where the thick arrow refers to the spin state of the local moment and the thin arrow refers to the
spin state of a bound-electron at the site of the local moment. The key features of the impurity
Kondo e↵ect are are:

• The electron fluid surrounding the Kondo singlet forms a Fermi liquid, with a Pauli sus-
ceptibility � ⇠ 1/TK .
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where ni is the concentration of magnetic impurities, �(x) is a universal function and ⇢U

is the unit of unitary resistance (basically resistance with a scattering rate of order the
Fermi energy),
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Experiment confirms that the resistivity in the Kondo e↵ect can indeed be scaled onto a
single curve that fits forms derived from the Kondo model (see Fig 4).
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Entangled spins and electrons 

→ AFM/Superconductivity

SC anomaly at Tc reveals only a strong sensitivity to imper-
fections, for example due to a mismatch between incommen-
surate magnetic ordering !AFI" and SC or due to additional
nodes in the gap function of the SC state caused by the
crossing of the FS with the magnetic Brillouin zone.27 Direct
evidences on the inhomogenous superconducting transition
below pc

! are given by the large discrepancy between Tc de-
tected by resistivity Tc

!,8 ac susceptibility Tc
",11 and the

present specific heat measurements Tc
C with a sequence

Tc
!#Tc

"#Tc
C. Up to 1.5 GPa, the resistivity anomaly at Tc

!

may not be a bulk property; a similar case is reported for
CeIrIn5.3,28 By contrast, the specific heat measurement
clearly shows a sharp and very large superconducting
anomaly at p=2.17 GPa indicating a pure superconducting
ground state, basically gapped. At p=2.07 GPa no extra AF
transition can be detected below Tc. Above pc

!, an eventual
domain of a coexistence of AF and SC will be extremely
narrow in pressure and experimentally very difficult to point
out.

The !p ,T" phase diagram of CeRhIn5 in zero field is sum-
marized in Fig. 2 !data from Ref. 11 have been included".
The low temperature specific heat measurements clearly
show the interplay of AF and SC in the pressure range from
1.6–1.9 GPa. A first order transition seems to emerge at
pc

!=1.95 GPa, where Tc#TN. A linear p extrapolation of
TN to zero temperature indicates that TN may be fully
suppressed near the pressure of the maximum of Tc at
pc#2.4±0.1 GPa and the maxima of some of the effective
masses.12 If Tc#TN, the ground state in zero field seems
purely superconducting with d-wave symmetry10 as in
CeCoIn5.4,5 The opening of a superconducting gap on large
parts of the main FS leads to the suppression of the magnetic
ordering.

Figure 3 shows the specific heat for various fields H $ab at
different pressures below and above pc

!. The !H ,T" phase
diagrams obtained from these data are displayed in Fig. 4. At
1.2 GPa, in the normal AF state, three magnetic transitions
appear for H#3 T. By comparison to p=0 results21 the mag-
netic phase diagram is only weakly p dependent %see Fig.

4!a"&. For p=2.07 GPa the superconducting transition at 0 T
is still rather broad, but above Hc2 another phase transition at
TM appears in the normal state %Fig. 4!b"&. At 2.2 GPa the
transition has a width less than 0.1 K at H=0. For H#4 T,
the additional transition develops on cooling already inside
the superconducting phase and survives entering in the
normal phase. No second transition can be detected below
H#4 T. For H$4 T two well separated anomalies inside
the superconducting state become obvious at 2.41 GPa,
almost as observed in UPt3.29 For higher pressures
!p=2.73 GPa", only a unique superconducting phase
persists.

The assignment of the superconducting anomaly under
magnetic field is unambiguously given by the form of the
Hc2!T" curve, also in comparison to previous resistivity
data.30 There are strong indications that the observed second
anomaly is associated to AF. This transition at TM is almost
H independent, at least for H#4 T, as the antiferromagnetic
transition at p=0 and p=1.2 GPa. The inset of Fig. 2 shows
the p dependence of the crossing temperature corresponding
to Tc!H"'TM!H" for p# pc

!. Its extrapolation to zero is ob-
tained for p#2.6 GPa, slightly higher than pc. That can in-
dicate the enhancement of TN when AF and SC coexist in
this mixed state. In the simplest model, weak coupling in a
clean limit, the p dependence of the effective mass m! of the
quasiparticles can be estimated from the initial slope
Hc2! =dHc2 /dT% !m!"2Tc.32 For p=2.07 GPa we find
Hc2! =20 T/K, near 2.41 GPa Hc2! increases to 33 T/K and
decreases to 25 T/K for 2.73 GPa while Tc is almost
unchanged.33 This, as well as the size of the specific heat
jump at Tc, indicates that m! has its maximum near 2.4 GPa
in agreement with the expected variation of m! at pc for an
antiferromagnetic QCP.35

The new phase presumably with AF and SC appears for
p# pc

! only above some critical field of the order H#4 T.31

FIG. 1. !Color online" Temperature dependence of the ac spe-
cific heat divided by temperature for different pressures. Arrows
indicate the superconducting transition temperatures Tc !↑" and the
Néel temperature TN !↓", respectively. Below pc

!#1.95 GPa the su-
perconducting anomaly is very small. For p slightly above pc

! a nice
superconducting anomaly appears. !Data are normalized to 1 at
4 K."

FIG. 2. !Color online" !p ,T" phase diagram of CeRhIn5 from
specific heat !!, !", susceptibility !", Ref. 11", and resistivity
measurements !&, Ref. 8". Below 1.5 GPa CeRhIn5 orders in an
incommensurable structure AFI, the hatched area indicates an inho-
mogeneous superconducting state, and AFI+SC corresponds to the
region where SC appears in the specific heat experiment in the
magnetically ordered state below TN. A pure superconducting state
SC is realized above pc

!. The vertical line marks a possible first
order transition from AFI+SC to SC. The inset shows the extrapo-
lation of TN to zero in the absence of SC. !"" indicates the tem-
perature where TM!H" crosses Tc!H", and corresponds to TN if SC is
suppressed !see also Fig. 4".
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588 Local moments and the Kondo effect

Anderson unified these ideas in a second-quantized Hamiltonian,

H =

Hresonance︷ ︸︸ ︷
∑

k,σ

εknkσ +
∑

k,σ

[
V(k)c†

kσ fσ + V∗(k)f †
σ ckσ

]
+ Ef nf + Unf ↑nf ↓︸ ︷︷ ︸

Hatomic

, (16.5)

Anderson model

where Hatomic describes the atomic limit of an isolated magnetic ion involving a Kramers
doublet of energy Ef . Although Anderson’s model applies to any localized orbital, with
rare-earth ions in mind to prepare outselves for the link with heavy electrons in rare-earth
materials, we shall refer here to f -electrons.

The engine of magnetism in the Anderson model is the Coulomb interaction

U = e2

4πε0

∫

r,r′

1
|r − r′|ρf (r)ρf (r′)

of a doubly occupied f -state, where ρf (r) = |%f (r)|2 is the electron density in a single
atomic orbital ψf (r). The operator c†

kσ creates a conduction electron of momentum k, spin
σ , and energy εk = Ek − µ, while

f †
σ =

∫

r
%f (r)ψ̂†

σ (r), (16.6)

creates an f -electron in the atomic f -state. Unlike the electron continuum in a vacuum,
a conduction band in a metal has a finite energy width, so in the model the energies are
taken to lie in the range εk ∈ [−D, D]. Hresonance describes the hybridization with the
Bloch waves of the conduction sea that develops when the ion is immersed in a metal. The
quantity

V(k) = 〈k|Vion|f 〉 =
∫

d3re−ik·rVion(r)%f ()r) (16.7)

is the hybridization between the ionic potential and a plane wave. This term is the result of
applying first-order perturbation theory to the degenerate states of the conduction sea and
the atomic f -orbital.

To understand the formation of local moments, we shall examine two limiting types of
behavior:

• the atomic limit, where the hybridization vanishes
• virtual bound state formation, described by the limit where the interaction vanishes.

16.4.1 The atomic limit

The atomic physics of an isolated ion, described by

Hatomic = Ef nf + Unf ↑nf ↓, (16.8)
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Anderson unified these ideas in a second-quantized Hamiltonian,

H =

Hresonance︷ ︸︸ ︷
∑

k,σ

εknkσ +
∑

k,σ

[
V(k)c†

kσ fσ + V∗(k)f †
σ ckσ

]
+ Ef nf + Unf ↑nf ↓︸ ︷︷ ︸

Hatomic

, (16.5)

Anderson model

where Hatomic describes the atomic limit of an isolated magnetic ion involving a Kramers
doublet of energy Ef . Although Anderson’s model applies to any localized orbital, with
rare-earth ions in mind to prepare outselves for the link with heavy electrons in rare-earth
materials, we shall refer here to f -electrons.

The engine of magnetism in the Anderson model is the Coulomb interaction

U = e2

4πε0

∫

r,r′

1
|r − r′|ρf (r)ρf (r′)

of a doubly occupied f -state, where ρf (r) = |%f (r)|2 is the electron density in a single
atomic orbital ψf (r). The operator c†

kσ creates a conduction electron of momentum k, spin
σ , and energy εk = Ek − µ, while

f †
σ =

∫

r
%f (r)ψ̂†

σ (r), (16.6)

creates an f -electron in the atomic f -state. Unlike the electron continuum in a vacuum,
a conduction band in a metal has a finite energy width, so in the model the energies are
taken to lie in the range εk ∈ [−D, D]. Hresonance describes the hybridization with the
Bloch waves of the conduction sea that develops when the ion is immersed in a metal. The
quantity

V(k) = 〈k|Vion|f 〉 =
∫

d3re−ik·rVion(r)%f ()r) (16.7)

is the hybridization between the ionic potential and a plane wave. This term is the result of
applying first-order perturbation theory to the degenerate states of the conduction sea and
the atomic f -orbital.

To understand the formation of local moments, we shall examine two limiting types of
behavior:

• the atomic limit, where the hybridization vanishes
• virtual bound state formation, described by the limit where the interaction vanishes.

16.4.1 The atomic limit

The atomic physics of an isolated ion, described by

Hatomic = Ef nf + Unf ↑nf ↓, (16.8)
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is the engine at the heart of the Anderson model that drives moment formation. The four
atomic quantum states are

|f 2〉
|f 0〉

E(f 2) = 2Ef + U
E(f 0) = 0

}
non-magnetic

|f 1 ↑〉, |f 1 ↓〉 E(f 1) = Ef . magnetic

(16.9)

The cost of adding or removing an electron from the magnetic f 1 state is given by

adding: E(f 2) − E(f 1) = U + Ef

removing: E(f 0) − E(f 1) = −Ef




 ⇒ !E = U
2

±
(

Ef + U
2

)
. (16.10)

In other words, provided

U/2 > |Ef + U/2|, (16.11)

the ground state of the atom is a two-fold degenerate magnetic doublet (Figure 16.5).
Indeed, provided it is probed at energies below the smallest charge excitation energy,
!Emin = U/2 − |Ef + U/2|, only the spin degrees of freedom remain, and the system
behaves as a local moment – a quantum top. The interaction between such a local moment
and the conduction sea gives rise to the Kondo effect that will be the main topic of this
chapter.

Although we shall be mainly interested in positive, repulsive U, we note that in the
attractive region of the phase diagram (U < 0) the atomic ground state can form a
degenerate charge doublet (|f 0〉, |f 2〉) or isospin. For U < 0, when Ef + U/2 = 0
the doubly occupied state |f 2〉 and the empty state |f 0〉 become degenerate. This is the
charge analogue of the magnetic doublet that exists for U > 0, and when coupled to
the sea of electrons it gives rise to an effect known as the charge Kondo effect. Such
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creates an f -electron in the atomic f -state. Unlike the electron continuum in a vacuum,
a conduction band in a metal has a finite energy width, so in the model the energies are
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Bloch waves of the conduction sea that develops when the ion is immersed in a metal. The
quantity
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the atomic f -orbital.

To understand the formation of local moments, we shall examine two limiting types of
behavior:
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is the engine at the heart of the Anderson model that drives moment formation. The four
atomic quantum states are
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The cost of adding or removing an electron from the magnetic f 1 state is given by
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In other words, provided

U/2 > |Ef + U/2|, (16.11)

the ground state of the atom is a two-fold degenerate magnetic doublet (Figure 16.5).
Indeed, provided it is probed at energies below the smallest charge excitation energy,
!Emin = U/2 − |Ef + U/2|, only the spin degrees of freedom remain, and the system
behaves as a local moment – a quantum top. The interaction between such a local moment
and the conduction sea gives rise to the Kondo effect that will be the main topic of this
chapter.

Although we shall be mainly interested in positive, repulsive U, we note that in the
attractive region of the phase diagram (U < 0) the atomic ground state can form a
degenerate charge doublet (|f 0〉, |f 2〉) or isospin. For U < 0, when Ef + U/2 = 0
the doubly occupied state |f 2〉 and the empty state |f 0〉 become degenerate. This is the
charge analogue of the magnetic doublet that exists for U > 0, and when coupled to
the sea of electrons it gives rise to an effect known as the charge Kondo effect. Such
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In other words, provided
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where Hatomic describes the atomic limit of an isolated magnetic ion involving a Kramers
doublet of energy Ef . Although Anderson’s model applies to any localized orbital, with
rare-earth ions in mind to prepare outselves for the link with heavy electrons in rare-earth
materials, we shall refer here to f -electrons.
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kσ creates a conduction electron of momentum k, spin
σ , and energy εk = Ek − µ, while
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creates an f -electron in the atomic f -state. Unlike the electron continuum in a vacuum,
a conduction band in a metal has a finite energy width, so in the model the energies are
taken to lie in the range εk ∈ [−D, D]. Hresonance describes the hybridization with the
Bloch waves of the conduction sea that develops when the ion is immersed in a metal. The
quantity

V(k) = 〈k|Vion|f 〉 =
∫

d3re−ik·rVion(r)%f ()r) (16.7)

is the hybridization between the ionic potential and a plane wave. This term is the result of
applying first-order perturbation theory to the degenerate states of the conduction sea and
the atomic f -orbital.

To understand the formation of local moments, we shall examine two limiting types of
behavior:

• the atomic limit, where the hybridization vanishes
• virtual bound state formation, described by the limit where the interaction vanishes.

16.4.1 The atomic limit

The atomic physics of an isolated ion, described by

Hatomic = Ef nf + Unf ↑nf ↓, (16.8)
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is the engine at the heart of the Anderson model that drives moment formation. The four
atomic quantum states are
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|f 1 ↑〉, |f 1 ↓〉 E(f 1) = Ef . magnetic

(16.9)

The cost of adding or removing an electron from the magnetic f 1 state is given by

adding: E(f 2) − E(f 1) = U + Ef

removing: E(f 0) − E(f 1) = −Ef
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In other words, provided

U/2 > |Ef + U/2|, (16.11)

the ground state of the atom is a two-fold degenerate magnetic doublet (Figure 16.5).
Indeed, provided it is probed at energies below the smallest charge excitation energy,
!Emin = U/2 − |Ef + U/2|, only the spin degrees of freedom remain, and the system
behaves as a local moment – a quantum top. The interaction between such a local moment
and the conduction sea gives rise to the Kondo effect that will be the main topic of this
chapter.

Although we shall be mainly interested in positive, repulsive U, we note that in the
attractive region of the phase diagram (U < 0) the atomic ground state can form a
degenerate charge doublet (|f 0〉, |f 2〉) or isospin. For U < 0, when Ef + U/2 = 0
the doubly occupied state |f 2〉 and the empty state |f 0〉 become degenerate. This is the
charge analogue of the magnetic doublet that exists for U > 0, and when coupled to
the sea of electrons it gives rise to an effect known as the charge Kondo effect. Such
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Anderson unified these ideas in a second-quantized Hamiltonian,

H =

Hresonance︷ ︸︸ ︷
∑

k,σ

εknkσ +
∑

k,σ

[
V(k)c†

kσ fσ + V∗(k)f †
σ ckσ

]
+ Ef nf + Unf ↑nf ↓︸ ︷︷ ︸

Hatomic

, (16.5)

Anderson model

where Hatomic describes the atomic limit of an isolated magnetic ion involving a Kramers
doublet of energy Ef . Although Anderson’s model applies to any localized orbital, with
rare-earth ions in mind to prepare outselves for the link with heavy electrons in rare-earth
materials, we shall refer here to f -electrons.

The engine of magnetism in the Anderson model is the Coulomb interaction

U = e2

4πε0

∫

r,r′

1
|r − r′|ρf (r)ρf (r′)

of a doubly occupied f -state, where ρf (r) = |%f (r)|2 is the electron density in a single
atomic orbital ψf (r). The operator c†

kσ creates a conduction electron of momentum k, spin
σ , and energy εk = Ek − µ, while

f †
σ =

∫

r
%f (r)ψ̂†

σ (r), (16.6)

creates an f -electron in the atomic f -state. Unlike the electron continuum in a vacuum,
a conduction band in a metal has a finite energy width, so in the model the energies are
taken to lie in the range εk ∈ [−D, D]. Hresonance describes the hybridization with the
Bloch waves of the conduction sea that develops when the ion is immersed in a metal. The
quantity

V(k) = 〈k|Vion|f 〉 =
∫

d3re−ik·rVion(r)%f ()r) (16.7)

is the hybridization between the ionic potential and a plane wave. This term is the result of
applying first-order perturbation theory to the degenerate states of the conduction sea and
the atomic f -orbital.

To understand the formation of local moments, we shall examine two limiting types of
behavior:

• the atomic limit, where the hybridization vanishes
• virtual bound state formation, described by the limit where the interaction vanishes.

16.4.1 The atomic limit

The atomic physics of an isolated ion, described by

Hatomic = Ef nf + Unf ↑nf ↓, (16.8)
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The cost of adding or removing an electron from the magnetic f 1 state is given by

adding: E(f 2) − E(f 1) = U + Ef

removing: E(f 0) − E(f 1) = −Ef
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In other words, provided

U/2 > |Ef + U/2|, (16.11)

the ground state of the atom is a two-fold degenerate magnetic doublet (Figure 16.5).
Indeed, provided it is probed at energies below the smallest charge excitation energy,
!Emin = U/2 − |Ef + U/2|, only the spin degrees of freedom remain, and the system
behaves as a local moment – a quantum top. The interaction between such a local moment
and the conduction sea gives rise to the Kondo effect that will be the main topic of this
chapter.

Although we shall be mainly interested in positive, repulsive U, we note that in the
attractive region of the phase diagram (U < 0) the atomic ground state can form a
degenerate charge doublet (|f 0〉, |f 2〉) or isospin. For U < 0, when Ef + U/2 = 0
the doubly occupied state |f 2〉 and the empty state |f 0〉 become degenerate. This is the
charge analogue of the magnetic doublet that exists for U > 0, and when coupled to
the sea of electrons it gives rise to an effect known as the charge Kondo effect. Such
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Anderson unified these ideas in a second-quantized Hamiltonian,

H =
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Anderson model

where Hatomic describes the atomic limit of an isolated magnetic ion involving a Kramers
doublet of energy Ef . Although Anderson’s model applies to any localized orbital, with
rare-earth ions in mind to prepare outselves for the link with heavy electrons in rare-earth
materials, we shall refer here to f -electrons.

The engine of magnetism in the Anderson model is the Coulomb interaction
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of a doubly occupied f -state, where ρf (r) = |%f (r)|2 is the electron density in a single
atomic orbital ψf (r). The operator c†

kσ creates a conduction electron of momentum k, spin
σ , and energy εk = Ek − µ, while

f †
σ =

∫
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%f (r)ψ̂†
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creates an f -electron in the atomic f -state. Unlike the electron continuum in a vacuum,
a conduction band in a metal has a finite energy width, so in the model the energies are
taken to lie in the range εk ∈ [−D, D]. Hresonance describes the hybridization with the
Bloch waves of the conduction sea that develops when the ion is immersed in a metal. The
quantity

V(k) = 〈k|Vion|f 〉 =
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is the hybridization between the ionic potential and a plane wave. This term is the result of
applying first-order perturbation theory to the degenerate states of the conduction sea and
the atomic f -orbital.

To understand the formation of local moments, we shall examine two limiting types of
behavior:

• the atomic limit, where the hybridization vanishes
• virtual bound state formation, described by the limit where the interaction vanishes.
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Indeed, provided it is probed at energies below the smallest charge excitation energy,
!Emin = U/2 − |Ef + U/2|, only the spin degrees of freedom remain, and the system
behaves as a local moment – a quantum top. The interaction between such a local moment
and the conduction sea gives rise to the Kondo effect that will be the main topic of this
chapter.

Although we shall be mainly interested in positive, repulsive U, we note that in the
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degenerate charge doublet (|f 0〉, |f 2〉) or isospin. For U < 0, when Ef + U/2 = 0
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Anderson unified these ideas in a second-quantized Hamiltonian,

H =

Hresonance︷ ︸︸ ︷
∑

k,σ

εknkσ +
∑

k,σ

[
V(k)c†

kσ fσ + V∗(k)f †
σ ckσ

]
+ Ef nf + Unf ↑nf ↓︸ ︷︷ ︸

Hatomic

, (16.5)

Anderson model

where Hatomic describes the atomic limit of an isolated magnetic ion involving a Kramers
doublet of energy Ef . Although Anderson’s model applies to any localized orbital, with
rare-earth ions in mind to prepare outselves for the link with heavy electrons in rare-earth
materials, we shall refer here to f -electrons.

The engine of magnetism in the Anderson model is the Coulomb interaction

U = e2

4πε0

∫

r,r′

1
|r − r′|ρf (r)ρf (r′)

of a doubly occupied f -state, where ρf (r) = |%f (r)|2 is the electron density in a single
atomic orbital ψf (r). The operator c†

kσ creates a conduction electron of momentum k, spin
σ , and energy εk = Ek − µ, while

f †
σ =

∫

r
%f (r)ψ̂†

σ (r), (16.6)

creates an f -electron in the atomic f -state. Unlike the electron continuum in a vacuum,
a conduction band in a metal has a finite energy width, so in the model the energies are
taken to lie in the range εk ∈ [−D, D]. Hresonance describes the hybridization with the
Bloch waves of the conduction sea that develops when the ion is immersed in a metal. The
quantity

V(k) = 〈k|Vion|f 〉 =
∫

d3re−ik·rVion(r)%f ()r) (16.7)

is the hybridization between the ionic potential and a plane wave. This term is the result of
applying first-order perturbation theory to the degenerate states of the conduction sea and
the atomic f -orbital.

To understand the formation of local moments, we shall examine two limiting types of
behavior:

• the atomic limit, where the hybridization vanishes
• virtual bound state formation, described by the limit where the interaction vanishes.

16.4.1 The atomic limit

The atomic physics of an isolated ion, described by

Hatomic = Ef nf + Unf ↑nf ↓, (16.8)
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attractive region of the phase diagram (U < 0) the atomic ground state can form a
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Anderson unified these ideas in a second-quantized Hamiltonian,
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where Hatomic describes the atomic limit of an isolated magnetic ion involving a Kramers
doublet of energy Ef . Although Anderson’s model applies to any localized orbital, with
rare-earth ions in mind to prepare outselves for the link with heavy electrons in rare-earth
materials, we shall refer here to f -electrons.

The engine of magnetism in the Anderson model is the Coulomb interaction

U = e2
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∫
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1
|r − r′|ρf (r)ρf (r′)

of a doubly occupied f -state, where ρf (r) = |%f (r)|2 is the electron density in a single
atomic orbital ψf (r). The operator c†

kσ creates a conduction electron of momentum k, spin
σ , and energy εk = Ek − µ, while

f †
σ =

∫

r
%f (r)ψ̂†

σ (r), (16.6)

creates an f -electron in the atomic f -state. Unlike the electron continuum in a vacuum,
a conduction band in a metal has a finite energy width, so in the model the energies are
taken to lie in the range εk ∈ [−D, D]. Hresonance describes the hybridization with the
Bloch waves of the conduction sea that develops when the ion is immersed in a metal. The
quantity

V(k) = 〈k|Vion|f 〉 =
∫

d3re−ik·rVion(r)%f ()r) (16.7)

is the hybridization between the ionic potential and a plane wave. This term is the result of
applying first-order perturbation theory to the degenerate states of the conduction sea and
the atomic f -orbital.

To understand the formation of local moments, we shall examine two limiting types of
behavior:

• the atomic limit, where the hybridization vanishes
• virtual bound state formation, described by the limit where the interaction vanishes.

16.4.1 The atomic limit

The atomic physics of an isolated ion, described by

Hatomic = Ef nf + Unf ↑nf ↓, (16.8)
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In this way, the only surviving term contributing to the hybridization is the atomic potential
– only this term has the high-momentum Fourier components to create a significant overlap
between the low-momentum conduction electrons and the localized f -state. Putting these
results together, the non-interacting Anderson model can then be written

Ĥresonance =
∑

k
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(Ek + W − µ) c†

kσ ckσ +
∑

kσ

(V(k)c†
kσ fσ + H.c.) +
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(Eion

f − µ) nf .

16.4.2 Virtual bound state formation: the non-interacting resonance

When the magnetic ion is immersed in a sea of electrons, the f -electrons within the core of
the atom can tunnel out, hybridizing with the Bloch states of the surrounding electron sea
[6], as shown in Figure 16.6.

In the absence of interactions, this physics is described by

Hresonance =
∑

k,σ

εknkσ +
∑

kσ

[
V(k)c†

kσ fσ + H.c.
]
+ Ef nf , (16.18)

where c†
kσ creates an electron of momentum k, spin σ , and energy εk = Ek − µ in the

conduction band. The hybridization broadens the localized f -state, and in the absence of
interaction gives rise to a resonance of width # given by Fermi’s golden rule:

# = π
∑

"k
|V(k)|2δ(εk − Ef ). (16.19)

This is really an average of the density of states ρ(ε) = ∑
k δ(ω−εk) with the hybridization

|V(k)|2. For future reference, we shall define

#(ε) = π
∑

"k
|V(k)|2δ(εk − ε) = πρ(ε)V2(ε) (16.20)

as the hybridization function.
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This is really an average of the density of states ρ(ε) = ∑
k δ(ω−εk) with the hybridization

|V(k)|2. For future reference, we shall define

#(ε) = π
∑

"k
|V(k)|2δ(εk − ε) = πρ(ε)V2(ε) (16.20)

as the hybridization function.
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is the engine at the heart of the Anderson model that drives moment formation. The four
atomic quantum states are
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E(f 2) = 2Ef + U
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non-magnetic

|f 1 ↑〉, |f 1 ↓〉 E(f 1) = Ef . magnetic

(16.9)

The cost of adding or removing an electron from the magnetic f 1 state is given by

adding: E(f 2) − E(f 1) = U + Ef

removing: E(f 0) − E(f 1) = −Ef
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In other words, provided

U/2 > |Ef + U/2|, (16.11)

the ground state of the atom is a two-fold degenerate magnetic doublet (Figure 16.5).
Indeed, provided it is probed at energies below the smallest charge excitation energy,
!Emin = U/2 − |Ef + U/2|, only the spin degrees of freedom remain, and the system
behaves as a local moment – a quantum top. The interaction between such a local moment
and the conduction sea gives rise to the Kondo effect that will be the main topic of this
chapter.

Although we shall be mainly interested in positive, repulsive U, we note that in the
attractive region of the phase diagram (U < 0) the atomic ground state can form a
degenerate charge doublet (|f 0〉, |f 2〉) or isospin. For U < 0, when Ef + U/2 = 0
the doubly occupied state |f 2〉 and the empty state |f 0〉 become degenerate. This is the
charge analogue of the magnetic doublet that exists for U > 0, and when coupled to
the sea of electrons it gives rise to an effect known as the charge Kondo effect. Such
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In this way, the only surviving term contributing to the hybridization is the atomic potential
– only this term has the high-momentum Fourier components to create a significant overlap
between the low-momentum conduction electrons and the localized f -state. Putting these
results together, the non-interacting Anderson model can then be written

Ĥresonance =
∑

k

εk︷ ︸︸ ︷
(Ek + W − µ) c†

kσ ckσ +
∑

kσ

(V(k)c†
kσ fσ + H.c.) +

Ef︷ ︸︸ ︷
(Eion

f − µ) nf .

16.4.2 Virtual bound state formation: the non-interacting resonance

When the magnetic ion is immersed in a sea of electrons, the f -electrons within the core of
the atom can tunnel out, hybridizing with the Bloch states of the surrounding electron sea
[6], as shown in Figure 16.6.

In the absence of interactions, this physics is described by

Hresonance =
∑

k,σ

εknkσ +
∑

kσ

[
V(k)c†

kσ fσ + H.c.
]
+ Ef nf , (16.18)

where c†
kσ creates an electron of momentum k, spin σ , and energy εk = Ek − µ in the

conduction band. The hybridization broadens the localized f -state, and in the absence of
interaction gives rise to a resonance of width # given by Fermi’s golden rule:

# = π
∑

"k
|V(k)|2δ(εk − Ef ). (16.19)

This is really an average of the density of states ρ(ε) = ∑
k δ(ω−εk) with the hybridization

|V(k)|2. For future reference, we shall define

#(ε) = π
∑

"k
|V(k)|2δ(εk − ε) = πρ(ε)V2(ε) (16.20)

as the hybridization function.
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is the engine at the heart of the Anderson model that drives moment formation. The four
atomic quantum states are
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The cost of adding or removing an electron from the magnetic f 1 state is given by

adding: E(f 2) − E(f 1) = U + Ef

removing: E(f 0) − E(f 1) = −Ef
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In other words, provided

U/2 > |Ef + U/2|, (16.11)

the ground state of the atom is a two-fold degenerate magnetic doublet (Figure 16.5).
Indeed, provided it is probed at energies below the smallest charge excitation energy,
!Emin = U/2 − |Ef + U/2|, only the spin degrees of freedom remain, and the system
behaves as a local moment – a quantum top. The interaction between such a local moment
and the conduction sea gives rise to the Kondo effect that will be the main topic of this
chapter.

Although we shall be mainly interested in positive, repulsive U, we note that in the
attractive region of the phase diagram (U < 0) the atomic ground state can form a
degenerate charge doublet (|f 0〉, |f 2〉) or isospin. For U < 0, when Ef + U/2 = 0
the doubly occupied state |f 2〉 and the empty state |f 0〉 become degenerate. This is the
charge analogue of the magnetic doublet that exists for U > 0, and when coupled to
the sea of electrons it gives rise to an effect known as the charge Kondo effect. Such
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In this way, the only surviving term contributing to the hybridization is the atomic potential
– only this term has the high-momentum Fourier components to create a significant overlap
between the low-momentum conduction electrons and the localized f -state. Putting these
results together, the non-interacting Anderson model can then be written

Ĥresonance =
∑

k

εk︷ ︸︸ ︷
(Ek + W − µ) c†

kσ ckσ +
∑

kσ

(V(k)c†
kσ fσ + H.c.) +

Ef︷ ︸︸ ︷
(Eion

f − µ) nf .

16.4.2 Virtual bound state formation: the non-interacting resonance

When the magnetic ion is immersed in a sea of electrons, the f -electrons within the core of
the atom can tunnel out, hybridizing with the Bloch states of the surrounding electron sea
[6], as shown in Figure 16.6.

In the absence of interactions, this physics is described by

Hresonance =
∑

k,σ

εknkσ +
∑

kσ

[
V(k)c†

kσ fσ + H.c.
]
+ Ef nf , (16.18)

where c†
kσ creates an electron of momentum k, spin σ , and energy εk = Ek − µ in the

conduction band. The hybridization broadens the localized f -state, and in the absence of
interaction gives rise to a resonance of width # given by Fermi’s golden rule:

# = π
∑

"k
|V(k)|2δ(εk − Ef ). (16.19)

This is really an average of the density of states ρ(ε) = ∑
k δ(ω−εk) with the hybridization

|V(k)|2. For future reference, we shall define

#(ε) = π
∑

"k
|V(k)|2δ(εk − ε) = πρ(ε)V2(ε) (16.20)

as the hybridization function.
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is the engine at the heart of the Anderson model that drives moment formation. The four
atomic quantum states are
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|f 0〉

E(f 2) = 2Ef + U
E(f 0) = 0

}
non-magnetic

|f 1 ↑〉, |f 1 ↓〉 E(f 1) = Ef . magnetic

(16.9)

The cost of adding or removing an electron from the magnetic f 1 state is given by

adding: E(f 2) − E(f 1) = U + Ef

removing: E(f 0) − E(f 1) = −Ef
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In other words, provided

U/2 > |Ef + U/2|, (16.11)

the ground state of the atom is a two-fold degenerate magnetic doublet (Figure 16.5).
Indeed, provided it is probed at energies below the smallest charge excitation energy,
!Emin = U/2 − |Ef + U/2|, only the spin degrees of freedom remain, and the system
behaves as a local moment – a quantum top. The interaction between such a local moment
and the conduction sea gives rise to the Kondo effect that will be the main topic of this
chapter.

Although we shall be mainly interested in positive, repulsive U, we note that in the
attractive region of the phase diagram (U < 0) the atomic ground state can form a
degenerate charge doublet (|f 0〉, |f 2〉) or isospin. For U < 0, when Ef + U/2 = 0
the doubly occupied state |f 2〉 and the empty state |f 0〉 become degenerate. This is the
charge analogue of the magnetic doublet that exists for U > 0, and when coupled to
the sea of electrons it gives rise to an effect known as the charge Kondo effect. Such
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21 RENORMALIZATION-GROUP APPROACH TO THE. . . I. . . .

Ueff

)i

LM'

HFO
jeff

Hsc

FIG. 8. Schematic renormalization-group flow diagram.
Each H& is thought of as associated with a U,ff and I,ff.
Trajectories depict the flow of H~ with increasing N. Note
that only the strong-coupling fixed point is stable.

D. Numerical results for the impurity susceptibility

Figures 9 and 10 depict the results for the impurity
susceptibility for the same values of U and I as con-
sidered above. The form in which the results are
plotted, namely kqT)((T) vs In(AT/D), may seem
rather unconventional; but is very convenient be-
cause one can make a one to one correspondence
between such plots and the development of H~ with
N discussed in Sec, III C. This connection follows
from the expression (2.42) for evaluating kqTX and
from the expression (2.41) showing N to be propor-
tional to ln(D/ks T).

linearly with N, and the final crossover to Hsc occurs
roughly when (I'/U) (N lnA) grows to become of or-
der unity. So that, as the ratio U/I' is decreased, the
region where HN is close to the HLM shrinks and
eventually when I becomes larger than U the cross-
over is directly to Hsc. Figures 6 and 7 where only
the Q = 1, S =0 energy levels are plotted against N,
serve to illustrate these results. For Fig. 6, U/D is
still 10 3 but U/ml has been decreased to 1.013, and
the crossover is almost directly from Hpo to Hqq.
Figs. 7(a) and 7(b) both correspond to U/D = 2, so
that the crossover away frorp Hpo happens right
away. In Fig. 7 (a) U/m I =5.63 so that HJv is near
HI'„M for some range of N before crossing over to
Hsc ', but in Fig. 7(b) U/mI' =1.013, so that the
crossover to Hsc also occurs for a smallish N. No
numerical results are shown for the regime when
U/mI' « 1, since this case can be handled analyti-
cally (see Sec. V). Figure 8 sums up the various re-
gimes in the form of a schematic, renormalization-
group flow diagram. Note that when I =0, HN
crosses over from Hpo to stabilize at HLM.
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Compare Fig. 5 with the plot labeled (A) in Fig. 9,
both of which correspond to U/D = 10 3 and
U/mi'=12. 66. For small N, which corresponds to
temperatures close to the band edge, the leading con-
tribution to (2.42) is obtained by replacing Hg by
Hg Fo (cf. Sec. IIIB). Since Hg Fo is just Hg plus the
free-impurity orbital, the answer one gets for k~TX is
just 8. The increase in the deviation of H~ from
Hjy pp as N increase is reflected in the increase in the
deviation of kgTx from —,

' as the temperature de-
creases. If H~ is replaced by the local-moment Ham-
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FIG. 10. Plots of ks TX(T)/( gpa) vs ln(ks T/D) for
U/D = 2', U/nl =5.629(A), 2.026(B), and 1.013(C). The
dashed curves are the universal Kondo susceptibility curve
with the appropriate Kondo temperatures marked with an
arrow on the abscissa. The p Jsw values are calculated from
Eq. (5.14). Note that for U—D, there is no free-orbital re-
gimes, in contrast to Fig, 9.

FIG. 9. Plots of ksTX(T)/(gi's) vs ln(ksT/D) for the
symmetric Anderson model for U/D =10 3; U/nl'
=12.66(A) and 1.013(8). The dashed curves corre-
spond to the universal susceptibility curve for the Kondo
model (see Fig. 11 and Sec, V). The vertical arrows on the
abscissa mark the effective Kondo temperature (5.16) for
the two plots. Note that the curves mirror the pattern of
energy levels in Figs, 5 and 6. For U » mI, there is a

1well-developed local-moment regime ( TX=—) between the
1

4
free-orbital regime (TX= 8 ) and the strong-coupling regime
(X= constant), whereas for U—m 1™,there is a direct tran-
sition from the free-orbital to strong-coupling regime. The
labels pJsw are deduced from Eq. (5.14).
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Renormalization-group approach to the Anderson model of dilute magnetic alloys.
I. Static properties for the symmetric case

H. R. Krishna-murthy, ' J. %.Wilkins, and K. G. Wilson
Physics Department, Cornell University, Ithaca, New Fork 14853

(Received 10 September 1979)

The temperature-dependent impurity susceptibility for the symmetric Anderson model is cal-
culated for all physically relevant values of its parameters U (the Coulomb correlation energy)
and I (the impurity-level width) . .It is shown that, when U ) n I, for temperatures
T ( U/(10 ks) the symmetric Anderson model exhibits a local moment and that its susceptibili-

1
ty maps neatly onto that of the spin- 2 Kondo model with an effective coupling given by

pJgff gl'/VrU —Furthe. rmore, this mapping is shown for remarkably large values of ~pjgff~. At
very low temperatures (much smaller than the Kondo temperature) the local moment is frozen
out, just as for the Kondo model, leading to a strong-coupling regime of constant susceptibility
at zero termperature. The results also depict the formation of a local moment from the free or-
bital as T drops below U, a feature not present in the Kondo model. Finally, when U « mI
there is a direct transition from free-orbital regime for T && I to the strong-coupling regime for
T « I". The calculations were performed using the numerical renormalization group originally
developed by Wilson for the Kondo problem. In addition to the actual numerical calculations,
analytic results are presented. In particular, the effective Harniltonians, i,e, , fixed-point Hamil-
tonian plus relevant and marginal operators, are constructed for the free-orbital, local-moment,
and strong-coupling regimes. Analytic f'ormulas for the impurity susceptibility and free energy
in all three regimes are developed. The impurity specfic heat in the strong-coupling regime is
calculated.

I~ INTRODUCTION

The paper and the one following it are devoted to a
detailed discussion of the application of renormal-
ization-group techniques to the Anderson model' of
dilute magnetic alloys and, in particular, to a calcula-
tion of the susceptibility. Previously we have pub-
lished summaries of our calculations for the sym-
metric case' —the subject of this paper (I)—and the
asymmetric case' —which is covered in the following
paper (II). Accordingly we defer any summary of
our results until the introduction of the following pa-
per, where we compare and contrast the underlying
physics of the symmetric and asymmetric Anderson
models. The experimentalist or casual theoretically-
inclined reader is directed to that introduction. At
the same time we do not have space for a discussion
of most of the previous theoretical effort in this area
but instead refer the reader to available review arti-
cles4 and the first published susceptibility calculation'
for the Anderson model.
This work is an extension of the application of the

numerical renormalization-group techniques to the
Kondo model. That the application is far from trivial
can be judged by the length of these papers.
Nonetheless, in an attempt to conserve space, we

have not repeated in detail arguments from that
work which can be used here with essentially no
change.
There is one aspect of the papers that may be ini-

tially confusing. Although there is extensive numeri-
cal work associated with this approach, we would
stress that once the underlying fixed points have
been identified, many of the calculations can be done
analytically, albeit in some cases using parameters de-
duced from the numerical calculations. In these two
papers we have stressed the analytic underpinning of
the work in the hope that it will offer insight to fu-
ture research workers attempting to compute other
properties such as the electrical resistivity.
The rest of the paper is organized as follows. In

Sec. II, we summarize the techniques and transfor-
mations that convert the Anderson model into a (nu-
merically and analytically) soluble proble. Section III
contains a preliminary presentation of the numerical .

results, whereas in Sec. IV the analytic machinery is
used to derive the effective Hamiltonian about each
fixed point. Detailed quantitative results appear in
Sec. V, followed by a very brief summary in Sec. VI
which serves as a sendoff for the introduction in Pa-
per II. Finally, there is a set of Appendices devoted
to various technical details.
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FIG. 8. Schematic renormalization-group flow diagram.
Each H& is thought of as associated with a U,ff and I,ff.
Trajectories depict the flow of H~ with increasing N. Note
that only the strong-coupling fixed point is stable.

D. Numerical results for the impurity susceptibility

Figures 9 and 10 depict the results for the impurity
susceptibility for the same values of U and I as con-
sidered above. The form in which the results are
plotted, namely kqT)((T) vs In(AT/D), may seem
rather unconventional; but is very convenient be-
cause one can make a one to one correspondence
between such plots and the development of H~ with
N discussed in Sec, III C. This connection follows
from the expression (2.42) for evaluating kqTX and
from the expression (2.41) showing N to be propor-
tional to ln(D/ks T).

linearly with N, and the final crossover to Hsc occurs
roughly when (I'/U) (N lnA) grows to become of or-
der unity. So that, as the ratio U/I' is decreased, the
region where HN is close to the HLM shrinks and
eventually when I becomes larger than U the cross-
over is directly to Hsc. Figures 6 and 7 where only
the Q = 1, S =0 energy levels are plotted against N,
serve to illustrate these results. For Fig. 6, U/D is
still 10 3 but U/ml has been decreased to 1.013, and
the crossover is almost directly from Hpo to Hqq.
Figs. 7(a) and 7(b) both correspond to U/D = 2, so
that the crossover away frorp Hpo happens right
away. In Fig. 7 (a) U/m I =5.63 so that HJv is near
HI'„M for some range of N before crossing over to
Hsc ', but in Fig. 7(b) U/mI' =1.013, so that the
crossover to Hsc also occurs for a smallish N. No
numerical results are shown for the regime when
U/mI' « 1, since this case can be handled analyti-
cally (see Sec. V). Figure 8 sums up the various re-
gimes in the form of a schematic, renormalization-
group flow diagram. Note that when I =0, HN
crosses over from Hpo to stabilize at HLM.
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Compare Fig. 5 with the plot labeled (A) in Fig. 9,
both of which correspond to U/D = 10 3 and
U/mi'=12. 66. For small N, which corresponds to
temperatures close to the band edge, the leading con-
tribution to (2.42) is obtained by replacing Hg by
Hg Fo (cf. Sec. IIIB). Since Hg Fo is just Hg plus the
free-impurity orbital, the answer one gets for k~TX is
just 8. The increase in the deviation of H~ from
Hjy pp as N increase is reflected in the increase in the
deviation of kgTx from —,

' as the temperature de-
creases. If H~ is replaced by the local-moment Ham-
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FIG. 10. Plots of ks TX(T)/( gpa) vs ln(ks T/D) for
U/D = 2', U/nl =5.629(A), 2.026(B), and 1.013(C). The
dashed curves are the universal Kondo susceptibility curve
with the appropriate Kondo temperatures marked with an
arrow on the abscissa. The p Jsw values are calculated from
Eq. (5.14). Note that for U—D, there is no free-orbital re-
gimes, in contrast to Fig, 9.

FIG. 9. Plots of ksTX(T)/(gi's) vs ln(ksT/D) for the
symmetric Anderson model for U/D =10 3; U/nl'
=12.66(A) and 1.013(8). The dashed curves corre-
spond to the universal susceptibility curve for the Kondo
model (see Fig. 11 and Sec, V). The vertical arrows on the
abscissa mark the effective Kondo temperature (5.16) for
the two plots. Note that the curves mirror the pattern of
energy levels in Figs, 5 and 6. For U » mI, there is a

1well-developed local-moment regime ( TX=—) between the
1

4
free-orbital regime (TX= 8 ) and the strong-coupling regime
(X= constant), whereas for U—m 1™,there is a direct tran-
sition from the free-orbital to strong-coupling regime. The
labels pJsw are deduced from Eq. (5.14).
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The temperature-dependent impurity susceptibility for the symmetric Anderson model is cal-
culated for all physically relevant values of its parameters U (the Coulomb correlation energy)
and I (the impurity-level width) . .It is shown that, when U ) n I, for temperatures
T ( U/(10 ks) the symmetric Anderson model exhibits a local moment and that its susceptibili-

1
ty maps neatly onto that of the spin- 2 Kondo model with an effective coupling given by

pJgff gl'/VrU —Furthe. rmore, this mapping is shown for remarkably large values of ~pjgff~. At
very low temperatures (much smaller than the Kondo temperature) the local moment is frozen
out, just as for the Kondo model, leading to a strong-coupling regime of constant susceptibility
at zero termperature. The results also depict the formation of a local moment from the free or-
bital as T drops below U, a feature not present in the Kondo model. Finally, when U « mI
there is a direct transition from free-orbital regime for T && I to the strong-coupling regime for
T « I". The calculations were performed using the numerical renormalization group originally
developed by Wilson for the Kondo problem. In addition to the actual numerical calculations,
analytic results are presented. In particular, the effective Harniltonians, i,e, , fixed-point Hamil-
tonian plus relevant and marginal operators, are constructed for the free-orbital, local-moment,
and strong-coupling regimes. Analytic f'ormulas for the impurity susceptibility and free energy
in all three regimes are developed. The impurity specfic heat in the strong-coupling regime is
calculated.

I~ INTRODUCTION

The paper and the one following it are devoted to a
detailed discussion of the application of renormal-
ization-group techniques to the Anderson model' of
dilute magnetic alloys and, in particular, to a calcula-
tion of the susceptibility. Previously we have pub-
lished summaries of our calculations for the sym-
metric case' —the subject of this paper (I)—and the
asymmetric case' —which is covered in the following
paper (II). Accordingly we defer any summary of
our results until the introduction of the following pa-
per, where we compare and contrast the underlying
physics of the symmetric and asymmetric Anderson
models. The experimentalist or casual theoretically-
inclined reader is directed to that introduction. At
the same time we do not have space for a discussion
of most of the previous theoretical effort in this area
but instead refer the reader to available review arti-
cles4 and the first published susceptibility calculation'
for the Anderson model.
This work is an extension of the application of the

numerical renormalization-group techniques to the
Kondo model. That the application is far from trivial
can be judged by the length of these papers.
Nonetheless, in an attempt to conserve space, we

have not repeated in detail arguments from that
work which can be used here with essentially no
change.
There is one aspect of the papers that may be ini-

tially confusing. Although there is extensive numeri-
cal work associated with this approach, we would
stress that once the underlying fixed points have
been identified, many of the calculations can be done
analytically, albeit in some cases using parameters de-
duced from the numerical calculations. In these two
papers we have stressed the analytic underpinning of
the work in the hope that it will offer insight to fu-
ture research workers attempting to compute other
properties such as the electrical resistivity.
The rest of the paper is organized as follows. In

Sec. II, we summarize the techniques and transfor-
mations that convert the Anderson model into a (nu-
merically and analytically) soluble proble. Section III
contains a preliminary presentation of the numerical .

results, whereas in Sec. IV the analytic machinery is
used to derive the effective Hamiltonian about each
fixed point. Detailed quantitative results appear in
Sec. V, followed by a very brief summary in Sec. VI
which serves as a sendoff for the introduction in Pa-
per II. Finally, there is a set of Appendices devoted
to various technical details.
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FIG. 8. Schematic renormalization-group flow diagram.
Each H& is thought of as associated with a U,ff and I,ff.
Trajectories depict the flow of H~ with increasing N. Note
that only the strong-coupling fixed point is stable.

D. Numerical results for the impurity susceptibility

Figures 9 and 10 depict the results for the impurity
susceptibility for the same values of U and I as con-
sidered above. The form in which the results are
plotted, namely kqT)((T) vs In(AT/D), may seem
rather unconventional; but is very convenient be-
cause one can make a one to one correspondence
between such plots and the development of H~ with
N discussed in Sec, III C. This connection follows
from the expression (2.42) for evaluating kqTX and
from the expression (2.41) showing N to be propor-
tional to ln(D/ks T).

linearly with N, and the final crossover to Hsc occurs
roughly when (I'/U) (N lnA) grows to become of or-
der unity. So that, as the ratio U/I' is decreased, the
region where HN is close to the HLM shrinks and
eventually when I becomes larger than U the cross-
over is directly to Hsc. Figures 6 and 7 where only
the Q = 1, S =0 energy levels are plotted against N,
serve to illustrate these results. For Fig. 6, U/D is
still 10 3 but U/ml has been decreased to 1.013, and
the crossover is almost directly from Hpo to Hqq.
Figs. 7(a) and 7(b) both correspond to U/D = 2, so
that the crossover away frorp Hpo happens right
away. In Fig. 7 (a) U/m I =5.63 so that HJv is near
HI'„M for some range of N before crossing over to
Hsc ', but in Fig. 7(b) U/mI' =1.013, so that the
crossover to Hsc also occurs for a smallish N. No
numerical results are shown for the regime when
U/mI' « 1, since this case can be handled analyti-
cally (see Sec. V). Figure 8 sums up the various re-
gimes in the form of a schematic, renormalization-
group flow diagram. Note that when I =0, HN
crosses over from Hpo to stabilize at HLM.
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Compare Fig. 5 with the plot labeled (A) in Fig. 9,
both of which correspond to U/D = 10 3 and
U/mi'=12. 66. For small N, which corresponds to
temperatures close to the band edge, the leading con-
tribution to (2.42) is obtained by replacing Hg by
Hg Fo (cf. Sec. IIIB). Since Hg Fo is just Hg plus the
free-impurity orbital, the answer one gets for k~TX is
just 8. The increase in the deviation of H~ from
Hjy pp as N increase is reflected in the increase in the
deviation of kgTx from —,

' as the temperature de-
creases. If H~ is replaced by the local-moment Ham-
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FIG. 10. Plots of ks TX(T)/( gpa) vs ln(ks T/D) for
U/D = 2', U/nl =5.629(A), 2.026(B), and 1.013(C). The
dashed curves are the universal Kondo susceptibility curve
with the appropriate Kondo temperatures marked with an
arrow on the abscissa. The p Jsw values are calculated from
Eq. (5.14). Note that for U—D, there is no free-orbital re-
gimes, in contrast to Fig, 9.

FIG. 9. Plots of ksTX(T)/(gi's) vs ln(ksT/D) for the
symmetric Anderson model for U/D =10 3; U/nl'
=12.66(A) and 1.013(8). The dashed curves corre-
spond to the universal susceptibility curve for the Kondo
model (see Fig. 11 and Sec, V). The vertical arrows on the
abscissa mark the effective Kondo temperature (5.16) for
the two plots. Note that the curves mirror the pattern of
energy levels in Figs, 5 and 6. For U » mI, there is a

1well-developed local-moment regime ( TX=—) between the
1

4
free-orbital regime (TX= 8 ) and the strong-coupling regime
(X= constant), whereas for U—m 1™,there is a direct tran-
sition from the free-orbital to strong-coupling regime. The
labels pJsw are deduced from Eq. (5.14).
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The temperature-dependent impurity susceptibility for the symmetric Anderson model is cal-
culated for all physically relevant values of its parameters U (the Coulomb correlation energy)
and I (the impurity-level width) . .It is shown that, when U ) n I, for temperatures
T ( U/(10 ks) the symmetric Anderson model exhibits a local moment and that its susceptibili-

1
ty maps neatly onto that of the spin- 2 Kondo model with an effective coupling given by

pJgff gl'/VrU —Furthe. rmore, this mapping is shown for remarkably large values of ~pjgff~. At
very low temperatures (much smaller than the Kondo temperature) the local moment is frozen
out, just as for the Kondo model, leading to a strong-coupling regime of constant susceptibility
at zero termperature. The results also depict the formation of a local moment from the free or-
bital as T drops below U, a feature not present in the Kondo model. Finally, when U « mI
there is a direct transition from free-orbital regime for T && I to the strong-coupling regime for
T « I". The calculations were performed using the numerical renormalization group originally
developed by Wilson for the Kondo problem. In addition to the actual numerical calculations,
analytic results are presented. In particular, the effective Harniltonians, i,e, , fixed-point Hamil-
tonian plus relevant and marginal operators, are constructed for the free-orbital, local-moment,
and strong-coupling regimes. Analytic f'ormulas for the impurity susceptibility and free energy
in all three regimes are developed. The impurity specfic heat in the strong-coupling regime is
calculated.

I~ INTRODUCTION

The paper and the one following it are devoted to a
detailed discussion of the application of renormal-
ization-group techniques to the Anderson model' of
dilute magnetic alloys and, in particular, to a calcula-
tion of the susceptibility. Previously we have pub-
lished summaries of our calculations for the sym-
metric case' —the subject of this paper (I)—and the
asymmetric case' —which is covered in the following
paper (II). Accordingly we defer any summary of
our results until the introduction of the following pa-
per, where we compare and contrast the underlying
physics of the symmetric and asymmetric Anderson
models. The experimentalist or casual theoretically-
inclined reader is directed to that introduction. At
the same time we do not have space for a discussion
of most of the previous theoretical effort in this area
but instead refer the reader to available review arti-
cles4 and the first published susceptibility calculation'
for the Anderson model.
This work is an extension of the application of the

numerical renormalization-group techniques to the
Kondo model. That the application is far from trivial
can be judged by the length of these papers.
Nonetheless, in an attempt to conserve space, we

have not repeated in detail arguments from that
work which can be used here with essentially no
change.
There is one aspect of the papers that may be ini-

tially confusing. Although there is extensive numeri-
cal work associated with this approach, we would
stress that once the underlying fixed points have
been identified, many of the calculations can be done
analytically, albeit in some cases using parameters de-
duced from the numerical calculations. In these two
papers we have stressed the analytic underpinning of
the work in the hope that it will offer insight to fu-
ture research workers attempting to compute other
properties such as the electrical resistivity.
The rest of the paper is organized as follows. In

Sec. II, we summarize the techniques and transfor-
mations that convert the Anderson model into a (nu-
merically and analytically) soluble proble. Section III
contains a preliminary presentation of the numerical .

results, whereas in Sec. IV the analytic machinery is
used to derive the effective Hamiltonian about each
fixed point. Detailed quantitative results appear in
Sec. V, followed by a very brief summary in Sec. VI
which serves as a sendoff for the introduction in Pa-
per II. Finally, there is a set of Appendices devoted
to various technical details.
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Each H& is thought of as associated with a U,ff and I,ff.
Trajectories depict the flow of H~ with increasing N. Note
that only the strong-coupling fixed point is stable.

D. Numerical results for the impurity susceptibility

Figures 9 and 10 depict the results for the impurity
susceptibility for the same values of U and I as con-
sidered above. The form in which the results are
plotted, namely kqT)((T) vs In(AT/D), may seem
rather unconventional; but is very convenient be-
cause one can make a one to one correspondence
between such plots and the development of H~ with
N discussed in Sec, III C. This connection follows
from the expression (2.42) for evaluating kqTX and
from the expression (2.41) showing N to be propor-
tional to ln(D/ks T).

linearly with N, and the final crossover to Hsc occurs
roughly when (I'/U) (N lnA) grows to become of or-
der unity. So that, as the ratio U/I' is decreased, the
region where HN is close to the HLM shrinks and
eventually when I becomes larger than U the cross-
over is directly to Hsc. Figures 6 and 7 where only
the Q = 1, S =0 energy levels are plotted against N,
serve to illustrate these results. For Fig. 6, U/D is
still 10 3 but U/ml has been decreased to 1.013, and
the crossover is almost directly from Hpo to Hqq.
Figs. 7(a) and 7(b) both correspond to U/D = 2, so
that the crossover away frorp Hpo happens right
away. In Fig. 7 (a) U/m I =5.63 so that HJv is near
HI'„M for some range of N before crossing over to
Hsc ', but in Fig. 7(b) U/mI' =1.013, so that the
crossover to Hsc also occurs for a smallish N. No
numerical results are shown for the regime when
U/mI' « 1, since this case can be handled analyti-
cally (see Sec. V). Figure 8 sums up the various re-
gimes in the form of a schematic, renormalization-
group flow diagram. Note that when I =0, HN
crosses over from Hpo to stabilize at HLM.

025 I

0.20- ~ ~I ~

A

~ ~ ~ ~ ~ a ~ ~

+ 0.15-

X
I— O. I 0-

pJsw 0.064

r'
I

0.05—
I

-12 -Il -lO -9
IO IO IO IO

ggf aa ~ ~ ~
gkI

EI

p Jsw 0.800

k
"v

IO IO 10 IO

kBT/D

Compare Fig. 5 with the plot labeled (A) in Fig. 9,
both of which correspond to U/D = 10 3 and
U/mi'=12. 66. For small N, which corresponds to
temperatures close to the band edge, the leading con-
tribution to (2.42) is obtained by replacing Hg by
Hg Fo (cf. Sec. IIIB). Since Hg Fo is just Hg plus the
free-impurity orbital, the answer one gets for k~TX is
just 8. The increase in the deviation of H~ from
Hjy pp as N increase is reflected in the increase in the
deviation of kgTx from —,

' as the temperature de-
creases. If H~ is replaced by the local-moment Ham-

0.25

0.20-

kBTX

(gp, )'
0, 10—

0.05—

0.00

~g+ ~ ~
~ C~ e~O

re
A

II/ 4
p J = -0.14

PP'r
IO IO 10

i ~I /g

pJ =-0400 I

gpJsw=-0.800

10 IO 10
k eT/D

10

FIG. 10. Plots of ks TX(T)/( gpa) vs ln(ks T/D) for
U/D = 2', U/nl =5.629(A), 2.026(B), and 1.013(C). The
dashed curves are the universal Kondo susceptibility curve
with the appropriate Kondo temperatures marked with an
arrow on the abscissa. The p Jsw values are calculated from
Eq. (5.14). Note that for U—D, there is no free-orbital re-
gimes, in contrast to Fig, 9.

FIG. 9. Plots of ksTX(T)/(gi's) vs ln(ksT/D) for the
symmetric Anderson model for U/D =10 3; U/nl'
=12.66(A) and 1.013(8). The dashed curves corre-
spond to the universal susceptibility curve for the Kondo
model (see Fig. 11 and Sec, V). The vertical arrows on the
abscissa mark the effective Kondo temperature (5.16) for
the two plots. Note that the curves mirror the pattern of
energy levels in Figs, 5 and 6. For U » mI, there is a

1well-developed local-moment regime ( TX=—) between the
1

4
free-orbital regime (TX= 8 ) and the strong-coupling regime
(X= constant), whereas for U—m 1™,there is a direct tran-
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Renormalization-group approach to the Anderson model of dilute magnetic alloys.
I. Static properties for the symmetric case

H. R. Krishna-murthy, ' J. %.Wilkins, and K. G. Wilson
Physics Department, Cornell University, Ithaca, New Fork 14853
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The temperature-dependent impurity susceptibility for the symmetric Anderson model is cal-
culated for all physically relevant values of its parameters U (the Coulomb correlation energy)
and I (the impurity-level width) . .It is shown that, when U ) n I, for temperatures
T ( U/(10 ks) the symmetric Anderson model exhibits a local moment and that its susceptibili-

1
ty maps neatly onto that of the spin- 2 Kondo model with an effective coupling given by

pJgff gl'/VrU —Furthe. rmore, this mapping is shown for remarkably large values of ~pjgff~. At
very low temperatures (much smaller than the Kondo temperature) the local moment is frozen
out, just as for the Kondo model, leading to a strong-coupling regime of constant susceptibility
at zero termperature. The results also depict the formation of a local moment from the free or-
bital as T drops below U, a feature not present in the Kondo model. Finally, when U « mI
there is a direct transition from free-orbital regime for T && I to the strong-coupling regime for
T « I". The calculations were performed using the numerical renormalization group originally
developed by Wilson for the Kondo problem. In addition to the actual numerical calculations,
analytic results are presented. In particular, the effective Harniltonians, i,e, , fixed-point Hamil-
tonian plus relevant and marginal operators, are constructed for the free-orbital, local-moment,
and strong-coupling regimes. Analytic f'ormulas for the impurity susceptibility and free energy
in all three regimes are developed. The impurity specfic heat in the strong-coupling regime is
calculated.

I~ INTRODUCTION

The paper and the one following it are devoted to a
detailed discussion of the application of renormal-
ization-group techniques to the Anderson model' of
dilute magnetic alloys and, in particular, to a calcula-
tion of the susceptibility. Previously we have pub-
lished summaries of our calculations for the sym-
metric case' —the subject of this paper (I)—and the
asymmetric case' —which is covered in the following
paper (II). Accordingly we defer any summary of
our results until the introduction of the following pa-
per, where we compare and contrast the underlying
physics of the symmetric and asymmetric Anderson
models. The experimentalist or casual theoretically-
inclined reader is directed to that introduction. At
the same time we do not have space for a discussion
of most of the previous theoretical effort in this area
but instead refer the reader to available review arti-
cles4 and the first published susceptibility calculation'
for the Anderson model.
This work is an extension of the application of the

numerical renormalization-group techniques to the
Kondo model. That the application is far from trivial
can be judged by the length of these papers.
Nonetheless, in an attempt to conserve space, we

have not repeated in detail arguments from that
work which can be used here with essentially no
change.
There is one aspect of the papers that may be ini-

tially confusing. Although there is extensive numeri-
cal work associated with this approach, we would
stress that once the underlying fixed points have
been identified, many of the calculations can be done
analytically, albeit in some cases using parameters de-
duced from the numerical calculations. In these two
papers we have stressed the analytic underpinning of
the work in the hope that it will offer insight to fu-
ture research workers attempting to compute other
properties such as the electrical resistivity.
The rest of the paper is organized as follows. In

Sec. II, we summarize the techniques and transfor-
mations that convert the Anderson model into a (nu-
merically and analytically) soluble proble. Section III
contains a preliminary presentation of the numerical .

results, whereas in Sec. IV the analytic machinery is
used to derive the effective Hamiltonian about each
fixed point. Detailed quantitative results appear in
Sec. V, followed by a very brief summary in Sec. VI
which serves as a sendoff for the introduction in Pa-
per II. Finally, there is a set of Appendices devoted
to various technical details.
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110 Strongly correlated electronic systems

carried out by Schrieffer and Wolff (1966), and Coqblin
and Schrieffer (1969), who showed how this model gives
rise to a residual antiferromagnetic interaction between the
local moment and conduction electrons. The emergence
of this antiferromagnetic interaction is associated with a
process called superexchange: the virtual process in which
an electron or hole briefly migrates off the ion, to be
immediately replaced by another with a different spin. When
these processes are removed by the canonical transformation,
they induce an antiferromagnetic interaction between the
local moment and the conduction electrons. This can be seen
by considering the two possible spin-exchange processes

e−
↑ + f 1

↓ ↔ f 2 ↔ e−
↓ + f 1

↑ !EI ∼ U + Ef

h+
↑ + f 1

↓ ↔ f 0 ↔ h+
↓ + f 1

↑ !EII ∼ −Ef (39)

Both processes require that the f electron and incoming
particle are in a spin-singlet. From second-order perturbation
theory, the energy of the singlet is lowered by an amount
−2J , where

J = V 2
[

1
!E1

+ 1
!E2

]
(40)

and the factor of two derives from the two ways a singlet
can emit an electron or hole into the continuum [1] and
V ∼ V (kF) is the hybridization matrix element near the
Fermi surface. For the symmetric Anderson model, where
!E1 = !EII = U/2, J = 4V 2/U .

If we introduce the electron spin-density operator &σ (0) =
1
N

∑
k,k′ c

†
kα &σαβck′β , where N is the number of sites in the

lattice, then the effective interaction has the form

HK = −2JPS=0 (41)

where PS=0 =
[

1
4 − 1

2 &σ (0) · &Sf

]
is the singlet projection

operator. If we drop the constant term, then the effective
interaction induced by the virtual charge fluctuations must
have the form

HK = J &σ (0) · &Sf (42)

where &Sf is the spin of the localized moment. The complete
‘Kondo Model’, H = Hc + HK describing the conduction
electrons and their interaction with the local moment is

H =
∑

kσ

εkc
†
&kσ

c&kσ + J &σ (0) · &Sf (43)

2.2.3 The Kondo effect

The antiferromagnetic sign of the superexchange interac-
tion J in the Kondo Hamiltonian is the origin of the

spin-screening physics of the Kondo effect. The bare inter-
action is weak, but the spin fluctuations it induces have
the effect of antiscreening the interaction at low ener-
gies, renormalizing it to larger and larger values. To see
this, we follow an Anderson’s ‘Poor Man’s’ scaling pro-
cedure (Anderson, 1973, 1970), which takes advantage of
the observation that at small J the renormalization in the
Hamiltonian associated with the block-diagonalization pro-
cess δH = H̃L − HL is given by second-order perturbation
theory:

δHab = 〈a|δH |b〉 = 1
2

[Tab(Ea) + Tab(Eb)] (44)

where

Tab(ω) =
∑

|(〉∈{H }

[
V †

a(V(b

ω − E(

]

(45)

is the many-body ‘t-matrix’ associated with virtual transi-
tions into the high-energy subspace {H }. For the Kondo
model,

V = PHJ &S(0) · &SdPL (46)

where PH projects the intermediate state into the high-
energy subspace, while PL projects the initial state into
the low-energy subspace. There are two virtual scatter-
ing processes that contribute to the antiscreening effect,
involving a high-energy electron (I) or a high-energy
hole (II).

Process I is denoted by the diagram

s′s′′

ka

k ′′l

s

k ′b

and starts in state |b〉 = |kα, σ 〉, passes through a virtual
state |(〉 = |c†

k′′ασ ′′〉 where εk′′ lies at high energies in the
range εk′′ ∈ [(/b, (] and ends in state |a〉 = |k′β, σ ′〉. The
resulting renormalization

〈k′β, σ ′|T I (E)|kα, σ 〉

=
∑

εk′′ ∈[(−δ(,(]

[
1

E−εk′′

]
J 2×(σ a

βλσ
b
λα)(Sa

σ ′σ ′′S
b
σ ′′σ )

≈ J 2ρδ(

[
1

E − (

]
(σ aσ b)βα(SaSb)σ ′σ (47)

In Process II, denoted by

1. Schrieffer Wolff Transformation

Virtual Valence  fluctuations in the singlet 
channel, induced by hybridization

Kondo effect 
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this, we follow an Anderson’s ‘Poor Man’s’ scaling pro-
cedure (Anderson, 1973, 1970), which takes advantage of
the observation that at small J the renormalization in the
Hamiltonian associated with the block-diagonalization pro-
cess δH = H̃L − HL is given by second-order perturbation
theory:

δHab = 〈a|δH |b〉 = 1
2

[Tab(Ea) + Tab(Eb)] (44)

where

Tab(ω) =
∑

|(〉∈{H }

[
V †

a(V(b

ω − E(

]

(45)

is the many-body ‘t-matrix’ associated with virtual transi-
tions into the high-energy subspace {H }. For the Kondo
model,

V = PHJ &S(0) · &SdPL (46)

where PH projects the intermediate state into the high-
energy subspace, while PL projects the initial state into
the low-energy subspace. There are two virtual scatter-
ing processes that contribute to the antiscreening effect,
involving a high-energy electron (I) or a high-energy
hole (II).

Process I is denoted by the diagram

s′s′′

ka

k ′′l

s

k ′b

and starts in state |b〉 = |kα, σ 〉, passes through a virtual
state |(〉 = |c†

k′′ασ ′′〉 where εk′′ lies at high energies in the
range εk′′ ∈ [(/b, (] and ends in state |a〉 = |k′β, σ ′〉. The
resulting renormalization

〈k′β, σ ′|T I (E)|kα, σ 〉

=
∑

εk′′ ∈[(−δ(,(]

[
1

E−εk′′

]
J 2×(σ a

βλσ
b
λα)(Sa

σ ′σ ′′S
b
σ ′′σ )

≈ J 2ρδ(

[
1

E − (

]
(σ aσ b)βα(SaSb)σ ′σ (47)

In Process II, denoted by

HK = �2JPS=0 = �2J
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